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Bayesian Inference for Factor Structure
Models via Gibbs Sampling

Rémi Piatek

Department of Economics, University of Konstanz, Box D 124,
78457 Konstanz, Germany (e-mail: remi.piatek@Quni-konstanz.de)

Abstract

The goal of this paper is to provide all the technical details required to implement
Gibbs sampling for the estimation of simultaneous equation models with common latent
factors among their regressors, so-called ‘factor structure models.” Linear, dichotomous
and censored response models, as well as ordered and unordered response models can be
accommodated in this framework. The latent factors can be either correlated or not, and
specified as normally distributed or as following a finite mixture of normal distributions
for more flexibility. All conditional distributions are derived and can be used to construct
the Gibbs sampler step by step.

JEL classification: C11; C31.
Keywords: Latent factor models; Simultaneous equation models; Markov Chain Monte
Carlo; Normal Mixture.

1. INTRODUCTION

Factor structure models have become a very popular tool in the social sciences, and especially
in economics. This appeal is mainly due to the fact that these models, by combining the
advantages of simultaneous equation models and factor analytic models, allow the econome-
trician to tackle some pervasive problems such as measurement error and endogeneity. For
instance, they make it possible to investigate the impact of latent abilities or personality traits
measured with error by some indicators on various economic and social outcomes (for recent
examples, see Hansen et al. 2004; Heckman et al. 2006).

Among all the statistical methods available for the estimation of this type of model,
Bayesian methods have been extensively used by some authors based on their convenience
(Carneiro et al. 2003). They appear to be particularly well suited to such models where the
number of equations and parameters can be very large. However, the features of the Gibbs
sampler have not been documented in a comprehensive way for this kind of problem. Empirical
researchers who are unfamiliar with Bayesian methods may therefore become discouraged and
give up using this estimation strategy, or even worse give up using factor structure models
altogether. This paper aims to fill this gap by presenting all the technical details required to
construct the Gibbs sampler step by step.
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1.1. Model specification

Throughout this article, we will try to remain as general as possible with respect to the
framework of the model, so that many different models can easily be accommodated. The
overall model consists of S submodels and can be expressed as a set of S equations of the
following form:

}/;,i :gs(}/:i;o's)a S = 1,...,5,

}/gfz = Xs,iﬂs + 04361' + €s,is 1= 17 w1y
where Y ; is the observed outcome s for individual ¢ which results from the transformation of
the corresponding latent outcome Y, by the link function gs. This function is parameterized
by some parameters o and the observed outcome can be continuous, binary, categorical or
ordinal.

The vector ©; contains J single latent factors which influence the outcome Y ; trough
factor loadings contained in the (1x.J)-dimensional vector a,s. Usually, the factors are assumed
to be independent of the covariates and of the error terms (© 1L X, ¢) for identification
purposes. The parameters defining the distribution of the latent factors are denoted vg.
Specification of the latent factors is very flexible: they can be correlated or not, and normally
distributed or specified as following a mixture of normals for more flexibility.

The outcome is also affected by some covariates X, through the slope parameters ;.
Covariates can be different in each submodel, but for the sake of convenience they will be
denoted by X without distinction in the following. If an intercept term is required, a vector
of 1’s has to be included among the regressors X.

The error term e, is an i.i.d. random variable associated with the outcome s which is
usually specified as normally distributed, or following a mixture of normals for more flexibility
in some cases. Error terms are independent across equations. Let 1. ; be the set of parameters
defining the distribution of &,.!

This paper will not explicitly deal with identification. Identification is a typical problem in
factor analysis and is now well-documented. For instance, Carneiro et al. (2003) and Hansen
et al. (2004) demonstrate and discuss the identification of factor structure models.

1.2. Likelihood and posterior

Let Y and Y™ be, respectively, the matrices of all observed and latent outcomes in the
overall model. Let 0, = (8s, s, e 5,05) denote the parameters specific to model s, and
0 = (d1,...,05,%e) the parameters of the overall model. The likelihood can be written as:

LY, X) = //f(Y, Y*,0|X,0)dY*d®o,
= //f(Y\Y*,&X, 8)f(Y*|©,X,68)f(©6)dY*de.
Because of the common factors © across equations, the observed outcomes are not inde-

pendent and deriving a closed-form expression for the likelihood appears to be cumbersome
in most cases. To circumvent this problem, data augmentation procedures (Tanner and Wong

IPrecision in the normal case; component weights, means and precisions in the mixture case.



1987) can be implemented to make the sampling procedure easier.? The latent variables—
latent outcomes and factors—are treated as unobservables and are explicitly introduced in
the likelihood function. Applying Bayes’ rule, the posterior is then derived as follows:

FO,Y*, 0]V, X) o f(Y,Y*,0|X,0)(3),
o fY[Y",0)f(Y7]0, X, 0) f(0]0) f(9),

S
s=1

The latent factors © are the only source of dependence across the S equations. From the
last equation, it appears that conditional on ©, the different submodels are independent of
each other and can then be treated separately. This is one of the main advantages of data
augmentation in this context. Once the latent factors have been simulated, the whole problem
can be divided into as many distinct tasks as there are different submodels. The Gibbs sampler
is therefore particularly appropriate for this kind of problem (Casella and George 1992).

1.3. Set-up of the Gibbs sampler

The algorithm is initialized by choosing initial values for all parameters ¢, all latent outcomes
Y™* and all latent factors ©. Random values can be chosen, or parameter estimates from some
preliminary analysis.?> Once the initialization has been achieved, the Gibbs sampling scheme
is implemented sequentially. At each iteration (t):

1. For each submodel s, update the parameters d; and the latent outcomes given the latent
factors of the previous iteration:

(a) draw the slope parameters 5§t) from f(ﬁsD@*(t_l),X, a?‘”, ot-1), gs_l)),

(b) draw the factor loadings agt) from f(aleS*(t_l),X, ﬁgt), @(t_l),wgs_l)),

(c) draw the latent outcomes Y:y) from f(Y;Z.\XZ-,ﬁS),aS),@gt‘l),wéf;”) for each
individual i,

(d) draw the model-specific parameters o if any, from f(os|Ys, Ys*(t)).

(e) draw the error term parameters 1/)?2 from f(¢€7S|YS*(t),X, 5§t),agt), ol-1)),

2. Update the factors. Draw @Z(-t) from f(@i]Y;-*(t),X,-,B(t),a(t),wét),wg_l)) for each indi-
vidual .

3. Draw the parameters of the distribution of the factors T,Z)g) from f(1e|0W).
4. Go to step 1 and repeat until practical convergence.

