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Abstract

We develop a decomposition of changes in household income distributions by factor
components to quantify the contribution of changes over time in the association between
sources of income and changes in their (marginal) distributions. The two components are
broken down to isolate the contribution of specific income sources. An application to the
change in the distribution of household incomes in Luxembourg between 2004 and 2013
reveals contrasted results: increased association between spouse earnings, public transfers
and taxes depressed the income share of poor households while changes in marginal
distributions increased incomes in the upper half of the distribution.

I. Introduction

Inspection of the evolution of income components – earnings, capital income, public or
private transfers – is useful to understand changes in the distribution of household
incomes. First, distinct components develop differently over time. For example, the
literature on the functional distribution of income and related accounts of the changing
shares of capital and labour incomes show how the personal distribution of income is
shaped by different evolutions of factor prices (e.g. Glyn, 2009; Piketty, 2014;
Atkinson and Lakner, 2017; Aaberge, Atkinson and Königs, 2018). Second,
households typically receive incomes from multiple sources. The correlation between
sources of incomes can mitigate or reinforce inequality. While public transfers,
especially if means-tested, normally correlate negatively with market incomes and
mitigate inequality in household income (Danziger, Haveman and Plotnick, 1981), the
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correlation in the earnings of high-skill, double-income earners tend to reinforce
inequality through assortative mating (e.g. Greenwood et al., 2014; Eika, Mogstad and
Zafar, 2019; Chiappori et al., 2020; Frémeaux and Lefranc, 2020). Both the (marginal)
distribution of income sources and their association matter to the final distribution of
disposable household incomes that policy typically cares about.

Recognizing this fact, Shorrocks (1982) and Lerman and Yitzhaki (1985) have
proposed now popular index decomposition approaches to uncover the contribution
of income sources to total income inequality.1 Inequality indices are thereby (additively)
decomposed into terms capturing the role of the relative size of each source in total
incomes, of inequality in each separate source and of the correlation among sources.
Extensions of this method have been used to explain changes in income inequality over
time (e.g. Fiorio, 2011; Garcı́a-Peñalosa and Orgiazzi, 2013; Brewer and Wren-Lewis,
2016). Similar decompositions have been developed to study other income distribution
functionals such as indices of poverty (Mussard and Pi Alperin, 2011) or polarization
(Deutsch, Fusco and Silber, 2013; Bárcena-Mart́ın, Deutsch and Silber, 2018; Bárcena-
Mart́ın and Silber, 2018). Decompositions of summary indices, however, put focus on
particular distributional measures, which can make results dependent on the index of
interest, for example, the (square of) the coefficient of variation in the case of Shorrocks
(1982) or the Gini coefficient for Lerman and Yitzhaki (1985). Furthermore, index
decomposition approaches do not allow identifying ‘what happens where’ in the
distribution. For example, a distribution might become more unequal because of the
increased dispersion in its upper tail, lower tail or both, and such differences would have
different implications for policy response. In this case it is useful to be able to assess the
contribution of different sources to, for example, changes in a range of percentiles of the
income distribution.

To obtain a more encompassing picture of the factors underlying distributional
change over time, researchers have turned to alternative decomposition techniques
based on simulation of counterfactual distributions. For example, one simulates the
distribution of household incomes that would be observed today if, say, labour
incomes had stayed put on past values. Comparisons of actual and such counterfactual
distributions allow assessing the impact of changes in sources of income on the entire
income distribution, freely from particular summary measures. Burtless (1999),
notably, used a rank-preserving income exchange approach to evaluate how changes in
the distributions of female and male earnings have contributed to the shift in the
distribution of total income in the United States between 1979 and 1996. In a similar
spirit, Fournier (2001), Daly and Valletta (2006), Fiorio (2011) and Larrimore (2014)
assessed the contributions of changes in various income sources to the inequality
trends in Italy, Taiwan and the United States. These studies provide evidence on how
shifts in distributions of income sources underlie changes in the distribution of
household incomes. We build on this line of research here.

As hinted above, the overall distributive impact of changes in an income source –
say, income from capital – depends on two factors: (i) the nature of the change in the

1See Chantreuil et al. (2019) for recent developments.
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source distribution itself and (ii) the (change in) association between the source of
interest and the remaining household incomes. The first factor refers to the marginal
distribution of the source. Is it growing in size? Is it becoming more or less unequally
distributed? The second refers to the dependence structure of the various sources of
household income. Understanding the contribution of changes in income sources to
aggregate distributional change requires sorting out the contribution of these factors.
Few studies have attempted to examine systematically how changes in the association
between the income sources affected the overall distribution separately from the impact
of the change in marginal distributions (see, e.g. Fournier, 2001; Larrimore, 2014).
Approaches, however, differ across studies and the literature seems to lack a coherent
analytical framework.

The present paper attempts to address this concern by formalizing a general
simulation-based, hierarchical decomposition procedure linking simulation approaches to
copula theory. In a first step, the change in the distribution of total household incomes is
apportioned into two components reflecting (i) changes in the marginal distributions of
all income sources and (ii) changes in their dependence structure (as in, e.g. Fournier,
2001; Aaberge et al., 2018). In a second step, the two aggregate components are
decomposed further into contributions associated with each income source, separately.
This leads to a general decomposition of distributional changes by income source that is
similar to those originally presented in Shorrocks (1982) or Lerman and Yitzhaki (1985),
but that is not tied to any specific index. Formalizing the decomposition in terms of
marginal distributions and explicit copula functions clarifies interpretation of its
components and can also guide construction of alternative simulation strategies.2

We apply the proposed methodology to the change in the household income
distribution in Luxembourg between 2004 and 2013 during which the Gini index
increased from 0.266 to 0.303 – a substantial change for a Gini coefficient – while
relative income poverty rose by more than 2% points (see e.g. Fusco et al. (2014) or
Allegrezza and Ametepe (2018)) and Table 1 in section IV. Showing contrasted results
along the income distribution, the analysis testifies of the relevance of the
decomposition: increased association between spouse earnings, public transfers and
taxes depressed the income share of poor households while it is the change in marginal
distributions that drove changes in the upper half of the distribution.

The paper is structured as follows. Section II formalizes the decomposition.
Section III discusses estimation and implementation. Section IV develops our empirical
analysis. Section V concludes. An Online Supplement provides more detailed empirical
evidence and sensitivity analyses.

II. Decomposing distributional change by income sources

Our objective is to quantify the contribution of each of K sources of income to the
change in an income distribution in a way that allows disentangling the impact arising

2Copulas have long been used in economics, in particular for welfare comparisons of multidimensional
attribute distributions (see, e.g. Atkinson and Bourguignon, 1982; Dardanoni and Lambert, 2001; Abul Naga and
Geoffard, 2006; Decancq, 2014; Atkinson and Lakner, 2017; Aaberge et al., 2018).
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from a change in the distribution of each source separately from the impact arising
from a change in the association across sources.

