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ETA, DISCO, ODISCO, AND F 

Louis Guttman †* 

Abstract: Two coefficients are proposed for measur ing the 
extent of over lap in d is t r ibut ions as a direct function of the 
va r i ance be tween the a r i thmet ic m e a n s (»disco« and »odis-
co«) . They are designed to answer such quest ions as: » G i v e n 
the va lue of a numer ica l var iab le x, to which popu la t ion 
should an individual be assigned so that m i n i m u m er ror 
would be incur red?« This is jus t the reverse of the quest ion 
addressed by ANOVA. These coefficients are shown to be 
analyt ic in x and they are related t o . Pearson ' s eta and 
Fisher ' s F. Extens ions of these coefficients (designed for 
un ivar ia te , one way d i sc r imina t ion) to k-way and multiva
r iate d i sc r iminan t analysis and m e a s u r e m e n t of »interac-
t ion« are suggested. 

The Problem of Overlap 

W h e n two or m o r e popu la t ions have d is t r ibu t ions on the same numer ica l 
var iable x, it is of interest to know to what extent these d is t r ibut ions over
lap . O n e mot iva t ion for this interest is the p rob lem of d i sc r iminan t ana
lysis. Suppose an individual has a k n o w n value of x, but h i s / h e r popula
t ion is u n k n o w n . To which popula t ion should h e / s h e be assessed to belong, 
with m i n i m a l expected error? T h e p rob lem can be i l lustrated by Figure 1 , 
for the case of th ree finite popu la t ions . For each value of x there , to what 
extent can one correct ly say to which popu la t ion the individuals with that 
va lue belong? T h e popu la t ion m e a n s are indicated on the x-axis, labelled 
£i, £2> a n d respectively. Over lap is indicated by the crossing of f requency 
densi ty curves . 

T h e r e has been no s tandard loss funct ion for e r ro r of misclassification 
(as for popu la t ions 1 and 3, or 2 and 3 in F igure 1). O n e popu la r way for 
h a n d l i n g this p rob lem is merely to count the n u m b e r (or p r o p o r t i o n ) of 
e r rors . T h e present pape r is devoted to expressing the loss due to over lap as 

* Reprinted by permission of The Psychometric Society. Printed in Psychometrika, 
1988, 53, Nr. 3. 
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Figure 1: An Example of Three Population Distributions. 

a direct funct ion of the va r i ance be tween the a r i t hme t i c m e a n s of the 
d i s t r ibu t ions . 

Two coefficients will be p resen ted for this pu rpose . O n e was developed 
e lsewhere ( G u t t m a n , 1981); it is not yet very wel l -known, so it may be 
helpful to review it here . 

T h e o the r is new, given here for t he first t ime . T h e first has been called 
»disco« for »d i sc r imina t ion c o e f f i c i e n t - by the C o m p u t e r Cen t e r of the 
H e b r e w Univers i ty . T h e second is called »odisco«; i t is m o r e relaxed than 
disco in a cer ta in sense of over lap . Both coefficients vary be tween 0 and 1. 
They equal 0 if the re is no difference a m o n g the m e a n s (which is not 
necessari ly t rue for coefficients based on c o u n t i n g or o the r coefficients). 
Each equals 1 if the re is no loss (perfect d i sc r imina t ion holds) in its sense. 
Each is dis t r ibut ion-free, avoid ing t rad i t iona l a s sumpt ions of no rma l i t y of 
popu la t ion d is t r ibu t ions and equal i ty of var iances wi th in t he popu la t ions . 
Such conven t iona l a s sumpt ions are unrea l i s t ic and mis lead ing in m a n y 
cases. 

T h e d is t inc t ion be tween disco and odisco can be phrased as follows. Fo r 
each pa i r of popu la t i ons a and b , if £b<4«, l e t t n e largest va lue of x for b b e 
deno ted by max(x | b ) , and let the smallest va lue of x for a be denoted by 
min (x | a) . T h e n disco asks w h e t h e r or not 

In cont ras t , odisco asks w h e t h e r or not two inequal i t ies hold : 

(ODISCO condition) 
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for W h e n the D I S C O condi t ion holds, then the re i s no over lap 
be tween the d is t r ibu t ions (except possibly at a single po in t ) . W h e n the 
O D I S C O condi t ion holds, no m e m b e r of popu la t ion b has an x-value ab
ove , and no m e m b e r of popula t ion a has an x-value below : t he re may 
be ove r l ap in t he interval be tween the two means , but no over lap in t he 
two in terva ls outs ide the means . T h e »O« a t the beg inn ing of »odisco« i s 
m e a n t to indicate that some over lap is al lowed. 