Step 1 is described in Sections 26 for each type of submodel—linear, dichotomous, cen-
sored, categorical and ordinal. Because of the data augmentation scheme, the procedure used
to sample the slope parameters, the factor loadings and the error term parameters is the
same for the submodels involving latent outcomes as found in the linear case. Once the latent

2See also van Dyk and Meng (2001) for a review.
3E.g., exploratory factor analysis for the starting values of the factor loadings.



outcomes have been updated, they can actually be treated as given, and the linear model
can therefore be used as a baseline. For this reason, the linear case will first be thoroughly
developed and the demonstration will not be repeated for the subsequent submodels. Only
the conditional distributions of the latent outcomes and of the model-specific parameters such
as cut-points will then be provided. Section 7 describes how to sample the latent factors con-
ditional on all the other parameters in step 2, and Section 8 then explains how to sample the
parameters of the distribution of the factors conditional on the factors in step 3. Section 9
presents the procedure used to update the parameters of a mixture of normal distributions
implemented in the error terms and the latent factors in the mixed case. Section 10 finally
concludes.

To simplify the notation, no differences will be made between the different submodels
and henceforth the subscript s will be dropped. In the same way, the parameter superscripts
referring to the current and previous iterations will not be mentioned anymore. Obviously,
conditional distributions which depend on other parameters use the latest updated values of
these parameters.

2. LINEAR RESPONSE SUBMODELS

In the linear case, the link function g is the identity function and the model is:

Y;' = Xiﬂ—l—a@i + &;.

2.1. Updating the slope parameters
Applying Bayes’ rule, the conditional distribution of 3 is derived as:

f(ﬁ|Y,X,@,O[,T,Z)5)O(f(Y|X,@,5,Oé,TIZ)5)f(5). (1)

A conjugate normal prior centered at ug and with precision matrix Wz is assumed for the
slopes:

B~ N(ps; Vg).
Using the auxiliary outcome Y=Y-— a©, Equation (1) implies that:
FBIY.X,0,0,42) = f(BIY, X, ¢.),
< f(Y]X,5.7) f(8).

Te = ~ 1
scoxp {7 = XOY(T = X8y exp { ~5(8 — ) W5 — )}
1 / / / Y
X exp —3 I3 [TgX X+ \I’B] B—28" | XY + WUgpug ,
1 -1 ~ !
x exp {—5 (8= [7X'X + W) ™" X'V + Wppug] ) (XX + W) (.)} ,
where (o) represents the first factor of the corresponding sandwich matrix. Factors not in-

volving B have been omitted, and the resulting normal kernel has been produced using the
completion of the square. As a consequence, 5 has the following conditional distribution:

g N([TeX/X + U XY + Uppgl; T XX+ \Ifﬁ> :
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When noninformative priors are assumed (ug = {0} and Wg = {0}), the conditional distribu-
tion of 8 reduces to:

B N ([X’X]—lX’ff : TaX/X> .

2.2. Updating the factor loadings
Applying Bayes’ rule for a provides:
f(Oé’Y, X7®7/871/}€) X f(Y’X7®7/87a7w€)f(a)'

Since the factors © are updated at each iteration of the Gibbs sampler, they can be
regarded as given when it comes to sampling the factor loadings. Using their current values,
the factor loadings are updated with exactly the same sampling scheme as for the slope
parameters.

2.2.1 Unconstrained factor loadings
Factor loadings are supposed to be a priori normally distributed:

a~N(pa; ¥y) .

In the same way as we did for the slope parameters, we can show that the conditional of
the loadings is the following normal distribution:

o~ N (700 + Wo @Y + Uapa]; 7200 + 0, )

where Y =Y — X5.
In many applications, a prior with mean zero and with a given precision 7, is used, yielding
the following conditional distribution:

an~ N([Ta@'@ + 1ol 0'Y ; 7.0'0 + Ta[J> )

where I is the identity matrix of dimension J.

2.2.2 Constrained factor loadings

It might be desired—or required—to restrict some factor loadings in some submodels. In the
case where a factor loading has to be set to a given value, it is simply assigned this value at
each step of the Gibbs sampler.? If sign constraints have to be implemented, the sampling
procedure is very similar to the unrestricted case, with the only difference that the conditional
is a truncated normal distribution:

o~ TN(O,JFOO) ([TE@'@ + TaId]_ng@'?; 7.0'0 + Tafd) for positive factor loadings,

a ~ TN oo <[’7’€@/@ + 7o1d ' .0'Y ; 7.0'6 + Tafd) for negative factor loadings,

where in this case Y =Y — X B —0fal, with ©7 the set of unrestricted factors and af their
corresponding loadings.

4In factor analysis, it is often required that the scale of the latent factor be set by, for instance, fixing one
of the loadings to 1.



2.3. Updating error term parameters

The application of Bayes’ rule for 1. implies that:

f(¢€|Y7X7@757O[) X f(Y|X,®,ﬁ,OZ,¢5)f(T,Z)5)-

Depending on the type of distribution assumed for the error term, two different cases have
to be distinguished.

2.3.1 Normal error term e ~ N (0; 72)

In the normal case, a single parameter defines the distribution of the error term (¢, = 7).
Because the precision has to be positive, a conjugate Gamma distribution prior is usually
used:

Te ~ ga(gl ; 92)7
and the conditional is proportional to:

f(r|Y, X,0,8,a) x f(Y|X,0,8,a,7:) f (1),

oc 7% exp {_% Z (Y — XiB — a@i)2} 8 exp {—gome},

i=1

oc 72/3H91 L exp {_Ta (gz T % > (Y- XiB - a@i)2> } :

i=1

The kernel of a Gamma distribution can be recognized in this last expression. Hence, 7. has
the following conditional distribution:

n

Te"’ga<gl+ 5

1 — )
;92+§;(Yi—Xiﬁ—Oé@i)>-

2.3.2 Mixed error term

A finite mixture of normals can be assumed for the distribution of the error term, in order to
introduce more flexibility. This boils down to considering that individuals belong to different
subgroups with homogenous non-observable characteristics.