To do so, we first express the distribution of total income as a function of the joint
distribution of income sources using elementary theory for sums of random variables
(as, e.g., Fournier (2001) does). We then invoke Sklar’s theorem (Sklar, 1959) to
reformulate the joint distribution as a function of marginal distributions and of a
copula capturing the dependence across sources. Analysing distributions at two points
in time, we then define a set of counterfactual distributions obtained by holding subsets
of the components of the model constant over time – marginal distributions or
components of the copula – and use those to derive a family of additive
decompositions of the total distributional change over time.

The distribution of household income and its sources

Consider two cross-sections of a population of N households observed in two time
points, 0 and 1. At time t ∈ {0,1}, each household i ∈ {1,. . ., N} receives income
from K >1 different sources (e.g. earnings, capital income, public transfers, etc.) so
that total income of a household i at time t is

yti ¼ ∑
K

j¼1
ytij (1)

where ytij is income of household i from source j ∈ {1,. . ., K}.3

We view total income as a random variable Y with cumulative distribution function
(CDF) Ft : R ↦ [0,1] and we aim to examine the contribution of the K sources to the
change in the distribution function from F0 to F1. We treat income sources as K
correlated random variables Y1, . . ., YK with marginal cumulative distribution functions
Ft

j :R↦ ½0, 1� and with joint distribution function Gt: RK ↦ [0, 1]. Total income is
then the sum of K random variables and its cumulative distribution function can be
expressed as a function of Gt:

Ft yð Þ ¼ Pr Y 1 þ . . .þ YK ≤ yjt½ �
¼ R y

�∞

R y�y1
�∞ . . .

R y�y1�...�yK�1
�∞ dGt y1, . . ., yKð Þ: (2)

Equation (2) simply integrates the joint density of all income sources over
combinations that add up to a total income less than or equal to y.

Invoking Sklar’s theorem (Sklar, 1959) we now express Gt as a function of the
K marginal (univariate) CDFs and a copula Ct

1;...;K : ½0, 1�K ↦ ½0, 1� (Nelsen,
2006):

Gtðy1, . . ., yKÞ ¼ Ct
1;...;KðFt

1ðy1Þ, . . ., Ft
KðyKÞÞ: (3)

The copula is the joint CDF of K uniformly distributed variables, rtj ¼ Ft
jðy jÞ,

representing the ranks of households within the marginal distributions of each separate

3Some of the sources, such as earnings, may be contributed by multiple members of the household. Some
sources, such as taxes, may be negative (deducted from household incomes).
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income component. Equation (3) expressly depicts the links between the marginal
distributions and their association structure (through the copula) in forming Gt. The
copula Ct

1;...;K satisfying equation (3) is unique for continuous marginal distributions,
but not if any marginal distribution has discrete components, as is typically the case
for income sources which have a spike at zero. We return to the implication of the
non-uniqueness of the copula in section III.

Substituting equation (3) into (2), Ft can therefore be expressed as a function of the
copula Ct

1;...;K and the K marginal distributions of income sources Ft
j:

Ft yð Þ ¼
Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
dCt

1;...;KðFt
1ðy1Þ, . . ., Ft

KðyKÞÞ: (4)

The representation of the distribution of total income given in (4) is the basis of our
decomposition approach. It will allow us to simulate counterfactual distributions that
reflect changes in Ft arising from marginal distributions only (through variations in any
of the Ft

j) or from the dependence structure (through variations in Ct
1;...;K ). We first use

this to form a simple two-term decomposition. We then further decompose each term
into a detailed (2K−1)-term decomposition that quantifies the separate contribution of
each income source to both the copula and the marginal distributions components in
the aggregate change from F0 to F1.

Changes in marginals vs. changes in rank dependence

Expression (4) leads to a straightforward decomposition of the change in the
distribution of total incomes from F0 to F1 into a term reflecting changes in marginal
distributions and a term reflecting changes in the copula.

Proposition 1. For any pair ðc, mÞ ∈ 0, 1f g2 with c + m = 1, the change in the
CDF of total income from period 0 to period 1 can be decomposed as the sum of two
terms:

ΔF yð Þ ¼ F1ðyÞ � F0ðyÞ
¼ ΔFðcÞ

M yð Þ þ ΔFðmÞ
C yð Þ (5)

where ΔFðcÞ
M quantifies the contribution of changes in the marginal distributions of the

income components and ΔFðmÞ
C quantifies the contribution of changes in the rank

association of these income components. The two terms are defined as

ΔF cð Þ
M yð Þ ¼

Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
dC cð Þ

1;...;K F1
1 y1ð Þ, . . ., F1

K yKð Þ� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_F
ðcÞ;1f g

M ðyÞ

�
Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
dCðcÞ

1;...;K F0
1ðy1Þ, . . ., F0

KðyKÞ
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
_F

ðcÞ;0f g
M ðyÞ

(6)

© 2021 Luxembourg Institute of Socio-Economic Research (LISER). Oxford Bulletin of Economics and Statistics published by
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and

ΔFðmÞ
C ðyÞ ¼

Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
dC1

1;...;K FðmÞ
1 y1ð Þ, . . ., FðmÞ

K yKð Þ
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
F̈

1;ðmÞf g
C ðyÞ

�
Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
dC0

1;...;K FðmÞ
1 y1ð Þ, . . ., FðmÞ

K yKð Þ
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
F̈

0;ðmÞf g
C ðyÞ

(7)

Proof. Proposition 1 is obtained directly from equation (4). Applying (4) to both
t = 0 and t = 1, we then add and subtract to F1−F0 the counterfactual term
_F

1; 0f g
M ðyÞ ¼ R y

�∞

R y�y1
�∞ . . .

R y�y1�...�yk�1
�∞ dC1

1;...;K F0
1ðy1Þ, . . .,

�
F0
KðyKÞÞ for (c, m) =

(1, 0) or _F
0; 1f g

C ðyÞ ¼ R y
�∞

R y�y1
�∞ . . .

R y�y1�...�yk�1
�∞ dC0

1;...;K F1
1ðy1Þ, . . ., F1

KðyKÞ
� �

for
(c, m) = (0, 1) to form (5), (6) and (7) by combining terms. Accordingly, all

components except the copula are held fixed to period m ∈ {0, 1} to form ΔFðmÞ
C ðyÞ

and all components except the marginal distributions are held fixed to period

c ∈ {0, 1} to form ΔFðcÞ
M ðyÞ. □

Splitting the total change in the income distribution into two terms as per Proposition
1 isolates changes in the income distribution that come about from a reallocation of
incomes from different sources across households, holding the size and distribution of
sources constant, from the change in the total income distribution that arises from the
separate changes in the distribution of sources themselves. The two terms are reminiscent
of the distinction between structural and exchange mobility components in the social and
income mobility measurement literature (Markandya, 1982; Van Kerm, 2004).