A n o t h e r i m p o r t a n t difference between the D I S C O and O D I S C O con
di t ions is wi th respect to the de te rmina t ion of cut t ing po in t s for discrimi
na t i ng be tween the d is t r ibut ions . For each pai r of d is t r ibut ions , t he DIS
CO condi t ion implies bu t a single cut t ing poin t and does not requi re its 
actual de t e rmina t i on . T h e O D I S C O condi t ion explicitly in t roduces two 
cut t ing po in ts , namely the a r i thmet ic means themselves . 

Disco is bu t one m e m b e r of a relatively new class of coefficients for the 
d i sc r imina t ion problem ( G u t t m a n , 1981). These all equal 1 if the re is per 
fect d i sc r imina t ion , but differ in how they weight e r ror . T h e present disco 
is actually a special case of the monotonic i ty coefficient (Raveh , 1978; 
G u t t m a n , 1986a). 

Pearson's Eta and the »Analysis of Variance« 

T h e study of differences a m o n g means is typically t hough t to be a p rob lem 
of »analysis of var iance« (ANOVA). This should not be confused with 
analysis of d i sc r imina t ion . T h e ANOVA prob lem may be regarded as 
address ing the reverse of t he quest ion stated above for d i sc r iminan t ana
lysis, namely : »Suppose the popula t ion of an individual is k n o w n , bu t not 
his x-value. W h a t is the best predicted value of x?« (cf. G u t t m a n , 1941). 
T h e answer - when expected square deviat ion is taken as the loss-function 
- is t he a r i t hme t i c mean of that popu la t ion . Over all indiv iduals , zero loss 
occurs only if the re is no var ia t ion wi thin any of the popu la t ions : each 
d is t r ibut ion is degenera te , be ing concent ra ted at but a single po in t . M o r e 
general ly, the size of the loss is expressed by the var iances wi th in the 
popu la t i ons - which are t radi t ional ly compared with the var iance be tween 
the m e a n s . A s tandard ized coefficient for this compar i son purpose is 
Pearsons ' s classical corre la t ion rat io »eta« (Pearson , 1905) - or, equivalent-
ly, Pearson ' s p o i n t b i s e r i a l r for the special case of only two popu la t ions . 
Eta varies between 0 and 1, equal ing 0 when the re is no difference a m o n g 
the m e a n s and equal ing 1 for the degenera te case of no var ia t ion within 
each of the popu la t ion . 

W h e n eta = 1, the re is, of course , perfect d i sc r imina t ion . However , the 
converse is no t t rue ; perfect d i scr imina t ion can exist even when eta is 
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smal l . Fo r example , in F igure 1 there is no over lap be tween the distribu
t ions of p o p u l a t i o n s 1 and 2. Perfect d i sc r imina t ion holds even though eta 
he re is less t h a n 1. 

Fo r the x-predict ion p rob lem of ANOVA, the m e a n s and var iances en te r 
» n a t u r a l l y « . Th i s i s not t rue for t he d i sc r imina t ion p r o b l e m . Both pro
b l e m s are a l ike in that t he def inini t ion of the i r respect ive loss-functions 
are dis t r ibut ion-free . 

Whi l e the p rob l ems of eta, disco, and odisco refer to t he popu la t ion 
d i s t r ibu t ions , only s ample data a re avai lable in pract ice . A N O V A con
vent iona l ly focuses largely on the nul l hypothes is of no difference be tween 
the popu la t ion means , a n d usually calculates R. A. F isher ' s F statistic in
stead of Karl Pearson ' s ear l ier eta. In a way, this is qui te surpr is ing , since F 
is a s imple t r ans fo rma t ion of eta: 

w h e r e n is the total s ample size and m is the n u m b e r of popu la t ion dis
t r ibu t ions . ( M o r e general ly, (n - m) is the degree of f reedom of the de
n o m i n a t o r , whi le (m - 1) is t he degrees of f reedom of the n u m e r a t o r ) . T h e 
tables of probabi l i t i es could jus t as well have been m a d e in t e rms of eta, 
m a k i n g F superf luous . F isher himself essentially impl ies th is in his dis
cussion of test ing eta for »s ignif icance« (Fisher , 1950, p. 256). F is a pe
cul iar statistic tha t es t imates no popu la t ion p a r a m e t e r (which may be why 
n o n - m a t h e m a t i c a l s tudents have t roub le with it). Histor ical ly , when Fisher 
in t roduced ANOVA, he p repa red probabi l i ty tables by use of his z statistic 
for technica l ca lcula t ion reasons . To be m o r e user-fr iendly, he later adop
ted Snedecor ' s t r ans fo rma t ion of z in to F by the fo rmula : F = e 2 z . But the 
t r ans fo rma t ion could have been m a d e jus t as easily from z directly in to 
eta, which would be even m o r e user-fr iendly; s tuden ts and p rac t i t ioners 
would no t have to learn F any m o r e t h a n the n o w forgot ten z = l n ( s 1 / s 2 ) . 