In this context, the error term is assumed to be generated by a mixture of K normals,
with mean constrained to zero for the purpose of identification:

K K
g Zpe,kN(Ns,k§ Te,k)7 E(E) = Zpe,k,ue,k =0,
k=1 k=1

where p, i, is the weight, p. j is the mean and 7., is the precision of mixture component k.
The complete procedure for updating the parameters of a mixture of normals with con-
strained mean is described in Section 9.
The introduction of a mixture of normals for the error term makes the initial problem
slightly more complicated, insofar as the conditional distribution of the outcome is also a



mixture of normals under this assumption. However, a simple transformation of the variables
solves the problem. Once the mixture parameters have been updated, the dependent and
independent variables can be redefined as follows to take into account the heterogeneity of
the error term:

Y e r Y2 (Y = pe ),

Xpew o 712X,

ey j{f@
where individual ¢ belongs to mixture group k. After this transformation, the error term
appears to be standard normally distributed for all individuals. It is therefore enough to use

these transformed variables instead of the original ones, and to set the precision 7. to unity
when deriving the conditional distributions of the other parameters.

3. DICHOTOMOUS RESPONSE SUBMODELS

In this type of submodel, the link function is the indicator function 1[-] and the outcome is
a binary variable defined by the sign of its underlying latent outcome Y*:

Y = 1[7 > 0],
Y;* = X;0+ aB®; +¢;.
Conditional on the latent factor ©, this is the well-known probit model when € ~ N (0; 1).

The conditional of the parameters and of the latent outcome Y™* can be factorized as
follows:

f(B, 0, YHY, X, 0) o f(YIY*) F(YF|X, 0,5, ) f (B, ). (2)

3.1. Sampling the latent outcome

Assuming that ¢ ~ N(0; 1), the conditional of the latent outcome can be derived from
Equation (2) as follows:

FYIY, X,0,8,a) o f(Y[YF) F(YF]X, 0,5, ),

n

< [Japys >0 1’”Hexp{—— *—Xiﬂ—a@i)2},

i=1

Yi
x H [Il [Y* > 0] exp{ ;(Y,* —Xiﬂ—a@i)2}:|
1

) _y;
X [ﬂ [Y;" < O] exp {_5(}/;'* - XiB — a@i)QH :

Hence, the latent outcome will be sampled from a truncated normal distribution, dependent
on the outcome of the observed binary variable:

TN, 400)(XiB+0aO;3 1) if ¥ =1,
T./\/’(_oop](Xiﬁ +a0;;1) ifY;=0.

Y~

(2

7



In case the error term follows a mixture of normal distributions, the conditional of the
latent outcome is:

v TN©400)(XiB +aO; + pre s 7o) if Vi =1,
’ TM—OO,O](Xi/B +a0; + He k3 Te,k) if Y; =0,

where pi. j, and 7. 1, are, respectively, the mean and the precision of the error term component
corresponding to the mixture group k individual ¢ belongs to.

3.2. Updating the error term parameters

This step is only necessary when the standard normal assumption on the error term is relaxed,
and a mixture of normals with zero mean is assumed instead—with same specification as in
the linear case (see Section 2). Geweke and Keane (1999) have proposed the use of mixture
of normals probit models as a flexible approach to dichotomous models. Because they re-
move the usual normality assumption, they are much closer to semiparametric models. Some
normalizations are however required for identification. This can be achieved in different ways:

e scale mixture of normals models: p.p, =0 (k=1,...,K),
e mean mixture of normals models: 7., =1 (k=1,..., K),
e full mixture of normals models:

- Tek > 0 Vk‘,

— either pro 1 < pey or o p1 < 7ep (k=2,...,K),

— 7. = 1 for some k.
Further regularity assumptions are discussed in Geweke and Keane (1999). In this configura-
tion, the mixture parameters are updated according to the procedure described in Section 9,
using the latent outcomes Y* as dependent variable. Like in the linear case, the latent

outcome, the factors and the explanatory variables have to be redefined once the mixture
parameters have been updated, to take into account the heterogeneity of the error term.

4. CENSORED RESPONSE SUBMODELS

The latent outcome of the censored submodel is observed only above a given threshold o:°
Y = 1Yy > o],
Yi* = XZB + a@i + &;.

When e ~ N(0; 7), this is the typical Tobit-I model, conditionally on ©. Bayesian inference
in this type of model is detailed in Chib (1992).

>The model can also be censored from above. In this case, the latent outcome is observed only if it is below
the threshold o and the modification of the following sampling procedure is straightforward.



4.1. Sampling the latent outcome

Only the case where the observed outcome is censored requires elaboration. For each in-
dividual 7, the conditional density of the latent outcome given censoring can be expressed
as:

f(YYz*|Y; =0,X;,0,0;,0,q, 7_6) X f(YYZ = 0|er*7 O-)f(Y;*|X27 0,8, q, 7_6)7
x 1[Y;" < o]exp {—%(YZ* - X8 - a@i)z} .
Hence, the latent outcome is sampled from the following truncated normal distribution:%
}/i* ~ TN(—oo,a](Xiﬁ + aB;; Ts) .

Similarly, in the case where the error term follows a mixture of normals with zero mean—
with same specification as in the dichotomous case—, the latent outcome is sampled from:

}/Z-* ~ TN(—OO,U](XZ'B + Oé®i + He k3 Te,k) )

where pi. ;, and 7., are, respectively, the mean and the precision of the error term component
corresponding to the mixture group k individual ¢ belongs to.

In the next steps of the Gibbs sampler, the simulated latent outcome is used for the
individuals whose outcome is censored, while the observed outcome is used for the others.

5. UNORDERED RESPONSE SUBMODELS

Assume there are L different unordered choices and consider the following utility maximization
problem:

Y; = argmax Y},
I=1,..,L

Vi = X181 + i + e, l=1,.. L.

Conditional on O, this is the standard multinomial probit model when g; is normally dis-
tributed.

A well-known problem of identification arises in this class of model (Bunch 1991). Al-
though this issue is not addressed here, appropriate restrictions or modifications of the base-
line model should be carefully implemented to secure identification (McCulloch and Rossi
2000; Keane 1992). Modification of the sampling procedure presented in the next section to
fit the identification requirements would be straightforward. In the following, the error terms
are assumed to be standard normally distributed.

5.1. Sampling the latent outcomes

Since there are L different choices and as many underlying equations, the easiest way to sample
the latent outcomes is to do so sequentially. For individual 4, the conditional distribution of
her latent outcome Y7 ; for choice m conditional on the other latent outcomes is:

f(Yni,z‘Y;v ij,i? X7 @7 57 a) X f(YZ‘Yni,zv YZ )f(Yni,z’X7 @7 /87 a)?