Proposition 1 effectively defines two alternative decompositions corresponding to
(c, m) = (0, 1) and (c, m) = (1, 0). The condition c, mð Þ ∈ 0, 1f g2 imposes that the
reference values for the copula and marginal distributions in the counterfactuals are
those observed in either period 0 or period 1. The condition c + m = 1 is necessary
for additive decomposability of the total change: it imposes that if the change in the
copula is assessed holding marginal distributions at period 0 then the change in the
marginal distributions is assessed holding the copula at period 1, or vice versa.4 We
return to the choice of (c, m) in section III.

Detailed decompositions by income sources

The aggregate decomposition given in Proposition 1 is not novel. Although it is
expressed differently, it corresponds to the approach adopted in Fournier (2001) or
Aaberge et al. (2018) (who consider only two sources). We started off, however, aiming

4Relaxing this restriction and maintaining additivity is possible but implies a third ‘interaction’ term whose
interpretation is not immediate; see Biewen (2014).
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to isolate the contribution of distinct income sources to total income distribution changes
– in the spirit of index decomposition techniques à la Shorrocks (1982) or Lerman and
Yitzhaki (1985) but applied to the entire income distribution. The aggregate
decomposition of Proposition 1 provides a general picture of the factors underlying the
change in the distribution of household disposable incomes. It, however, raises the
question of what specific income source drives these aggregate terms. Is it earnings, or
capital incomes, or taxes and transfers (or their association with other sources)?

We therefore further additively decompose each of the two terms of Proposition 1
into distinct contributions from the K sources.

Decomposition of ΔFðcÞ
M ðyÞ

Ascribing to each of the K sources its distinct contribution to the aggregate marginal
distributions component is straightforward.

Proposition 2. For c ∈ {0, 1} and a permutation P of the set of income sources
{1, 2, . . ., K}, the aggregate contribution of changes in the marginal distributions of
income sources to total income change from period 0 to 1 can be additively
decomposed as

ΔFðcÞ
M ðyÞ ¼ ∑

K

j¼1
ΔFðcÞ

M ;j;PðyÞ (8)

where ΔFðcÞ
M ;j;PðyÞ measures the contribution of the change in the marginal distribution

of income source j and is defined as

ΔFðcÞ
M ;j;PðyÞ ¼

Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
dCðcÞ

1;...;K F 1 ≤ PðjÞ½ �
1 y1ð Þ, . . ., F K ≤ PðjÞ½ �

K yKð Þ
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
F̈

ðcÞ;1f g
M ;j;P ðyÞ

�
Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
dCðcÞ

1;...;K F 1<PðjÞ½ �
1 y1ð Þ, . . ., F K <PðjÞ½ �

K yKð Þ
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
F̈

ðcÞ;0f g
M ;j;P ðyÞ

(9)

where the expressions in square brackets [cond] evaluate to 1 if cond is true and 0
otherwise.

Proof. Proposition 2 is obtained from equation (6) by adding and subtracting K−1
counterfactual terms and combining terms to form (9).

The K−1 counterfactual terms are constructed from equation (4) by setting Ct
1;...;K to

CðcÞ
1;...;K , the marginal distribution of the first k sources in permutation P to F1

j and the
remaining sources to F0

j . This is repeated for the first k<K sources in permutation P to
obtain K−1 counterfactual terms. □

The contribution of source j in Proposition 2 is measured by the difference between
two counterfactual distributions for total income. The first is obtained from expression
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(4) with the copula set to period c and the marginal distributions of source j and all
sources k appearing earlier in the sequence defined by permutation P, P(k) < P(j), set
to 1. The second is obtained similarly but with the marginal distribution of source j set
to period 0. The difference between the two is determined by the difference between
F0

j and F1
j . This therefore quantifies the contribution of changes over time in source j

holding all other components (the copula and the marginal distribution of other sources
constant).

Because (4) is nonlinear, the measured contribution of source j is contingent on
its position in the permutation P. Proposition 2 therefore defines a family of
decompositions indexed by P. The ordering of sources in P is a modelling decision
independent on the decision about c and m. We return to decisions about P in
section III.

Decomposition of ΔFðmÞ
C ðyÞ

Quantifying the separate contribution of income sources to the aggregate copula
component is more challenging. In order to decompose the copula term in sub-
components attributable to changes in the rank dependence between separate
income sources, we need to assess the impact of shifting the rank correlation
between these income sources from year 0 to 1, one-by-one while keeping other
factors unchanged.

To proceed, note how alternative copula-based representations of the joint
distribution of sources can be obtained by pooling subsets of sources in expression (4).
For example (omitting superscript t for clarity), we can write

Gðy1, . . ., yKÞ ¼ C1;...;KðF1ðy1Þ, . . ., FKðyKÞÞ
¼ Cð1þ2Þ;...;KðF1þ2ðy1 þ y2Þ, F3ðy3Þ, . . ., FKðyKÞÞ
¼ Cð1þ2Þ;...;K

R y1þy2
�∞ C1;2ðF1ðy1 þ y2 � sÞ, F2ðsÞÞds

� �
, F3ðy3Þ, . . ., FKðyKÞ

� �
(10)

where the last line is obtained by composing two copula-based expressions, applying
expression (4) recursively to the joint distribution of K−1 sources obtained after
pooling sources 1 and 2 and to the joint distribution of sources 1 and 2. A
representation such as expression (10) breaks down the overall K-variate copula term
of equation (4) into lower dimensional ‘sub-copulas’ – an ‘outer’ copula (C(1+2),. . .,K),
and an ‘inner’ copula (C1,2).

5 The K marginal distribution terms remain unchanged. We
exploit this procedure to construct counterfactual distributions that capture the impact of
changes over time in specific components of the rank dependence structure.

The recursive application of equations (2), (3) and (4) to all different combinations
of K sources leads to 2K−K possible representations for G of the form (10). For our
decomposition, we only use a subset thereof by adopting a permutation of sources P
and considering sequential combination of sources.

5This is reminiscent but different from hierarchical, vine copula representations (Bedford and Cooke, 2002;
Czado, 2019).
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To state the results formally, let ~C
t
∑;P;j : ½0, 1�ðK�jþ1Þ↦ ½0, 1� denote the outer copula

of the joint distribution of ‘outer sources’
�
∑ j

k¼1 yPðkÞ, yPðjþ1Þ, . . ., yPðKÞ
�
at period t,

and C̆
t
P;j : ½0, 1� j ↦ ½0, 1� denote the inner copula of the joint distribution of the ‘inner

sources’ (yP(1), yP(2),. . ., yP(j)). At the boundaries, we have for j = 1,
~C
t
∑;P;1ðsÞ ¼ Ct

1;...;KðsÞ and C̆
t
P;1ðsÞ ¼ s, and, for j = K, ~C

t
∑;P;KðsÞ ¼ s and

C̆
t
P;KðsÞ ¼ Ct

1;...;KðsÞ. Define finally F̆
ðmÞ
P;j :R↦ ½0, 1�, as a counterfactual joint distribution

of the inner sources,

F̆
ðmÞ
P;j ðyÞ ¼

Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�y j�1

�∞
dC̆

1
P;jðFðmÞ

1 ðy1Þ, . . ., FðmÞ
j ðy jÞÞ: (11)