In any event , we shall no t be conce rned here wi th t he test ing of nul l 
hypotheses and all its p rob lemat i c s (cf. Cowger , 1984; G u t t m a n , 1977; and 
m a n y o thers ) , but r a the r wi th consis tent e s t imat ion . As discussed else
w h e r e (cf. Mul ler , 1982, p. 342; G u t t m a n , 1985; Ross, 1985) consis tent 
es t imat ion is necessary and sufficient for c u m u l a t i v e science. As Mul le r 
states in a context paral lel to A N O V A , »Th i s ar t ic le will ignore ques t ions 
associated with significance test ing. Fo r purposes of es t imat ion , the focus 
of this ar t icle , only the usual least squares a s sump t i o n s will be requi red .« 
Es t imates are always only ten ta t ive in cumula t i ve science, to be cont inual 
ly improved upon by fu r the r data ga the r ing at o the r t imes and places. 

Exper ience has shown that , in pract ice , eta general ly is m u c h less t han 1 
(which may be a reason for m a n y a u t h o r s not to publ i sh i t with the i r 
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A N O V A results , giving only F ins tead) . Similarly, generally ne i t he r of the 
D I S C O and O D I S C O condi t ions holds exactly, and one must cons ider loss 
func t ions . Before going on to the algebra of the respective loss funct ions , it 
may be useful to look at two numer ica l examples for showing the different 
roles played by the var ious coefficients. T h e first example is of artificial 
data , whi le the second is of actually observed data. Fo l lowing these pres
en ta t ions , we shall develop the algebra for the coefficients wi th in a syste
mat i c f r amework . I t will be shown tha t eta, disco, and odisco all have the 
same n u m e r a t o r ; they differ only in their denomina to r s , and in such a way 
tha t always 

(The INEQUALITIES) odisco > disco > eta, 

t he equali t iy between any two of the coefficients hold ing if and only if the 
one on the right equals 0 or 1. T h e d iscr iminat ion coefficients can be quite 
large even when eta is smal l , as will be i l lustrated next . 

The First (Artificial) Numerical Example 

Figure 1 i l lustrates the theoret ical d i scr imina t ion problem in t e rms of po
pu la t ion dis t r ibut ions . These d is t r ibut ions , of course , are general ly not 
avai lable in pract ice. To i l lustrate the d iscr imina t ion p rob lem in t e rms of 
s ample data , suppose that a sample P 1 of four individuals is d rawn from 
popu l a t i on 1, a sample P 2 of five is d r awn from popula t ion 2, and a sample 
P 3 of five is d rawn from popula t ion 3. Suppose the respect ive sample va
lues of the numer ica l var iab le x tu rn out to be as in Table 1, where the 
s ample means , s tandard devia t ions , and sizes are as indicated. 

Let us begin by c o m p a r i n g the first two dis t r ibut ions . T h e means of P 1 

and P 2 are 54 and 29, respectively. But how much over lap is t he re between 
the two dis t r ibut ions? Inspect ion of the first two c o l u m n s of Table 1 shows 
tha t t he re is no over lap at all: t he smallest value in P, is 37, whi le the 
largest value in P 2 is 36. Not only is the mean of P 1 larger than that of P 2 , 
bu t every m e m b e r of P 1 is larger than every m e m b e r of P 2 : t he D I S C O 
condi t ion is fulfilled. Mere inspection of the difference be tween means 
canno t reveal the perfect d i sc r imina t ion . C o m p a r i n g the difference in 
m e a n s with the s tandard devia t ions wi th in the d is t r ibut ions is m o r e infor
ma t ive about the over lap , but still leaves someth ing to be desired. 

Disco for these first two dis t r ibut ions equals 1. (Since odisco is never 
less t h a n disco, odisco also equals 1 in this case). Eta (po in tb i s e r i a l r) is far 
from 1, hav ing the value .80. Even less in format ive is Fisher ' s F, which 
equals 12.46. 
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Table 1 
An Example of Three Sample Distributions. 

N o w let us c o m p a r e the first and th i rd d i s t r ibu t ions . T h e respect ive 
m e a n s are 54 and 37. Whi l e such a difference m a y be regarded as substan
tial , t he re is never the less over lap be tween d i s t r ibu t ions P 1 and P 3 . Disco 
equals .84 he re . However , the over lap is of a cer ta in l imited k ind . Every 
va lue of P 1 is greater t han or equal to t h e m e a n of P 3 and every va lue of P 3 

id less t h a n or equal to the mean of P 1 : t he O D I S C O condi t ion is perfect ly 
satisfied. Fo r t he data of P 1 , and P 3 , odisco = 1.00. Thus , odisco supple
m e n t s disco by assessing the extent to which over lap is b o u n d e d by the 
means . Odisco can equal 1 w h e n disco does no t . 