—m,i

SWhen the outcome is censored from above, the truncation is on the interval (o, +00).



where m =1,..., L and Y*, ; stands for the set of latent outcomes excluding the m'™ one.

If m is the actual choice (Y; = m), then the conditional is:

f(Yy;kl,z|Y; =m, ij7i7X7®7ﬁva)
< 1|V ;> max {V}|exp —l(Y* - — XomiBm — am©;)? (3)
mt l:;...,L * gt ’ ’
l#m

and otherwise, if Y; # m:
f(YTj’(L,Z|}/Z 7£ m, Y—*m,iv X’ 67 Bv Oé)

o T[Yy5; <Yy ] exp (

1
_§(Ym,i = Xm,iBm — am@i)2> . (4)

From Equations (3) and (4), it can be deduced that each latent outcome Y, is sampled

sequentially from a truncated normal distribution, dependent on the other latent outcomes
and on the observed choice as follows:

o~ TN’(maXl#m{Yﬂ}?JFOO)
e T/\/(_oo;y; Z_)(Xm,lﬂm + a,0;; 1) otherwise,

(Xm,zﬁm + am@i ; 1) if Y; = m,

form=1,...,L.

6. ORDERED RESPONSE SUBMODELS

As in the unordered case, there are L different choices. But in this configuration, they have
a natural ordering generated by a latent outcome Y* which depends on some covariates and
on the factors:

Yi=1 ifCl_1<}/i*<C[, lzlv"'7L7
Yi* :Xiﬂ—i-a@i—kai,

where ¢g = —00, ¢, = 400 and ¢ = (¢, ...,c—1). When the error term is standard normally
distributed, this is the usual ordered probit model, conditionally on ©.
The conditional distribution of the parameters can be factorized as follows:

f(B,a, Y, Y7, X,0) oc f(YY",¢)f(Y']X,0,8,a)f(8,a)f(c). (5)

Following Albert and Chib (1993), a data augmentation scheme is implemented to sample
this model and the latent outcome Y™ is simulated at each step of the algorithm.

6.1. Sampling the latent outcome

Conditional on the observed choices Y;, on the factor and on all parameters, the conditional
distribution of the latent outcome is, when ¢; ~ N (0; 1):

FYY, X, 0, 8,a,¢) o f(YIY™, ) f(Y7|X, 0,5, ),

10



n L
ocH{Z]l[Yi:l]]l[cl_l <Yy <cl]}]l[co <. <ep)
i=1 (=1
- 1
x [ exp <_§(Yi* - Xif - Oé@z')2> ;
i=1

n (L
x H {Z I <Y < ¢lexp <_%(Yi* - XiB — 04(9,')2) } :
i=1 Ui=1

Hence, Y* is sampled from a truncated normal distribution:
Y~ TN,y e)(XiB+a0;; 1) whenever Y; = [.

Similarly, it can be shown that when the error is mixed distributed, the conditional dis-
tribution of Y™ is:

Y~ TN’[szlvcz)(Xiﬂ + 0O; + ek Te k) whenever Y; = [,
where pi. ;, and 7. 1, are, respectively, the mean and the precision of the error term component
corresponding to the mixture group k individual i belongs to.”
6.2. Updating the cut-points
6.2.1 Standard Gibbs sampler

Albert and Chib (1993) have developed a simple procedure to sample the cut-points. Condi-
tional on 8 and «, the factorization of Equation (5) provides:

feY,) Y, X,0,8,a) o f(Y[Y",0)f(c),
n L
x H {Z 1Y; =11[¢g-1 <Y < cl]} e < ... < cp-1] fle).
i= =1

The cut-points can be sampled sequentially. The conditional distribution of ¢; is:
f(Cl‘C_l,Y,Y*,X,@,B,Oé) X H II-[cl—l g}/@* <Cl] H II.[C[ g}/@* <Cl+1]
Y=l iYi=I+1 (6)
x a1 < ¢ <] fa),

where c_; is the set of cut-points other than ¢;. For each cut-point ¢;, a uniform prior on
the interval bounded by ¢;—1 and ¢; 41 is usually used, so as to fulfill the ordering condition.
From Equation (6), it can be deduced that the conditional of each cut-point is a uniform
distribution:

a ~ U(Ql;El)7

with:

¢, = max ax {Y:*) gy and ¢ =min< min {Y.*}:ciip.
gy = o { o ) min (V)

"The specification of the mixture is the same as in the dichotomous case (see Section 3).
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The standard Gibbs sampler can exhibit low convergence rate, due to the high correlation
between the latent outcomes and the cut-points. To remedy this problem, two different
approaches can be implemented. The first one is based on the work by Cowles (1996), and
the second one was suggested by Liu and Sabatti (2000). Both methodologies will now be
introduced.®

6.2.2 Hastings-within-Gibbs step

In the standard Gibbs sampler, cut-points and latent outcomes are drawn individually from
their respective full conditionals, resulting in poor convergence. Instead, Cowles (1996) pro-
posed to sample them jointly through a Hastings-within-Gibbs step. To do so, a set of
candidate cut-points ¢ is drawn from a marginal distribution, and accepted with a given
probability:

1. Sample proposal cut-points. A normal prior with user-specified precision 7. is assumed
for each cut-point. At each iteration (¢) of the Gibbs sampler, each candidate cut-point

¢ is drawn from N(cl(t_l) ; TC) truncated to the interval [’51_1; cl(j__ll)] forl=1,.., L.

2. Compute acceptance probability R. With the set of candidate cut-points in hand, the
following acceptance probability is computed:®

ol ) 2471
(TC/ Gn —al) - o ([ - @)

‘ (Cy, — i) — P(Cyi—1 — i)

1;[ <Cyz e - Ni) - (I)<y Si—ll) - Nt) ,

where p1; = X;8 + a©; is the linear predictor of Y;* for individual 7, and ®(-) represents
the cdf of the standard normal distribution.

”E

3. Accept or reject candidate . With probability R, set ¢® = & and update the latent
outcome Y™ accordingly. Otherwise, the cut-points as well as the latent outcome of the
previous iteration are kept: ¢® = ¢(t=1) and Y*(®) = y*(t-1),

To implement this procedure, a prior precision has to be chosen for the cut-points, thus
influencing the acceptance ratio. A rule of thumb consists of choosing 7. such as the desirable
acceptance rate lies between 25% and 50%.