Proposition 3. For m ∈ {0, 1} and a permutation P of the set of income sources
{1, 2, . . ., K}, the aggregate contribution of changes in the rank dependence between
income sources to total income change, ΔFðmÞ

C yð Þ, can be additively decomposed as

ΔFðmÞ
C ðyÞ ¼ ∑

K

j¼2
ΔFðmÞ

C;j;P yð Þ (12)

where ΔFðmÞ
C;j;P yð Þ measures the contribution of the change in the rank order association

between income source j and the cumulative total of sources k < P(j):

ΔFðmÞ
C;j;PðyÞ ¼

Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
d~C

0
∑;P;j F̆

ðmÞ
P;j ðyÞ, FðmÞ

Pðjþ1Þðy jþ1Þ, . . ., FðmÞ
PðKÞðyKÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_F
1;ðmÞf g

C;j;P ðyÞ

�
Z y

�∞

Z y�y1

�∞
. . .

Z y�y1�...�yK�1

�∞
d~C

0
∑;P;j�1 F̆

ðmÞ
P;j�1ðyÞ, FðmÞ

PðjÞðy jÞ, . . ., FðmÞ
PðKÞðyKÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_F
0;ðmÞf g

C;j;P ðyÞ

(13)

Proof. Proposition 3 is obtained from Equation (7) by adding and subtracting K−2
counterfactual terms and combining terms to form (13). The K−2 counterfactual terms
are constructed by applying the copula composition procedure to equation (5) with the
outer copulas set to period 0 form ~C

0
∑;P;j and the inner copulas set to period 1 form

C̆
1
P;j. All marginal distributions are held to FðmÞ

k . The K−2 terms are obtained by
gradually moving source distributions from the outer copula to the inner copula, in a
sequence determined by permutation P. The first source in the permutation is discarded
since ~C

0
∑;P;1ðsÞ ¼ C0

1;...;KðsÞ and the first counterfactual is therefore equal to the
rightmost term in (7) and disappears by addition and subtraction. □

Proposition 3 leads to a (K−1)-terms decomposition of the overall copula effect.
Each term reflects the contribution of the change over time in the association between
a given income source j and the (cumulative total of) previous sources in the
permutation P. To achieve additivity of the decomposition, the contribution of source j
is evaluated with the association among other sources held at period 1 value for the
previous sources in the permutation and at period 0 value for all subsequent sources in
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the sequence. Again, Proposition 3 therefore defines a family of decompositions
contingent on the permutation P – see section III. By construction, no contribution is
assigned to the first source in the sequence defined by permutation P. The first source
is a ‘root source’ against which the contribution of other sources is gradually assessed.
The decomposition is therefore degenerate when K = 2: clearly, with only two sources,
there is no way to attribute change in the association with one or the other source.

Decomposition of index functionals

The decompositions in Propositions 1, 2 and 3 are based on a range of counterfactual
representations of the distribution of total household income. The counterfactual
distributions are constructed by manipulating components of the joint distributions of
income sources as per equation (4) and quantifying how the manipulated components
contribute to changes in the distribution of total incomes from period 0 to 1.

While all results are expressed in terms of decompositions of distribution functions
only, it is straightforward to extend all decompositions to changes in functionals
thereof, such as quantiles, inequality indices, poverty measures (see, e.g. Cowell, 2011)
by applying a functional of interest θ to the counterfactual distributions involved in
Propositions 1, 2 and 3.

Corollary 1. For any pair ðc, mÞ∈ 0, 1f g2 with c + m = 1, permutation P of
the set of income components {1, 2, . . ., K}, and the change between period 0 and 1
in the index functional θ(F) expressed as Δθ = θ(F1) − θ(F0):

1. Aggregate decomposition:

Δθ ¼ ΔθðcÞM þ ΔθðmÞC (14)
where

ΔθðcÞM ¼ θ F̈
ðcÞ;1f g
M

� �
� θ F̈

ðcÞ;0f g
M

� �
(15)

captures the contribution of changes in marginal distributions and

ΔθðmÞC ¼ θ F̈
1;ðmÞf g
C

� �
� θ F̈

0;ðmÞf g
C

� �
(16)

captures the contribution of changes in the rank association of all sources;
2. Decomposition of the marginal distribution component by source:

ΔθðcÞM ¼ ∑
K

j¼1
ΔθðcÞM ;j;P (17)

where

ΔθðcÞM ;j;P ¼ θ F̈
ðcÞ;1f g

M ;j;P

� �
� θ F̈

ðcÞ;0f g
M ;j;P

� �
(18)

3. Decomposition of the rank dependence component by source:

ΔθðmÞC ¼ ∑
K

j¼2
ΔθðmÞC;j;P (19)
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where

ΔθðmÞC;j;P ¼ θ F̈
1;ðmÞf g

C;j;P

� �
� θ F̈

0;ðmÞf g
C;j;P

� �
: (20)

Proof. Corollary 1 derives directly from Propositions 1, 2 and 3 by applying the
functional θ to the counterfactual distributions of total household income involved in
propositions. □

Corollary 1 shows the usefulness of defining the decomposition at the level of the
distribution function directly, as it provides a unified framework to decompose any
functional of interest – a key advantage over particular index decomposition methods.

III. Calculation and implementation

Calculation

All counterfactual distributions used in defining the decomposition are easily estimated
from micro-data on incomes following a simulation strategy as in Burtless (1999). The
procedure is non-parametric, does not require estimation of the copula functions and
can be applied to index functionals directly.6

We have a dataset on the K income sources of N households at time t ∈ {0, 1}:
ðyti1, . . ., ytiKÞ

� �N
i¼1. Determine first the (fractional) rank of household i‘s income

from source j in year t in the dataset as

rtij ¼ F̂
t
jðytijÞ ¼

1
N þ 1

∑
N

h¼1
I ythj ≤ ytij
n o

(21)

(see, e.g. Fan and Patton, 2014) and note that, accordingly,

ytij ¼ Q̂
t
jðrtijÞ (22)

where Q̂
t
j is the generalized inverse (i.e. the quantile function) of F̂

t
j.
7 The joint

distribution of rtij over all sources is the copula.
Proposition 1 requires simulation of the counterfactual distribution of total

household incomes at times 0 and 1 holding the copula at period c. These
distributions (and index functionals of interest) are obtained using standard
estimators from simulated household incomes where household i’s income at time t
is simulated by holding ranks at period c and applying the period t quantile
function:

~yðcÞ;ti ¼ ∑
K

j¼1
Q̂

t
j r cð Þ

ij

� �
: (23)

6All the estimations presented in the paper were performed using the software Stata. The codes can be
provided upon request.