Eta and F a re even less i n fo rma t ive about the s i tuat ion addressed by 
odisco. F o r c o m p a r i n g P 1 with P 3 , eta = .56 and F = 3.20. 

P roceed ing wi th the r e m a i n i n g c o m p a r i s o n of P 2 with P 3 , n o n e of the 
coefficients reaches 1. The respect ive va lues are: odisco = .82, disco = .65, 
eta = .40 (F = 1.53). 

By look ing m o r e closely at t he last two d is t r ibu t ions in Table 1, we can 
see a cer ta in a symmet ry in d i sc r imina t ion not revealead even by odisco. 
Whi le only th ree of the five values of P 3 a re above the m e a n of P 2 , all of 
t he values of P 2 are below the m e a n of P 3 . T h e r e is perfect o n e s i d e d 
d i sc r imina t ion here in the odisco sense. Odisco itself essentially averages 
the e r rors of d i sc r imina t ion of bo th sides. 

Such an averaging process occurs w h e n m o r e t h a n two p o p u l a t i o n s are 
c o m p a r e d s imul taneous ly . Just as eta (and F) can be c o m p u t e d over all 
t h ree d i s t r ibu t ions in Table 1 at t he same t ime , so can disco and odisco. T h e 
respect ive values are: odisco = .98 and disco = .91 . Ne i the r of these over
all indices equals 1, even t h o u g h perfect d i sc r imina t ion exists be tween 
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some of t h e pa i rs . For this reason, the D I S C O compu te r p rogram (par t of 
H U D A P - the Hebrew Univers i ty Data Analysis Package) gives all t he 
pa i rwise c o m p a r i s o n s as well as the overall coefficients. 

Note that the s imul taneous es t imat ion of many (and in te r re la ted) coef
ficients r e m a i n s consis tent . In contras t , s imul taneous or stepwise test ing of 
nul l hypotheses vit iates the t radi t ional ca lcula t ions of probabi l i t ies for F 
(cf. Mul ler , 1982, p . 342; G u t t m a n , 1977). Therefore , the D I S C O program 
calculates F a long with the other coefficients only for historical reasons , 
and refrains from pr in t ing »probabi l i t ies« (or stars). 

I t may be helpful to review all the numer i ca l coefficient values jus t 
cited by pu t t i ng them into a single table , as in Table 2. Each row of Table 2 
shows how eta < d i s c o < odisco (unless one of these equals 1, as in the first 
row; also unless one equals 0, implying tha t all equal 0). F canno t be 
c o m p a r e d directly with these since i t has no u p p e r b o u n d . Each c o l u m n of 
Table 2 indicates that the overall coefficient in the last row is some weigh
ted average of t he co r respond ing ones in the first th ree rows. 

Table 2 

The Values of the Coefficients for the Data of Table 1. 

Samples 
Compared Eta Disco Odisco F 

Pi, Pi .80 1.00 1.00 12.46 
Pi,P3 

.56 .84 1.00 3.20 
P2,P3 

.40 .65 .82 1.53 
Pl,P2,P3 .70 .91 .98 5.17 

T h e reader may have not iced by now that the s ample data in Table 1 
could well h a v e been d rawn from the popula t ion d is t r ibut ions of F igure 1. 
Inspect ion of F igure 1 suffices to show that disco = 1 for popu la t i ons 1 
and 2, whi le odisco = 1 for popu la t ions 1 and 3 as well as for 1 and 2. 
Clearly, if disco = 1 for popula t ions , it mus t equal 1 for any samples 
drawn from t h e m . However , even if odisco = 1 for popu la t ions , it need 
not equal 1 in the samples . Conversely, if disco a n d / o r odisco = 1 for 
samples , th is does not necessarily mean that the same mus t be t rue in the 
popu la t ions - s ampl ing e r ro r has to be considered . 
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The Second (Empirical) Numerical Example 

T h e second e x a m p l e is of actual data , re la t ing a psychological var iab le to a 
medica l va r iab le (Rogen t ine , et al., 1979). T h e popu la t ion sampled was of 
pa t i en t s diagnosed to have m a l i g n a n t m e l a n o m a . T h e psychological va
r iable was self-assessment by t he pa t ien t s of the a m o u n t of a d j u s t m e n t 
needed to cope wi th the i r illness, t he scores rang ing from 1 to 100. T h e 
medical var iab le was d i cho tomous : relapse or non-re lapse of t he il lness 
wi th in one year after the psychological self-assessment. T h e p rob lem here 
posed is to es t imate the extent to wh ich the numer i ca l psychological va
r iable can d i sc r imina te be tween the two subpopu la t i ons defined by t h e 
medica l var iab le : relapsers and n o n r e l a p s e r s . 