The Hastings step represents a significant improvement of the standard algorithm of Albert
and Chib (1993), however convergence might still not be optimal. Furthermore, calculating
the acceptance ratio is computationally demanding and slows down the procedure. Because
of these potential drawbacks, another method can be considered, namely the group transfor-
mation of parameters.

8See also Raach (2006); Fahrmeir and Raach (2007).
9If the first cut-point is not restricted to zero—when there is no intercept term for instance—, the first
product in the expression of R starts at | = 1.
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6.2.3 Group transformation

This method introduces an intermediate step in the Gibbs sampler which is far less demanding
than the Hastings step and demonstrates good convergence performance. It consists of finding
an appropriate group transformation of some parameters—possibly all of them—which does
not change their target distribution. Hence, the Gibbs sampler remains the same, but its
mixing behavior is likely to be greatly improved. Details and theoretical foundations of this
methodology are provided in the original paper by Liu and Sabatti (2000), and explained
in Raach (2006) and Fahrmeir and Raach (2007). Practically, the standard Gibbs sampler
described previously is used to sample the cut-points, and the transformation is then applied
to the parameters of interest.
For our purposes, we consider the partial scale group transformation:

Ly ={7>0:9(w) = (YW1, eors YWr, Wyt 1y oo, W ) }

where only the first v elements of the (/W x 1)-vector of parameters w are transformed, the
others remain unchanged. Applying the first theorem of Liu and Sabatti (2000), the goal
is to sample a suitable parameter v from a density proportional to v*~!7(y(w)), where 7(-)
represents the density of the parameters to be transformed. In our case, a transformation will
be applied on the group:

w=A{Y],.... Y., B1,..0p, 01, ..y, C1, ..., CL—1 },

which contains n + b+ J + L — 1 parameters, where b is the number of covariates in X.
The conditional distribution of this group of parameters is proportional to:

n
i=1

and the target density of the scale parameter can thus be derived as:!

FY10, X5, 8,0) Y 1Yi =1 1[e1 <Y < Cz]] f(B,2)f (o), (7)

=1

0

7 (v (w)) o<y exp {—% > (- XivB - 'ya@i)2} exp {—%Ta(’ya)’(va)} ,

1=1

vl 1
x (4 lexp{—gf

ETL:(YZ* — X8 — a©;)* + Tao/oz] } . (8)

1=1

Note that the sum in the expression in brackets in Equation (7) vanishes because it remains
constant after the transformation:

L
DAY =11 [ya—1 <Y <yl =Y 1Y =01[a1 <Y <cf.
=1 =1

1076 simplify the exposition, noninformative priors are assumed for the slope parameters 8 and the cut-points
¢, and therefore their priors are just normalizing constants which disappear from the conditional distribution
of 2. The factor loadings a are assumed to be a priori normally distributed with mean zero and non-zero
precision 7., and the kernel of their prior therefore remains. Note that Raach (2006) and Fahrmeir and Raach
(2007) implicitly assume noninformative priors also for « since the kernel of its prior distribution vanishes in
their formula. The more general case with informative priors would be straightforward to derive.
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From Equation (8), it can be seen that 2 has to be sampled from a Gamma distribution

with parameters:
a:v—|—1:n+b+J+L and b:Z?Zl(Yi*—XiB—a@iF—i—Taa/a.
2 2 2

The transformation of interest is then carried out by multiplying each element of the group
w by the square root of the sampled 2.1

In the special case where at least one factor loading is restricted to a constant term, the
target density cannot be factorized into Equation (8) as previously, and as a consequence >
cannot be sampled from the same Gamma distribution. We do not consider the case where
a factor loading is set to zero as a restriction, because in this case the factor simply vanishes
from the distribution and the general case described before can be applied. To solve this
problem, the group transformation has to be changed in such a way that the restricted factor

loadings are not scaled by ~.

6.3. Mixed error term

Although the use of a mixture of normals for the error term would be straightforward and easy
to implement in the framework of our model, there is to the best of our knowledge no prior
work on the identification of this type of model. Kottas et al. (2005) have suggested the use of
mixtures to extend the traditional ordered response model, introducing more flexibility. But
there is no guarantee that this framework would provide reliable results when one or several
regressors are latent factors, which can themselves be distributed as mixtures of normals. We
therefore leave this for further research, and recommend that the reader be cautious if she
wants to deal with a mixed error term in this submodel.

7. CONDITIONAL DISTRIBUTION OF THE FACTORS

Since the latent factors are independently distributed across individuals, the conditional dis-
tribution for © can be factorized into n conditionals for ©y,...,0,,. To derive them, note that
all the contributions of ©; originate from linear regression models:

Y — Xift = a10; + €14,

Ys, — Xifs = asO; + eg.
When the S submodels are stacked, the equation system is of the form:
Y = a0, +&, (9)

where Y/* is of dimension (S x 1), & is a (S x .J)-dimensional matrix and © is the vector of
dimension (J X 1) containing the factors to be updated. To complete the specification, we
have & ~ N (0; X). The precision matrix ¥ is of dimension (S x S) and is diagonal since the

error terms are independent across equations.12

"N Remember that 4 has to be positive in the chosen transformation group I.
121f the error term is mixed distributed in submodel s, the change of variable explained in Section 2 can be
applied, resulting in e5,; ~ N (0; 1).
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The conditional distribution for ©; is then:

F(OilY},@, 5, ve) o f(¥;'|0:,d, 5) f(Oilve), (10)
and will depend on the type of distribution assumed for the latent factors—normal or mixed
normal.

7.1. Normal case
7.1.1 Multivariate case

If the factors are correlated, they have to be updated simultaneously. Assume they are
normally distributed as:

@Z’NN(O; \I/@),

where the precision matrix Wg can be considered known since it has been updated in the
previous iteration of the Gibbs sampler. The conditional distribution can thus be derived
from Equation (10) as:

FOAT & 3) xexp { ~5(T7 — 30 S(T7 ~ 60 pexp { - j0lv601 |
1 /| T~ ~ ) | ~IN
o exp | —5 O; [&/Sa + Ve] ©; — 20]a'%Y; .

Like for the slope parameters of the linear submodel described in Section 2, this last expression
provides, after rearranging, the kernel of the following normal distribution:

0; ~ /\/( [6/9a + We] ' /DY) &/Ya + \I/@) .