7Weighting can be introduced in equation (21) if sampling weights need to be applied to the data.
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Similarly, simulation of incomes holding marginal distributions constant is given by

~yt; mð Þ
i ¼ ∑

K

j¼1
Q̂

ðmÞ
j rtij
� �

: (24)

All terms of the decompositions can then be estimated by θ ~yðcÞ;0i

n oN

i¼1

	 

, θ ~yðcÞ;1i

n oN

i¼1

	 

,

θ ~y0; mð Þ
i

n oN

i¼1

	 

and θ ~y1; mð Þ

i

n oN

i¼1

	 

where θ denotes a usual index functional estimator (or the empirical CDF

estimator for the decomposition of the CDF directly as in Propositions 1, 2 and 3).

For the detailed decomposition of the marginal distributions term, household incomes
are simulated by holding fractional ranks to period c and the quantile functions of the
first j − 1 sources in permutation P to 1 and the others to 0

~yt;j;ðcÞi ¼ ∑
j�1

j0¼1
Q̂

1
j0 r cð Þ

ij

� �
þ ∑

K

j0¼j
Q̂

0
j0 r cð Þ

i j0

� �
: (25)

The counterfactual distributions needed in equation (8) are again derived from the

simulated vectors ~yt;j;ðcÞi

n oN

i¼1
obtained for all sources.

Finally, the detailed decomposition of the copula term in equation (12) uses
household counterfactual incomes defined as

~y mð Þ;t;j
i ¼ Q̂

1
1þ...þj r mð Þ

i;1þ...þj

� �
þ ∑

K

j0¼jþ1
Q̂

0
j0 r mð Þ

i j0

� �
(26)

where Q̂
t
1þ...þj is the period t quantile function of pooled income sources 1 through j

and r mð Þ
i;1þ...þj is the corresponding fractional rank of household i in period m in the

pooled income distribution.

Income ties and the uniqueness of copulas

Application of Sklar’s theorem in equation (3) determines a unique copula only when
the marginal distributions are continuous; there is then a one-to-one relationship
between the copula C and the multivariate distribution G. When at least one of the
marginal distributions has discrete components (e.g. several individuals have the same
value of capital income), the copula is not unique and different copula functions are
consistent with equation (3) (see Nelsen, 2006; Genest and Nešlehová, 2007).
Household income sources are mainly continuous except for a probability mass at zero
when households do not receive a particular source of income; for example, pension
incomes or targeted benefits. Identification of a unique decomposition requires
additional assumptions. Building upon Rothe (2012, 2015), it is possible to make the
copula unique by defining a set of K rank allocator functions which assign a unique
‘latent rank’ to tied ranks and which are equal to observed ranks on continuous
segments of the variables, preserving a monotonic relationship between the latent and
observed ranks. We can build the rank allocator function by adding a small
contamination ɛtij to all incomes, ytij þ ɛtij, where ɛtij is set small enough that
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ytij þ ɛtij < yti0j for all y
t
i0j > ytij and ɛti0j ≠ ɛtij for all i≠ i0. The latent ranks are then given

by the empirical CDF of the contaminated income values.
Three specific rank allocator functions are relevant. The first, which we follow in the

main part of the empirical analysis, is to apply random assignment of ranks for tied
observations, for example, using random contamination terms ɛtij (‘jittering’). This
assumes away any correlation between the latent ranks of tied observations and other
income sources (or total income). The other two rank allocators rank tied observations in
one income source according to their positions in other income sources. In the first case,
the rank allocator assigns latent ranks in increasing order of the sum of incomes from all
other sources, namely, yti > yti0 ) ɛtij > ɛti0j for any households i and i’ with ytij ¼ yti0j.
This rank allocator effectively selects the copula that maximizes the correlation between
source j latent ranks and total income ranks. In the second case, the rank allocator
assigns unique latent ranks in decreasing order of the sum of incomes from all other
sources, namely yti > yti0 ) ɛtij < ɛti0j for any i and i’ with ytij ¼ yti0j. This selects a copula
that minimizes the correlation between source j latent ranks and total income ranks.

Whether the choice of a rank allocator has substantive impact on the resulting
decomposition is an empirical question. Given the shape of income sources, mostly
continuous on the strictly positive half-line but with a mass at zero, sensitivity to the
rank allocator will be increasing with the magnitude of the change in the probability
mass at zero between period 0 and 1. In our empirical application, results show little
sensitivity to the choice of rank allocator, even though our data exhibit some relatively
large change over time in the proportion of households with no income from some
sources; see Table A-1 in Online Supplement.

Permutation selection

Proposition 1 defines two decompositions. Since the distribution of household income
is a nonlinear function of the copula and the marginal distributions, setting (c, m) to
(0, 1) or to (1, 0) results in two alternative decompositions. One might opt for a ‘copula
first’ strategy identifying the contribution of the copula before the contribution of the
marginal CDFs of income components and therefore choose (1, 0), or the other way around.
It is difficult to find justification for preferring one (‘copula first’) over the other (‘marginal
first’). This is a common issue in simulation-based decomposition analysis. Estimation of the
two is recommended in empirical applications. Combination of the decompositions can also
be undertaken using a Shapley value approach (e.g. Sastre and Trannoy, 2002; Shorrocks,
2013).8 In this two-way setting, a Shapley value approach simply consists in taking the
average of the contributions of each term across the two options.

Similarly, Propositions 2 and 3 define two families of decompositions since the
resulting contributions are contingent on a permutation P. This leads to 2K−1 possibly
distinct values for the contribution of a source j across the K! possible permutations.
Unlike for the choice of (c, m), specific permutations of income sources may be

8Chantreuil and Trannoy (2013) and Chantreuil et al. (2019) provide in-depth discussions of application of the
Shapley value to decompositions of inequality functionals, including decompositions by income components.
They combine related simulation approaches and the Shapley procedure, but focus on inequality functionals and
on (static) contributions of sources to cross-sectional inequality.
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meaningful. For example, one may treat pretax market incomes first, then transfer
incomes, and handle taxes last. Such a permutation reflects the fact that transfer
incomes and taxes are determined by market incomes (at least partly). It may therefore
be relevant to examine the change in market income first (holding taxes and transfers
at their period 0 values) and the change in taxes and transfers next (as they follow the
change in market incomes). With a ‘main breadwinner’ model in mind, in which the
labour supply and earnings of the second (or third) earner are adjusted in response to
the earnings of the primary earner, it may also be justified to treat the primary earners
first and the secondary earners second in the permutation. This is, however,
application-dependent. Shapley value averaging can also be considered to combine
estimates from multiple permutations (Shorrocks, 2013).