T h e a u t h o r s of th is data have shown them in graphic fo rm, as repro
duced in Figure 2. T h e numer ica l va r iab le is shown here as the vertical 
axis . T h e au tho r s pe r fo rmed a n u m b e r of analyses on aspects of these and 
related data . A m o n g o the r th ings , they noted t he d i sc r imina t ion role of the 
m e a n s of the psychological var iab le in F igure 2: the vast major i ty of the 
n o n r e l a p s e r s are above the mean of the relapsers , whi le the vast ma jo r i ty 
of t he re lapsers are be low the mean of the n o n r e l a p s e r s . Th i s is the type of 
d i sc r imina t ion addressed by odisco. It is not s tudied by any of the s t anda rd 
t echn iques for d i sc r iminan t analysis: t he la t ter are focussed largely on the 
p rob l em addressed by disco. 

Ins tead of s imply c o u n t i n g the n u m b e r of abe r r an t cases in the two end 
in te rva ls outs ide the means , as do the au tho r s , odisco uses a loss func t ion 
tha t weights the extent of devia t ion in t e rms of the n u m e r i c a l var iab le . 
O u r own ca lcu la t ions show tha t the values of the several coefficients for 
the data of F igure 2 are: odisco = .84, disco = .73, eta = .46, a n d F = 
17.10. T h e large size of odisco here - and the substant ia l increase over disco 

indicate that the two m e a n s play a substant ia l d i sc r imina t ion role . 

The Algebraic Notation 

Each of the sample coefficients eta, disco, and odisco is a consis tent esti
m a t e of its co r re spond ing popu la t ion p a r a m e t e r . (In contras t , as r e m a r k e d 
above , F es t imates no popu la t ion p a r a m e t e r ; i t was not devised for des
cr ip t ive purposes ) . I t will be conven i en t to develop the a lgebraic s t ruc tu re 
of all these coefficients in s ample t e rms . Res ta t emen t in popu la t ion t e r m s 
is easily done by using expected values in place of mean values t h r o u g h o u t . 

We cons ider the general case of m popu la t ions , wi th a s a m p l e from each . 
Let P a deno te the set of s ample values from popu la t ion a (a = 1, 2, m) 
and let n a deno te the n u m b e r of ind iv idua ls in P a . Ind iv idua l s will be 
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Figure 2: Distributions of Melanoma Adjustment Scores for Relapsers 
and Non-relapsers (from Rogentine, et al., 1979, p.650). 

denoted by p, q, etc. If individual p belongs to P a we wri te p £ P a . 
T h e total sample is the union of all the P a , and will be denoted by P. T h e 

n u m b e r of indiv iduals in the total sample will be deno ted by n: 
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It will also be conven ien t to use a character is t ic func t ion e f l n to indica te 
ap 

to wh ich s ample p belongs: 

Each ind iv idua l be longs to one and only one sample , so for each p P: 

F u r t h e r m o r e , for each a, 

T h e s u m m a t i o n in the r ight could jus t as well h a v e been wr i t t en as over 
P a instead of P; indeed th is would be m o r e conven ien t for actual calcula
t ions . H o w e v e r , us ing P he re and be low is m o r e conven ien t for t h e alge
bra ic exposi t ion - emphas i z ing the overal l s a m p l e as the po in t of dep
a r tu r e . 

T h e va lue of the numer ica l var iable x for ind iv idual p will be deno ted 
by x p . T h e a r i t hme t i c mean of x for P a will be deno ted by x a : 

T h e total mean over P will be denoted by : 

T h e »be tween« va r i ance for the m e a n s will be deno ted by : 

(1) 

An equiva len t fo rmula for that will be m o r e c o n v e n i e n t for t h e 
d e v e l o p m e n t s be low is: 
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T h e equiva lence is easily established by expand ing the right m e m b e r of 
(2). Such an equiva lence is wel l -known for var iances in general (cf. Ken
dall , 1943; p. 42). Fo r example , if the total var iance of x over all samples , 
deno ted by s 2

x , is defined by 

(3) 

then a fo rmula equivalent to (3) is 

(4) 

The Algebraic Structure of Disco 

In sample t e rms , the D I S C O condi t ion above can be regarded as asking , 
for each P a and P b : i f , to what extent does this imply that x p > x q for 
each p P a and each q P b ? Let be def inded by 

(5) 

An algebraic condi t ion for perfect d i scr imina t ion is that the fol lowing 
inequal i ty be satisfied for all p,q,a and b: 

(6) 

Accord ing to this inequal i ty, x p - x q must have the same sign as 
wheneve r p P a and q P b , unless one of these differences is 0. T h e 
inequal i ty does allow the two dis t r ibut ions to meet at a single po in t . 