7.1.2 Univariate case

The univariate case is not only of interest when the overall model just has a single latent
factor, but also when some of the factors are uncorrelated. The uncorrelated factors can
actually be updated one at a time conditional on the other factors. In the system (9), the
factors other than the current one being updated just have to be put on the left-hand side of
the equation.

A normal distribution with zero mean and precision 7y is assumed for the factor, and
similarly to the multivariate case, it can be shown that the conditional distribution of 6; is:

7.2. Mixture of normals case
7.2.1 Multivariate case

The factors are assumed to follow a mixture of K multivariate normal distributions:

K
Oi ~ > kN (ks ),

k=1
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where pg, Vi and pg represent, respectively, the mean vector, the precision matrix and the
weight of the k" mixture component. As in the normal case, their updated values from the
previous iteration of the Gibbs sampler are used in the following.

From Equation (10), the conditional is derived as:

F(8ilY7, @, %) o f(Y]04,a %) F(6)),

K
1~ — 1
OceXp{_i(Yi*_a@i)/z(Yi _a@i)} > pkfg’kfl/zexp{—g(@i—Mk)/‘yk(@i—uk)},
k=1

K
1 ~
< > pr| T2 exp {—5 (@;a'za@i —20LAYY + 01,0, — 20, 1y + u;wkuk) } :
k=1

K
L a Yo ~/ Y
x ;pk!\ﬂk!lﬂ exp {—5 (@; [@'2a + U] ©; - 26 [o/Z‘,Y,- + \I'kuk] + u;\I/Wk) } )

K
1 T A _
x Zpk]\Iijlﬂ exp {—5 <u§€\llk,uk — [a'ZYi + \I/k,uk} [a'Za + \I/k] ! [o]> }
k=1 (11)

X exp {—% (62' — [a'za+w,) [a’zi* + \IfkukD/ (@@ + Uy) (.)} ,

where (e) represents the first factor of the corresponding sandwich matrix. The kernel of a
mixture of multivariate normal distributions emerges from Equation (11). To further simplify
its expression, the first exponential can be factorized with respect to ug, and after some matrix
algebra, it can be shown to be proportional to:'?

1 I ey _
exp {—5 (uiz\l/k,uk — |:O/2Y;- + \I/k,uk] [a'Za + \I/k] ! [o]> } (12)
1 e =1 —pae ) . .
X exp {—5 (,uk - [a'za] ! O/EYZ-*) <\Ifk [&/Sa + Uy 10/Eoz> (o)} . (13)
Using this result and writing A = o/Ya and B = &/ Ez* to make the notation clearer,

Equation (11) can be re-expressed as:
= 1
— / —
Zpk\\llk\l/Q exp {—5 (ur, — A™'B) <\I/k (A+ 1) ! A> (o)}
k=1

cexp{ 5 (€~ L4+ W] B + ) (4 + 10

K
o> pe|Uk(A+ v Al exp {_% (ur, — A7'B)’ <‘Pk [A+ W)™ A) (')}
k=1

X [A+ WM exp {_% (i — [A+ W) 7' [B + Wepu]) (A + ‘Pk)(')} '

Hence, the conditional of the factors ©; is a mixture of multivariate normal distributions with
the following means, precisions and weights:

Iu£08t = [5[/25[ + \I’k] ! [&’Effi* + \Ifk,uk] ,

13Gee Appendix A for details.
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Phot = &/8a + Uy,

PP o i ¢<uk; [@/sa] " @Sy, Wy [@05a + 0] ! a’za) :
where ¢(-) is the pdf of the multivariate normal distribution with given mean and precision
evaluated at .

7.2.2 Univariate case

As in the normal case, the univariate result follows from the multivariate derivation in the
previous section. Assuming that the factor follows a mixture of K univariate normals:

K
0~ > N (s )

k=1

where uy, 7, and pg are, respectively, the mean, the precision and the weight of mixture
component k, the conditional distribution can be shown to be a mixture of univariate normal
distributions with the following parameters:

post alzy;* + Tk

T @Ya + Tk ’
T,fOSt = a'Ya + 1,

post 5 avYr  ma'Sa
x e )
Pk Pe A\ ks "Isa  asa + Th

8. UPDATING FACTOR DISTRIBUTION PARAMETERS

Once the latent factors have been sampled, they can be regarded as known and the parameters
of their distribution can be updated.

8.1. Normal case

The latent factors are assumed to be centered at zero and thus only their precisions have to
be updated.

8.1.1 Univariate case

When 6 ~ N(0; 1), the precision 7 is sampled exactly in the same way as the precision
of the error term in the linear submodel (see Section 2). A conjugate Gamma distribution
Ga(g1; g2) is assumed, and the conditional of the precision can be shown to be:

n 1
To ga<g1+2,g2+2% z)
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8.1.2 Multivariate case

In the multivariate case, we specify © ~ N (0; WUg). The precision matrix is assumed to be a
priori Wishart distributed with v degrees of freedom and scale matrix I:

\P@ ~ W(U ; F)v
and applying Bayes’ rule, the conditional distribution is derived as:'

f(¥elO) x f(BO|¥e)f(Ve),

1 g 1 _
x |‘P@|"/26XP{—§Z®;"P@@Z}|‘If®|(v ! erxp{—gtr(r l‘If@)},

Z@Q«%@i +tr (I ') }

o [Wg|Hr=I=1/2 exp {—% [tr ( \I'@> }

Hence, the conditional of the precision matrix is a Wishart distribution:

o |\Ij®|(n+v—J—1)/2 exp {_%

> 0,0, +17!

-1
Ug~W |n+uv;

> 0,0, +1!

8.2. Mixture of normals case

When the distribution of the latent factors is specified to be a mixture of normals, the sampling
procedure is slightly more complicated since different sets of parameters—group indicators,
components’ means, precisions and weights—have to be sequentially updated. The sampling
scheme is the same as the one used to update the parameters of the error term distribution
of the submodels in the mixed case, and is presented in Section 9.

9. UPDATING THE PARAMETERS OF A NORMAL MIXTURE
DISTRIBUTION
This section describes how to update the parameters of a normal mixture distribution under

zero-mean restriction. This procedure is used to sample the parameters of the error term in
the mixed case, but also to sample the parameters of the factor distribution in the mixed case.

9.1. Multivariate case

Let Z; be a random vector of dimension (J x 1) distributed as a mixture of K multivariate
normal distributions:

K
Zi ~ > peN (s )

k=1

" The result is obtained using a basic property of the trace operator: tr (ABC) = tr (CAB), where A, B
and C' are matrices of appropriate sizes.
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where py, is the vector of means of dimension (J x 1), ¥y, is the (J x J)-dimensional precision
matrix, and p; is the weight of mixture component k.