One point is important to stress here. Similarly to decision about (c, m), decision
about P in the decomposition of effects of marginal distributions is mainly technical.
Varying the permutation modifies the fixed values at which the impact of changes
from 0 to 1 in each component of interest (the marginal distribution of a source) is
measured. This may modify the numerical estimates obtained, but it does not
fundamentally changes their interpretation. By contrast, varying the permutation in the
decomposition of the copula term is not just technical, it also affects the interpretation
of the components. By construction, the components of the copula term capture the
impact of changes in the rank association of each source with the sources listed earlier
in sequence according to P. Modifying the sequence therefore modifies what the
decomposition estimates, not just how it estimates it. It is therefore important to
consider sequences that lead to interpretations of clearest substantive interest. We
illustrate this point in empirical results presented in the Online Supplement: we show
alternative results obtained by modifying a sequence of sources, specifically by
reversing our preferred permutation. The estimates of the impact of marginal
distributions are affected very little, but the estimates of the components of the copula
decomposition differ more significantly. Examining the results in detail, it becomes
clear that the reverse order permutation does not just give different estimates, it also
leads to estimates that are of less substantive relevance. Notably, while we can
interpret our initial results (shown in section IV) in terms of changes in assortative
mating or households’ joint labour supply decisions (combining earnings from different
household members) or as capturing the regressivity of public transfers or the
progressivity of taxes, the reverse permutation does not lead to such relatively well-
defined effects.

IV. Empirical application

The distribution of household disposable income in Luxembourg 2004–2013

We applied our decomposition to a study of the change in the household income
distribution in Luxembourg between 2004 and 2013. Data are from the Socio-
Economic Panel ‘Liewen zu Lëtzebuerg’ (EU-SILC/PSELL3), an annual representative
survey on income and living conditions of individuals and private households. Total
net household income is partitioned into seven components:

© 2021 Luxembourg Institute of Socio-Economic Research (LISER). Oxford Bulletin of Economics and Statistics published by
Oxford University and John Wiley & Sons Ltd.

Distributional change and income sources 171

 14680084, 2022, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/obes.12462 by G

E
SIS - L

eibniz-Institut fur Sozialw
issenschaften, W

iley O
nline L

ibrary on [20/09/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Total net household income ¼ Ehþ Esþ Eoþ P þ CI þ PT � ITC

where Eh is gross earnings of the household head, Es gross earnings of spouse, Eo
gross earnings of other household members, P pensions, CI capital income, PT public
transfers and ITC income taxes and social security contributions. All income
components are expressed as single-adult equivalent values using the modified OECD
equivalence scale and deflated to 2005 prices.9 The estimation sample comprises 8,994
individuals for 2004 and 9,963 individuals for 2013.

According to these data, household income inequality increased in Luxembourg
between 2004 and 2013 – a period hit by the Great Recession. A growth incidence curve
(Figure 1) reveals a relatively simple pattern: incomes at the bottom of the distribution
have decreased, those at the top increased. Remarkably, the size of the income growth at
the top mirrored the decline at the bottom. Mean income increased faster than median
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Figure 1. Growth incidence curve: The change in the distribution of household disposable income in
Luxembourg between 2004 and 2013
Note: The Figure depicts the differences in the base-2 logarithms of income values between 2013 and
2004, at 99 equally spaced percentiles of the income distribution. The confidence intervals are derived
using 500 bootstrap replications. For presentation purposes, we truncated the low bound confidence
interval at the first percentile of the income distribution and the upper bound confidence interval at the
98–99th percentiles of the distribution.
Source: Authors’ calculations based on the EU-SILC/PSELL III, weighted data (cross-section weights).

9This equivalence scale gives the value 1 to the first adult, 0.5 to each additional adult and 0.3 to each child
below 14. While we follow here standard approach to income distribution analysis, this neglects potential
inequality in intra-family allocation of resources (see, e.g. Chiappori, 2016; Chiappori and Meghir, 2016).
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income, the Gini coefficient and the P90/P10 ratio both rose significantly (Table 1).
Relative poverty and richness rates – measuring the share of individuals above low-
income and high-income thresholds – also rose (see Table 1 notes for detailed definitions).

Section A of the Online Supplement details the evolution of each of the seven
sources composing our total income variable. In sum, between 2004 and 2013,
earnings of household heads tended to decline except for the top 5% – a trend that
may be explained by the increase in unemployment which rose from 3.7% in 2004 to
6.8% in 2013. Yet, earnings of spouses, and other household members to a smaller
extent, increased. Capital incomes also increased, except at the top, and household
incomes were depressed by an increase in taxes, but pensions and other public
transfers increased. The magnitudes of the changes and the share of households
affected by them vary greatly across sources.

Decomposition analysis

The contrasted evolution of earnings of heads and spouses, the larger sizes of taxes
and transfers (and of their progressivity, as gauged by their correlation with market
incomes), and the evolution of capital incomes emerge as the potential drivers of the
increase in inequality. But the relative importance of these factors is difficult to assess
from examining the marginal distributions or even the correlation structure alone.10

Our decomposition sheds light on this.

TABLE 1

Changes in the distributional summary measures in Luxembourg between 2004 and 2013

2004 2013 Change between 2004 and 2013

Mean income 31,345 32,586 +1,241 (675)
Median income 27,680 28,221 + 540 (655)
P90/P10 3.274 3.642 +0.368 (0.140)
P90/P50 1.801 1.902 +0.101 (0.056)
P50/P10 1.818 1.914 +0.096 (0.058)
Gini 0.266 0.303 +0.037 (0.010)
Poverty rate (%) 13.54 15.72 +2.18 (1.360)
Richness rate (%) 6.92 8.18 +1.26 (0.940)

Note: All measures are obtained for household equivalized disposable income. The relative poverty line is defined
as 60% of the median household disposable income. The richness threshold is twice the median household
disposable income in a given year. Standard errors in parentheses are derived using 500 bootstrap replications.
Source: Authors’ calculations based on the EU-SILC/PSELL III, weighted data (cross-section weights).

10Table A-2 of the Online Supplement shows positive correlation in earnings of spouses – an indication of
assortative mating – but both of spouses’ earnings are negatively correlated with earnings from other household
members. Notably the rank correlation in earnings of spouses increased over time – a potentially inequality
increasing evolution. Taxes are positively correlated with incomes (except public transfers) as a consequence of
their progressivity. Public transfers are negatively associated with market income sources given their role as
social insurance. Capital incomes are positively, and increasingly, associated with pensions as a reflection of the
accumulation of assets by older population. Capital income also became more correlated with earnings.
However, the negative rank correlation of pensions and capital income with public transfers increased over the
period suggesting that households who receive higher incomes from these sources became less likely to receive
high amounts of benefits. Such households were also paying higher taxes in 2013 as compared to 2004.
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Aggregate decomposition
Figure 2 shows aggregate decomposition results, namely how the change in the rank
dependence between income sources (Panel A) and their marginal distributions
(Panel B) has reflected on the shift in the distribution of household disposable income
in Luxembourg. We set (c, m) to (0, 1): the change in the copula is assessed at 2013
marginal distributions and the change in the marginal distributions is assessed at 2004
dependence. The separate effects (shown as dashed lines in Figure 2) add up to the
total change (shown as solid line). We use the ‘independence’ rank allocator to assign
unique latent ranks to tied income sources.11

The decline in incomes at the bottom of the distribution (between the 10th and 50th

percentiles) is mainly driven by the change in the copula. The relative decline in the
bottom half of the distribution reflects an increased tendency of households to
accumulate low incomes in multiple sources. By contrast, the shifts in the marginal
distributions of income sources reflected predominantly on the upper half of the
distribution. Panel B in Figure 2 shows that incomes increased from the 30th percentile
onwards and this increase explains the change in the household income distribution
from the 50th percentile (from which point the copula contribution disappears).
Changes in marginal distributions also contributed to a fall in incomes in the bottom
10%. In other words, poorer households who used to receive lower incomes from
some sources but higher incomes from other sources became more likely over time to
receive low incomes from all sources. By contrast, incomes of the richer households
increased but not necessarily in all income sources simultaneously.