Let u a b and u be defined respectively by: 
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(7) 

(8) 

W h e n m = 2, u = 2 u l 2 . 
Now, a cond i t ion equiva len t to inequal i ty (6) is the equal i ty: 

(9) 

Let v a b and v be def ined respect ively by 

(10) 

(11) 

W h e n m = 2, v = 2 v 1 2 . 
A necessary and sufficient condi t ion for inequal i ty (6) to hold for all p 

and q (for fixed a and b) is 

(12) uab = vab. 

Thi s is so because , if (6) is violated even once by some p and q, then it mus t 
be that u a b < v a b . Similar ly , for equali ty (12) to hold over all a and b, a 
necessary and sufficient cond i t ion is that 

(13) u = v. 

We shall define a loss funct ion for misclassif ication be tween P a and P b to 
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be v a b - u a b . Similar ly, we shall define a loss funct ion for misclassification 
over all t he samples to be v - u. Each of these loss funct ions is nonne-
gat ive, and equals zero if the re is perfect d i scr imina t ion (except possibly at 
endpo in t s ) . T h e disco coefficient s imply restates these loss funct ions in a 
s t andard ized form. Thus , for d i sc r imina t ing between P a and P b , 

(14) 

For overal l d i sc r imina t ion a m o n g the m samples , 

(15) 

W h e n m = 2, (14) and (15) are equivalent . In each case, for any m, 

(16) 

the equali ty on the right ho ld ing if and only if t he cor respond ing loss is 
zero . 

We now also want to show that disco is always nonnega t ive : 

(17) 

To this end , per form the s u m m a t i o n s in the right of definit ion (7) to see 
that 

(18) 

w h e n c e the n u m e r a t o r in the right of (14) in nonnega t ive . Since always 
, t he rat io defining disco in the right of (14) is always nonnega t ive . 

To see the same for u, sum bo th m e m b e r s of (18) over a and b, and recall 
(2) and (8) to establish that 

Historical Social Research, Vol.14 — 1989 — No. 1, 68-88



(19) u = 2n2s2

B. 

Accord ing to (19), the n u m e r a t o r of disco is nonnega t ive , which establi
shes (17). An i m p o r t a n t fur ther consequence of (19) is that disco vanishes 
if and only if t he re is no difference a m o n g the m means . 

To see how disco is a monoton ic i ty coefficient, let us assign to each p a 
score on a new numer ica l var iable y by the fol lowing formula : 

(20) 

Accord ing to (20). if p £ P n then y p = x a . Ins tead of p being charac
terized by P a only in a qual i ta t ive way, it is also charac te r ized by the nu
merical score x a . Each p 8 P now has two n u m e r i c a l values , one on x and 
one on y. Defini t ion (5) becomes equiva lent to 

(21) 

S u m m i n g over subscr ipts a and b in the right of (21) cancels the two e's. 
S u m m i n g fu r the r over p and q yields 

(22) 

Similar ly , from the defini t ion of v and (21), it follows that 

(23) 

H e n c e , u / v or disco, has precisely the s t ruc tu re of mono ton ic i t y coefficient 
^ 2 (cf. Raveh , 1978; G u t t m a n , 1986a). 

A fur ther in teres t ing feature is that 

81 

Historical Social Research, Vol.14 — 1989 — No. 1, 68-88



(24) 

wh ich follows from expand ing the right m e m b e r of (22). F u r t h e r m o r e , i t 
follows from (19), (24), and (2) that 

(25) 

T h e last equal i ty is established by rewri t ing the right m e m b e r of (2) as 

a n d using defini t ion (20). 

The Structure of Odisco 

Odisco will be developed a long l ines parallel to disco, bu t s tar t ing with 
u a b p defined b y 

(26) 

S u m m i n g the r ight m e m b e r of (5) over q shows that 

(27) 

Th i s differs from (5) in the first pa ren thes i s on the r ight . In (27), x p is 
c o m p a r e d wi th the mean of the sample of q, and not wi th x q itself as in (5). 
To have odisco = 1 requires bo th pa ren theses in the right of (27) to have 
the same sign - unless one of these vanishes - for all a, b, and p. Analo
gously to (6) and (9), a necessary and sufficient condi t ion for such perfect 
d i sc r imina t ion is tha t , for all a, b, and p, 
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(28) 

or equiva lent ly , 

(29) 

S u m m i n g b o t h m e m b e r s of (27) over p , and recal l ing (18), shows tha t 