We adopt the group-indicator approach (Diebolt and Robert 1994), and first update the
group membership of each individual ¢. Once we know to which group each individual belongs,
the different sets of mixture parameters are sampled component-wise. For this purpose, let
gk,i be the group indicator which is equal to one if individual ¢ belongs to group £, and to
zero otherwise.

9.1.1 Updating group indicators

Since each individual can belong to only one mixture group, the probability mass of each
gk, is simply the corresponding weight p;. As a consequence, the vector of indicators g; =
(91,is -, 9K,i)’ follows a multinomial distribution with the mixture weights as parameters.
Conditional on group membership, Z; is normally distributed, and the posterior of the group
indicators is, for individual ¢ and for all k =1, ..., K:

gk = 1Z;) < f(Zilgr; = 1) f(gr; = 1),
o< ¢(Zi; o, Vi )Pk

where ¢(Z;; g, Vi) denotes the pdf of the multivariate normal distribution with mean py and
precision matrix ¥, evaluated at Z;.

Thus, group membership probabilities are computed as follows in order to ensure normal-
ization:

Ped(Zi; pr, Vi)
Pr(gk,i = 1) = K 5
Y1 PiP(Zis pu, Oy)

and the conditional of group indicators is therefore the following multinomial distribution:

g~ M <1, p1d(Zis p1, V1) prP(Zis bk, Vi) )
S i Zis V) S mid(Zs i, )

(14)

9.1.2 Updating mixture precisions

Once the group membership of each individual has been sampled, the precision matrices of
the mixture components can be updated exactly in the same manner as in the normal case
described in Section 8. Assuming a Wishart prior distribution with v degrees of freedom and
with scale matrix I' for mixture precision Wy:

qIk ~ W(U ; F)v
the conditional can be shown to be the following Wishart distribution:
-1

\I’kNW v+ ng; Z (Zi—uk)(Zi—,Uk),-i-F_l s

L:gk,i =1

where the sum in the scale parameter is over the individuals belonging to mixture group k,
and ny stands for the number of individuals in this group.

19



9.1.3 Updating mixture weights

Let p = (p1,...,px) and g = (g1, ..., 9n)’. A Dirichlet distribution is assumed for the prior of
the weights:

p~Dla,...,a).

Conditional on g;, Z; appears to be normally distributed in each mixture group and we can
write f(Zilgi,p) = Hszl[kaS(Zi; ik, Vi )]9%i. With this expression in hand, the conditional of
the weights can be derived as:

flZ,9) < f(Z|g,p)f(plg),

=

providing the kernel of a Dirichlet distribution. Hence, p ~ D(ny + a, ..., nx + a).

9.1.4 Updating mixture means

Each mean vector is assumed to be a priori normally distributed:
e~ N (s QF)

where py and g are of dimension (J x 1), and QY is a (J x J)-dimensional matrix.
The mean of the mixture is restricted to zero as follows:

K Kl
k

Zpkﬂk =0 & Ui = — — [ik- (15)

k=1 =1 PK

Because of this restriction, only K — 1 mixture means actually have to be updated, and the
last one can then be computed given the other component means and the mixture weights.
The idea is thus to first update the first K — 1 mean vectors using Bayes’ rule, imposing
the restriction on both the likelihood and prior of the means, and finally computing the
last mean vector so as to fulfill the zero-mean constraint. Two different approaches can be
implemented: the mean vectors can be either drawn sequentially across mixture components,
or simultaneously.

Drawing the means sequentially. Mean vectors are drawn component-wise, holding con-
stant the means other than the one being updated. To do so, the conditional of the I*® mean
vector has to be derived conditional on the means of the other components. Let u_; be the
set of mixture mean vectors excluding the I*" one. Then, replacing px with its expression
given by Equation (15), the conditional distribution is, for [ =1,..., K — 1:

f(/Ll|Z,/J_l, \Ij7p) X f(Z|1ulnu—lv \P7p)f(lul7ﬂ—l)7
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K-1
1 1
< [Texp{—5 > (Zi—m)'W(Zi— ) p exp {_i(ﬂk — ) O (ke — ui)}
k=1

gk, =1

K-1
X exp —% Z <Z¢—|- Z ﬁ—zuk> U g (Z + Z —,uk>

i:gK,izl k)zl

1 K-1 » ! K-1 »
k k
xexp Q=g | = e — i | Q| = D =k | o
1 PK 1 PK

1 1
X EXp Y T35 > (Zi— m)'Oi(Zi — ) § exp {—i(m — ) — M?)}
i:g1,,=1

/
K-1
1/ p\° Pk PK
xexp{ —5 | — > pu + _,Uk“‘EZi Uk (o)

2 \pk it ]Zje% I
/
L(p = p p
1 k K
xexp{ =5 (—) LD T e | | Q% (o)
k=1 P
kAl

1 1
cexp d 3 (it — 20 3 2 ) pes {3 (uitn — 2ui00u) |
i:gr;=1

1
X exp 5

2
y2i pk Pk
(—) nru Y+ 21k | nk E — g+ — E Z;
PK 1 b )

[

K-1
1\ Pk PK
X exp{ —= (—) 8 m + 2% | Y e+ e :
— n

2 \pk
1 /
X exp —5 129}

2 K—
—ou | W ST Zi+ g - <ﬂ> (i +95) 3" P
i:gy,;=1 PK ;% b

2
W+ Qf + (;—;{) (nx Uk + Q%)

1
PK t:gK,i=1

where n; (I =1, ..., K) is the number of observations in mixture group I.
This last expression can be factorized to provide the kernel of a multivariate normal
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distribution with the following precision and mean, for [ =1,..., K — 1:

2
QPost = 0y + Q) + (1?—l> (nx Vi + Q%)
K

2 K—
1
et = (e T ey Y Zi+ﬂ?u?—<p—> (nx ¥k + Q) Zp_
1gr;=1 br jé% "

b
PK Zng—l

Once the first K — 1 mean vectors have been sampled, the last mean px is computed to
fulfill the zero-mean restriction of the mixture given by Equation (15).