In terms of their impact on inequality, both components were dis-equalizing forces:
the copula by reducing incomes in (most of) the bottom half of the household income
distribution and the marginals by mostly increasing incomes in its upper half. This is
reflected in Table 2 which provides decomposition results for summary measures. Both
changes in the marginal distributions of income sources and their dependence structure
are associated with the increase in all inequality and poverty measures. About three
quarters of the increases in the Gini coefficient and the P90/P10 ratio is ascribed to the
shifts in the marginal distributions of income sources, and one quarter is ascribed to
the copula. By contrast, the change in the copula accounts for a substantial proportion
of the increase in the relative poverty rate. According to the estimates, had the rank
association between income sources remained the same as in 2004, we would have
observed 63.4% smaller increase in the relative poverty rate in 2013.

Detailed decomposition results
The detailed decomposition results look inside the aggregate components. Detailed
decompositions as laid down in Propositions 2 and 3 require selecting a particular
permutation (or sequence) of sources. Change in the sources down the sequence are
assessed with previous sources in the sequence held at their period 1 levels. Moving
from market to disposable income sources is a natural option: we start with market
incomes (earnings-related first) – earnings of head, of spouse, of other members,

11Section B of the Online Supplement provides assessment of the sensitivity of our results to alternative
choices. See also section Sensitivity of decomposition results to modelling decisions.
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pensions, capital incomes – and then move to disposable incomes by adding public
transfers and finally deducting income taxes paid.12

Panel (a) Panel (b)

Figure 2. Aggregate decomposition of the change in the household disposable income in Luxembourg
between 2004 and 2013
Note: The figure depicts the differences in the logarithms of real income values at 99 equally spaced
percentiles of the income distribution. The line ‘actual change’ captures the difference in actual income
values between 2013 and 2004. The contributions of the decomposition components (changes in the
copula and marginal cumulative distribution functions of income sources) are calculated according to
expressions (6) and (7). The confidence intervals are derived using 500 bootstrap replications.
Source: Authors’ calculations based on the EU-SILC/PSELL III, weighted data (cross-section weights).

TABLE 2

Aggregate decomposition of the change in the distribution of household equivalized disposable
income

Overall change

Change attributed
to copula

Change attributed to the
marginal distributions

Relative (%)Absolute Relative (%) Absolute

Gini +0.029 +0.008 +26.15 +0.021 +73.85
(0.011) (0.008) (0.013)

P90/P10 +0.362 +0.103 +28.51 +0.259 +71.49
(0.139) (0.173) (0.156)

P90/P50 +0.099 +0.045 +45.99 +0.053 +54.01
(0.054) (0.052) (0.048)

P50/P10 +0.095 +0.009 +9.11 +0.087 +90.89
(0.057) (0.086) (0.073)

Poverty rate (%) +2.029 +1.286 +63.41 +0.742 +36.59
(1.30) (1.31) (1.07)

Richness rate (%) +0.861 +0.058 +6.82 +0.802 +93.18
(0.89) (0.78) (0.81)

Note: All measures are obtained for household equivalized disposable income. The relative poverty line is defined
as 60% of the median household disposable income. The richness threshold is twice the median household
disposable income in a given year. Standard errors in parentheses are derived using 500 bootstrap replications.
Source: Authors’ calculations based on the EU-SILC/PSELL III, weighted data (cross-section weights).

12We examine and discuss the impact of choosing an alternative permutation in section B of the Online
Supplement.
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Figure 3 shows detailed results for the contributions of the marginal CDFs to the
shift in the distribution of household disposable income. Changes in the marginal
distributions of all income sources (with the exception of earnings of other household
members and capital income) had a significant contribution to the shift in the
distribution of household disposable income. The change in the distribution of earnings
of household heads – which declined on average by 8% – resulted in a decline of
incomes along the entire distribution of household income (except for the top 10
percentiles), with an especially profound decline documented at the very bottom of the
distribution, a potentially strongly inequality-increasing force. The change in the
marginal CDF of earnings of spouses – which, by contrast, increased on average by
18% – is associated with a relatively constant, inequality neutral, increase in all
percentiles of the total household income distribution. This evidence is in line with
findings for other rich countries (see, e.g. Burtless, 1999; Daly and Valletta, 2006;
Larrimore, 2014) which show the increased share of spouse’s (typically female)
earnings in total household income.

Figure 3 also reveals a substantial contribution of pensions to income growth along
the entire distribution of household incomes, with larger increases observed higher up
the distribution. By contrast to market income sources, changes in the marginal
distributions of public transfers and taxes changed in a way to equalize incomes. The
change in the marginal distribution of public transfers was associated with the increase
in incomes of all households, but especially those at the bottom. Changes in the
marginal distribution of taxes had an opposite effect.

Table 3 complements the graphical evidence by quantifying the contributions of
changes in the marginal distribution of each income source to distributional summary
measures. A positive sign in front of the contribution associated with a particular factor
implies that the change in it over time generated an increase in a given summary
measure (dis-equalizing effect), and vice versa for a negative sign. As expected from
the graphical inspection, the change in the marginal distribution of household heads’
earnings was the major driver of the increase in all inequality and poverty measures.
The change in the marginal distribution of pensions was the second most important
contributor to the increase. These evolutions were partially offset by the shifts in the
distributions of public transfers and taxes. Around 50% of the increase in the Gini
coefficient induced by the shift in the marginal distribution of earnings of household
heads was offset by the changes in the marginal distributions of taxes and transfers.

Figure 4 reveals that it is the change in the rank dependence in market incomes –
between earnings of household heads and spouses as well as in the rank dependence of
capital income with all earnings-related sources – that has been associated with most
of the relative decline in incomes at the bottom of the distribution. Individuals who
score low in one market income source became more likely over time to score low
also in other income sources, which contributed to the decline in their relative
incomes. By contrast, increases in the rank dependence of public transfers and taxes
with other income sources – reflecting both higher effective targeting of public
transfers and greater tax progressivity – were predominantly beneficial to those at the
bottom of the income distribution. These increases, however, did not offset the
inequality-increasing impacts of the association of market income sources.

© 2021 Luxembourg Institute of Socio-Economic Research (LISER). Oxford Bulletin of Economics and Statistics published by
Oxford University and John Wiley & Sons Ltd.