(30) 

T h u s , despi te t h e differences i n the i r def ini t ion, u a b p q and u a b p yield the 
same u a b w h e n s u m m e d over the ind iv idua ls conce rned . This will p rov ide 
t he n u m e r a t o r for odisco as well as for disco. T h e d e n o m i n a t o r of odisco 
will, however , be different. If we deno te the new d e n o m i n a t o r by , t hen 
it is def ined by 

(31) 

Note that is no t necessari ly equal to ( the reader can verify tha t , for 
the data of Table 

Odisco for d i sc r imina t ing between the d i s t r ibu t ions of P a and P b i s de
fined as 

(32) 

Th i s coefficient var ies be tween 0 and 1. It equals 0 if bo th m e a n s are equal 
[by v i r tue of (18)], and equals 1 if - for each sample - all m e m b e r s are on 
t he same side of the mean of the o ther sample , or the O D I S C O cond i t ion 
above is fulfilled exactly for the samples . 

To define odisco over all m samples s imul taneous ly , let v* be - ana logous 
to v in (11): 
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(33) 

T h e n 

(34) 

W h e n m = 2, u = 2 u 1 2 (as for disco), whereas 
To show tha t odisco is never less than disco, we must show tha t always 

(35) 

Th i s can be done by c o m p a r i n g the right m e m b e r of (31) with that of (10). 
Clearly t he fo rmer is never grea ter than the latter, the equali ty ho ld ing if 
and only if condi t ion (9) holds t h r o u g h o u t - or disco = 1. S u m m i n g bo th 
over a and b establ ishes (35). H e n c e , always odisco disco, t he equal i ty 
hold ing if and only if disco equals 0 or 1. 

, The Algebraic Structure of Eta 

To he lp round out the p ic ture , i t may be useful to review the s t ruc ture of 
eta. In the present no ta t ion , Karl Pearson ' s eta can be defined as 

(36) 

whe re s B and s x a re respect ive square roots of the var iances defined in (1) 
and (3). As is wel l -known, an equivalent definit ion is as a Pearson cor
relat ion coefficient r: 

(37) 
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w h e r e y is as def ined in (20). T h e equiva lence of (36) and (37) fol lows from 
(24) and (25). Fo r present purposes , an i m p o r t a n t appa ren t difference bet
ween (36) and (37) is in the i r n u m e r a t o r s . By v i r tue of (25), the n u m e r a t o r 
in (37) is equ iva len t to s 2

B ; however , the n u m e r a t o r in (36) is s B itself. 
Since t he n u m e r a t o r s of bo th disco and odisco are equal to 2 n 2 s 2

B , these 
coefficients are m o r e conven ien t ly c o m p a r e d with eta t h r o u g h (37) than 
t h r o u g h (36). Only t h e d e n o m i n a t o r s have to be c o m p a r e d . I t has shown 
e lsewhere tha t always disco eta. T h e proof consists in using the Cauchy-
Schwarz inequal i ty in (23) to see tha t the d e n o m i n a t o r v / 2 n 2 i s never 
grea ter t h a n s x s y . Since i t has a l ready been shown above that odisco disco, 
th is comple te s t he proof of the con t inued I N E Q U A L I T I E S asserted in t h e 
second section above . Note tha t the I N E Q U A L I T I E S involve eta itself and 
not the square of eta. 

Extensions 

It has a l ready been r e m a r k e d tha t disco is but a special case of a who le 
family of d i sc r imina t ion coefficients, t he difference a m o n g the coefficients 
lying in t h e way they weight e r ro r of misclassif icat ion. Similar ly, odisco 
uses but a special case of weight ing e r ro r as well as in choos ing cu t t ing 
po in t s . Coeff icients paral lel to odisco can be cons t ruc ted for pa i rs of cut
t ing po in t s o the r than the two m e a n s . T h e present choices were m a d e in 
o rde r to b r i n g the a r i thme t i c m e a n s in explicitly and to have the INE
Q U A L I T I E S above hold. O t h e r choices do not necessari ly revolve abou t 
t he a r i t h m e t i c m e a n s , n o r do they lead to such neat inequal i t ies . M o r e 
i m p o r t a n t l y , disco and odisco are analyt ic in x, faci l i tat ing mu l t i va r i a t e 
ex tens ions . 

T h e t r e a t m e n t given above has been for the case of o n e w a y discrimi
na t ion by a single n u m e r i c a l var iab le x. Ex tens ions can be m a d e in at least 
two d i rec t ions : o n e w a y d i sc r imina t ion for m o r e than one n u m e r i c a l va
r iable , and k-way A N O V A for a single var iab le x. 