Drawing the means simultaneously. To make the calculations easier to follow, compact
form matrices will be used henceforth. For this purpose, some notational conventions have to
be introduced before going any further. We define the following stacked vectors and block-
matrices:

p-k = (1, PE-1)', p=p-x ®1y,

ﬁ = (/%[7 “wulK—l)/? IEO = (M(l)/a . 7:“?{ 1/)/
U= diagfz_ll (Tr), Q° dlagK ! (QO)
9i = (91,05 - 9K -1,4) Zi =151 ® Zi,

where ® denotes the Kronecker product, I; is the identity matrix of dimension (J x J), tx—1 is
the (K —1)-dimensional vector of 1’s, and diag (-) is the matrix operator stacking the specified
elements to create a block-diagonal matrix.

Using this notation, the zero-mean restriction of Equation (15) can be rewritten as:

1,
pr = ——p'IL. (16)
PK

Since the conditional distribution will be derived given group membership, the following
selection matrix will be useful for picking up the parameters corresponding to the mixture
group individual ¢ belongs to:

Gi=(3:0")®1;.

Replacing the last mean vector py with its expression from Equation (16) in the likelihood
and in the prior, the conditional distribution of the first K — 1 means is:

f(@lZ,p, ) o< f(Z|p,p, ¥)f (1),

ocexp{—%;:; [( )GV (Z; — ) + gk (Z +i~’~> Uy <Z +i~’ﬁ>”
cep {3 |- B8 - )+ (i uK> e (—-Lpm-uik) |}
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K

1< Ko~ e
o<exp{—§ [,uG\I',u—Q G\I’Z—l— w'p K ' }}

1

1
2
1], [ ~ ~ 1 -\~
O<eXp{—— lu < [G\I’JrgKZp\I’Kp } +Q°+prQ?<p’) i
i K K

o (Z 687, Mapucz] v - L QKMK)] }
=1

PK

This last expression can be factorized into the kernel of a multivariate normal distribution.
Its precision matrix is:

n
~ _ S0, 10~
Qs = E:[G\II—FgKlplPKp}—i-Qo—i- AL
i1 Pk Pk

. _ 1 ~
= d1ag£(:11 (nk\Ifk + Qg) + pr (ngVgk + Q(I){)p',
K

where ny (k =1, ..., K) is the number of observations in mixture group k. Hence, the precision
of the conditional is a block matrix defined as follows, for all k,l =1,..., K — 1 and k # I

2
kaoif] = n U + Q) + <§—k> (nxVg + Q%) for diagonal block elements,
K

kao j}t = szpl (nk ¥k + Q) for off-diagonal block elements.
K

As for the mean of the conditional, it is equal to:

~pos Spost] - 37 _ IKis Q0%
fpost [QP t] <Z [Gi\pz,- ” \I/KZ} +Q0° — o pQKuK>
i=1

~ -1
K-1 Z Pk Z
= [onst] VeCk 1 \I/k ZZ + Qg,ug — 1; \I/K Z + QKMK N
gk, =1 tigK,i=1

where vec (-) is the operator vertically stacking the specified elements to create a vector.
As in the previous case, the last mean vector pux is computed to fulfill the zero-mean
restriction of the mixture given by Equation (15).

9.2. Univariate case

The following results are directly derived from the multivariate case. The same notation is
used here. Assume that z; is univariate and mixed distributed:

K
zie Y peN (s )

k=1
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where pi and 71 are both scalars representing the mean and the precision of mixture compo-
nent k, and py is the corresponding weight.
As in the multivariate case, group indicators are drawn from a multinomial distribution:

g~ M[1: p19(zis pi1, 1) Pr (2 K, TK)
1 9 g seey .
S ooz ) S pid(z )

Given that z; is normally distributed in each mixture group, a conjugate Gamma prior
Ga(g1; g2) can be assumed for the precision 7, and like in the normal case (Section 8) the
conditional is derived as:

) ~ Ga 91+%;92+%Z 2
iigr, =1
For the means, the same procedure as in the multivariate case is implemented to achieve
the zero-mean restriction. Assuming that each mean is a priori normally distributed (uj ~
N (,ug; wg), k =1,..K), the first K — 1 means are simultaneously drawn from their condi-
tional, which is a multivariate normal distribution with precision and mean:

0
~ . _ NKTK + W
7ot = diag ! (i + wy) + = -kl g,
K

~ -1 K—1 Pk
= [ vt (e Y vl B Lo Y sl ).
K

iigg,i=1 tigK,i=1

and the last mean pg is finally computed according to Equation (15).

10. CONCLUSION

The purpose of this article was to provide all the technical details required to construct the
Gibbs sampler for the estimation of factor structure models. Within the proposed framework,
a wide range of submodels including linear, dichotomous and censored response submodels,
as well as unordered response and ordered response submodels can be easily accommodated.
We derived all the conditional distributions of interest. Having the conditionals in hand, it is
straightforward to construct the Gibbs sampler step by step.
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APPENDIX A: Some matrix algebra

Let E and F be two invertible square matrices of same dimension. The following results hold:

E-E(F+E)'E=E(F+E)"F+E)-EF+E)'FE,
—E(F+E) (F+E-E),
=E(F+E)'F.

Given that (EF)~! = F~'E~! it can be shown that:
(E4+F) 'FIF(E+F)'E|"'F(E4+F)' +(E+F)™!
= (E+F)'FE'+(E+F) 1,
= (E+F)"Y(FE™' + 1),
= (E4+F)"Y(F+E)E™!,
=E L

Using these identities, Equation (12) can be simplified as follows:

exp {—% [N;g\l’kﬂk — (B4 W) (A+0) 7" (‘)] }

|
@]
"
kol
—N
|

[M% (‘I’k — WL (A+ W)~ ‘I’k> e — 2,V (A+ 0) "' B— B (A+ 0,) 7 B} } ,

N~ NI~ N~

{MZ (\I/k (A+ 1) ! A) pur, — 20 Uy (A+ W) ' B— B (A+Ty) ! B} } ,

——

<[uk - (\I/k (A+0;)7" A> EATER A B]/ [\Ifk (A+ ;)" A} [o]
—B [(A + )Ty, (\Ifk (A+ Tyt A>_1 W) (A+T) 7+ (A+ \Ifk)‘l} B) } ,
= exp {—% [ — A7'B] [qfk (A+0,)! A} [-]} exp {%B’A‘lB} :

where A = /Y& and B = &/ 217;-*. Since the second exponential does not depend on O;,
nor on k, it can be absorbed into the factor of proportionality. This is why it vanishes in
Equation (13).
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