176 Bulletin

 14680084, 2022, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/obes.12462 by G

E
SIS - L

eibniz-Institut fur Sozialw
issenschaften, W

iley O
nline L

ibrary on [20/09/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Figure 3. Detailed sequential decomposition of the marginal distributions component
Note: The line ‘actual change’ captures the actual difference in the logarithm of real income values
between 2013 and 2004 at 99 equally spaced percentiles of the income distribution. The confidence
intervals are derived using 500 bootstrap replications.
Source: Authors’ calculations based on the EU-SILC/PSELL III, weighted data (cross-section weights).
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Table 3 quantifies these contributions on distributional summary measures.
Changes in the rank dependence of earnings of household heads with the earnings of
spouses, as well as changes in the rank dependence of capital income with other
market income sources, have contributed significantly to the increase in inequality
and poverty indexes. The increased rank correlation between earnings of heads and
spouses is associated with the largest increase in all inequality and poverty measures.
Around one third of the total increase in the Gini coefficient and two thirds of the
total increase in all percentile ratios can be assigned to the changed dependence

Figure 4. Detailed sequential decomposition of the copula component
Note: The line ‘actual change’ captures the actual difference in the logarithm of real income values
between 2013 and 2004 at 99 equally spaced percentiles of the income distribution. The confidence
intervals are derived using 500 bootstrap replications.
Source: Authors’ calculations based on the EU-SILC/PSELL III, weighted data (cross-section weights).
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between earnings of household heads and spouses. With respect to the poverty rate,
had the copula between earnings of household heads and spouses remained
unchanged, the poverty rate would have been lower in 2013 compared to 2004.
Although capital income is small in magnitude, the change in its rank correlation
with other pretax sources in our data is associated with a statistically significant
decline in incomes at the bottom and in the middle of the household income
distribution. Almost 25% of the increase in the Gini coefficient can be attributed to
the change in the rank dependence between capital income and other earnings-related
income sources. However, this increase has been offset by the changes in the rank
correlation of these income sources with transfers. Similarly, the change in the rank
dependence of taxes with other income sources further mitigated the dis-equalizing
contributions of other factors.

Sensitivity of decomposition results to modelling decisions

Alternative results based on different modelling decisions are presented in section B of
the Online Supplement. Following the discussion of section III, three types of
sensitivity analysis are performed about (1) the choice of rank allocator, that is, the
treatment of tied observations in income components, (2) the choice of (c, m), that is,
the order of the decomposition between the two main components and (3) the choice
of the permutation P for the detailed decomposition.

The choice of a rank allocator does not appear substantively important in our
application, with a cautionary note. In general, we find that at the level of the detailed
decomposition the estimates based on two alternative rank allocators are very close to
the estimates from the main results. At the level of aggregate decomposition, however,
assignment of ranks in line with the assumption of maximum inequality yields
somewhat higher contributions associated with the change in marginal distributions of
income sources and lower contributions associated with the change in copula as
compared to the baseline results, whereas the opposite applies for the assumption of
minimum inequality. The choice of (c, m) exhibits similar sensitivity pattern as the
choice of rank allocator. Substantive conclusions remain largely unaffected by the
choice (0, 1) or (1, 0). The choice of P, finally, can be crucial for reasons already
explained in section III. For the sake of illustration, we implemented a reversed
permutation from our main analysis. Results for the contribution of sources to the
aggregate ‘change in marginals’ component varied little. However, results for the
contribution of sources to the aggregate ‘change in copula’ component are quite
different. As mentioned above, this is not surprising and reflects the variation in the
meaning of the components under alternative permutations.

We trust our sensitivity analysis shows reassuring results overall. While specific
estimates of the decomposition terms vary with alternative implementation decisions,
the major substantive lessons drawn from the analysis are largely unaffected. This is
reassuring since we look at a distribution that has changed quite significantly over
time, yet, of course, this cannot be a general lesson and sensitivity will inevitably be
application specific.
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V. Conclusion

This paper proposes a simulation-based decomposition of changes in the distribution of
household incomes into two main components: (i) changes in the marginal
distributions of different sources of income – labour incomes, capital incomes,
transfers, taxes – and (ii) changes in the correlation between these sources. Each
component is further disaggregated to distinguish the impacts of changes in each of the
separate sources of income. While a number of studies have applied similar principles
in counterfactual simulation exercises (e.g. Burtless (1999); Fournier (2001); Larrimore
(2014); Aaberge et al. (2018)), formalizing the decomposition in terms of the joint
distribution of income sources, marginal and copula functions clarifies the rationale and
interpretation of the simulations and resulting terms, something that has not been done
in the literature for disaggregate decompositions to date.

The decomposition is illustrated on the change in the distribution of total household
disposable income in Luxembourg between 2004 and 2013. The distribution of
household disposable income had become more unequal between those 2 years,
exhibiting an increase in inequality and poverty measures. The decomposition reveals
that the shift in the distribution has been induced by both changes in the marginal
distributions of income sources and their dependence. While changes in the marginal
distributions of income sources can be held predominantly responsible for the growth
of incomes in the upper part of the income distribution, the change in association
between income sources accounts for the decline in incomes in its lower tail, so both
factors contribute to increasing inequality but through different channels. The shifts in
the marginal distributions of income sources explain most of the increase in inequality
measures and the richness rate whereas the change in the copula is associated with a
substantial portion of the increase in the relative poverty rate. Predominantly well-off
households have benefited from the growth of incomes coming from various sources
over time. The households at the bottom of the distribution not only have not enjoyed
this growth but also became more likely to rank low in multiple income sources.
Increased progressivity of taxes and transfers only partially offsets this increased
correlation of earnings-related sources.

Compared to previous findings for Luxembourg, our approach sheds light on the
factors lying behind the change in the entire distribution of household income and a
variety of its summary measures. Berger, Fusco and Kyzyma (2014), for example,
analysed the change in income inequality in Luxembourg between 1987 and 2010 but
focused only on the decomposition of the Gini index using Lerman and Yitzhaki
(1985) procedure. Fusco et al. (2014) analysed the change in inequality using a set of
distributional summary measures but did not perform any sort of decomposition to
identify the contributions of various factors to those changes, similarly to Allegrezza
and Ametepe (2018), who focused their analysis on poverty. One should be cautious in
interpreting our findings in the context of the Great Recession. Although we might
capture some distributional trends associated with the economic crisis of 2008, we do
not specifically focus on the period right before/after it. The proposed methodology,
however, might be useful for studying the impact of recessions given that ‘a recession
sets several complex mechanisms in motion and a large model with interactions
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between income components is required to understand the evolution of income
distribution during rapidly rising unemployment’ (Aaberge et al., 2000: p. 95).

Final Manuscript Received: June 2021
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Garcı́a-Peñalosa, C. and Orgiazzi, E. (2013). ‘Factor components of inequality: a cross-country study’,
Review of Income and Wealth, Vol. 59, pp. 689–727.
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