Fo r the case of d i sc r imina t ion from m o r e than one n u m e r i c a l var iab le , 
a s t anda rd approach is to seek an opt imal l inear funct ion of the var iab les . 
T h u s , if x b x 2 , . . . , x k are k given numer i ca l var iables , t he d i s c r i m i n a n t 
funct ion x is of the form 

(38) 

w h e r e the c's are cons tan t s to be d e t e r m i n e d opt imal ly accord ing to a given 
loss func t ion . Fo r disco, a conven ien t way is to m a x i m i z e u / v , w h e r e u is 
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given by (19) and v by (23) (cf. G u t t m a n , 1986a, p. 86). T h e max imiza t ion 
p rob lem conce rns u/v*, which again is n o n s t a n d a r d . I t would be desirable 
to have efficient c o m p u t e r p r o g r a m s for these max imiza t ion p rob lems . 

Extens ion to k-way A N O V A leads to concepts o ther t han discr imina
t ion , and in par t i cu la r to » in te rac t ion« . I t is cur ious that no coefficient 
strictly c o m p a r a b l e to eta has been proposed for expressing the size of 
in te rac t ion (Hay 's CO2 comes closest to paral le l ing ). At a recent meet ing 
of the Israel Statistical Associat ion ( G u t t m a n , 1986b), I showed how to 
d e t e r m i n e uppe r b o u n d s for in terac t ion , using the absolute va lue approach 
(in the spirit of the present pape r for establ ishing uppe r b o u n d s for s 2

B ) . 
D iv id ing an i teract ion var iance by its uppe r b o u n d gives a meaningful 
coefficient which varies be tween 0 and 1, be ing 0 if the re is no in terac t ion , 
and equal ing 1 if the condi t ion for the m a x i m u m holds . 
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O B I T U A R Y 

Louis Guttman, 1 9 1 6 - 1987 

T h e n a m e of Louis G u t t m a n is most closely associated wi th the de
v e l o p m e n t of scaling theory . But his p ioneer ing and semina l work stret
ches far beyond the inven t ion of the f amous » G u t t m a n n Scaling M e t h o d « 
and his i nnova t i ons in smallest space analysis or facet theory . He always 
stressed the po in t tha t m e a s u r e m e n t i s not jus t t he ass ignment and mani 
pu la t ion of n u m b e r s bu t , above all, an exercise in the appl ica t ion and 
cons t ruc t ion of social theory . 

T h e b road scope of his scientific concerns was reflected by the t i t le 
»Professor of Social and Psychological A s s e s s m e n t a t t he H e b r e w Uni 
versi ty of Je rusa lem (to which he was appoin ted in 1955) and by the m a n y 
awards and h o n o r s given to h im - a m o n g t h e m : the Rothsch i ld p r ize for 
Social Sciences in Israel; his elect ion to m e m b e r s h i p in the A m e r i c a n Aca
d e m y of Ar ts and Sciences; the Ou t s t and ing A c h i e v e m e n t A w a r d of t he 
Univers i ty of Minneso t a . 

G u t t m a n emphas i zed , in theory and pract ice, the service funct ion of 
social theory and research to the publ ic . In his case this m e a n t , above all, 
the appl ica t ion of social science to the b u i l d u n g of the new state of Isreal . 
F r o m 1941 - 1954 he was an expert consu l tan t at the Research Branch of 
t he In fo rma t ion a n d Educa t ion Divis ion of the War D e p a r t m e n t (see Vol. 4 
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of the » A m e r i c a n Soldier«) ; later he vo lun tee red his services to the Israel 
Defense Force and , still later, founded and directed the Israel Inst i tute of 
Appl ied Social Research . 

A l though h is tor ians may wonder , why they should be concerned about 
choos ing Eta or ra ther Disco or Odisco, we feel honored that Louis Gut t -
m a n submi t ted this paper (one of his last, as we have to no te now) to our 
j o u r n a l . His presenta t ion is a beautiful example of how one can go about 
t rans la t ing , step by step, a subs tant ive analytical p rob lem into algebraic 
language. It addresses a problem which is of interest not only to psycho
logists or sociologists, bu t to social h is tor ians as well: 

W h a t is the best way of d i sc r imina t ing popu la t ions (e.g., g roups of peop
le) which may have over lapping d is t r ibut ions on some var iab le X; and 
how, with what a m o u n t of error , does one assign indiv iduals to precon
ceived groups on the basis of the i r individual measures xi? For example , to 
wha t extent are pa r l i amen ta ry groupings (factions) separated on certain 
d imens ions of political ideology revealed by roll call behav io r? Al though 
G u t t m a n takes his examples from outs ide social history, thei r analytical 
s t ruc ture is obviously general izable to p rob lems in o ther fields of research. 
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