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Dynamics of Political Opinion Formation

including Catastrophe Theory
Dedicated to Professor Dr. Michael Sonis

on the Occasion of his 70th Birthday
Wolfgang Weidlich1 and Heide Huebner2

Abstract

After Nazism and Communism new forms of totalitarianism fostered by religious
fundamentalism have arisen at the turn of the present century. In view of this
fact we present a parsimonious quantitative model designed to shed some light on
the dynamics of the formation of totalitarian systems. The model is constructed
according to the principles of ”sociodynamics” that belongs to the broad field of
NSD (nonlinear dynamic systems theory). It comprises two order parameters and
four trend parameters. All of them are socio-politically interpreted. Stationary,
stagnant and revolutionary system-phases are exhibited in ten scenarios. The
relation to catastrophe theory is discussed.

KEY WORDS: Political Systems; Sociodynamics; NDS (Nonlinear Dynamical Sys-
tems), Catastrophe Theory.

1 General Model Design

1.1 Application of Sociodynamic-Principles

The modeling strategy of sociodynamics is an extension of synergetics (Haken
1977) developed for applications in the social sciences and exhibited in review ar-
ticles (Weidlich 1991, 2005, 2006) and in complete form in books (Weidlich and
Haag 1983, Weidlich 2000). The model has forerunners (Weidlich 1971, 1994). In
its present form it includes a full quantitative analysis and sociopolitical interpre-
tation of all key variables and trend parameters as well as the discussion of its
relation to another modeling approach, the catastrophe theory.

In short the modeling strategy of sociodynamics consists of three steps:

1. The choice of sociologically interpretable order parameters (i.e. key vari-
ables) dominating the dynamics of the system under consideration;

2. The choice of transition rates for the elementary evolution steps of the order
parameters. They consist of mobility and attractiveness factors that on their
part depend on the key variables and further trend parameters determining
the evolution trends;
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2 1 GENERAL MODEL DESIGN

3. The derivation of equations of evolution for the key variables. This leads to
a nonlinear dynamical system (NDS).

1.2 Emphasis on Structure and Dynamics

The model focuses on structure and dynamics of the political system of society
by treating political ideologies on a formally equal basis without explicitly giving
attention to their ideological content. This implies the strong statement that
dynamic phenomena (e.g. the transitions between liberal and totalitarian states
of a society) are essentially invariant with regard to the content, however dependent
on the degree of open-mindedness respectively dogmatism of involved ideologies.

An important conclusion derived from the model will be that political systems ei-
ther approach stationary states or traverse sequentially quasi-stationary stagnant
states and revolutionary phase-transitions. Ten scenarios will exemplify the dif-
ferent cases. Two of them are comparable to the scenario based on catastrophe
theory turning out to be a limiting case. These scenarios have three identical trend
parameters whereas the fourth (i.e. the speed parameter) becomes very small to
show the relation to catastrophe theory.

1.3 Catastrophe Theory compared to Sociodynamics

Let us begin with a short characterization of catastrophe theory: ”Catastrophe
theory is a special topic within the broader domain of NDS (nonlinear dynamical
systems) that pertains to sudden discontinuous changes of events” (Guastello 1995,
p. 3). Catastrophe theory (CT) was mainly developed by René Thom (1972). In
the following years Zeeman (1977) and Poston and Stewart (1978) introduced
and advocated broad interdisciplinary applications of catastrophe theory. Many
applications to problems of social science have since appeared, among them articles
of T. Farraro (1978), B. R. Flay (1978), J. Bigelow (1982) and S. J. Guastello
(1988) treating topics such as discontinuities in psychology, in organizations (such
as firms and states) and in economy in terms of catastrophe theory. Good surveys
of this work are given in the books of S. J. Guastello (1995) and J. B. Rosser, Jr.
(2000).

The explanatory value of CT is given in each of these applications,

• if, for the considered system, relevant dependent variables and control para-
meters could be identified and measured and

• if, for control parameters that slowly fluctuate around their critical values,
the discontinuous jump of the dependent variable could be observed.

The fact that such successfully verifiable parameterizations of catastrophes have
been found in physics (Zeeman 1977, Poston and Stewart 1978), biology (Zee-
man 1977), psychology (Flay 1978), social sciences (Guastello 1995, Farraro 1978,
Bigelow 1982, Guastello 1988) and economics (Rosser 2000) give rise to a further
system-theoretical cognitive value of CT: Since comparable discontinuities in those
complex systems occur, there evidently exists a repetitive structural similarity be-
tween different microscopic, mesoscopic and macroscopic levels of reality.
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Let us now discuss the coincidences and differences between the (independent)
approaches of sociodynamics and catastrophe theory, exemplified in detail by our
model.

1. Both approaches belong to the domain of nonlinear dynamical systems (NDS).
2. Catastrophe theory is by definition an equilibrium theory. It focuses on

the behavior of the dependent variable(s) in the vicinity of discontinuities,
where ”catastrophic jumps” between different equilibria belonging to the
same control parameters can occur.
Sociodynamics instead constructs equations of evolution for the key variables
with explicit time dependence in their whole domain of definition. Apart
from special cases, this dynamics is more general than gradient dynamics
since in general no global potential exists.

3. In both approaches relevant interpretable variables (order parameters) and
control parameters (trend parameters) have to be found for each case of
application.
In catastrophe theory the dependent variable(s) and control parameters have
to be identified in an interpretable manner with parameters of one of R.
Thom’s catastrophes.
In sociodynamics instead the dynamics of the order parameters is estab-
lished by introducing their transition rates. These are composed of mobility
and utility terms that are functions of the order and control parameters in
interpretable form.

4. The present (sociodynamic) model dynamics is more general than the gradi-
ent dynamics. However among the dynamical modes described by the model
(see section 3.6 and 3.7) there are embedded two scenarios 7 and 8 leading
in the limit case to the cusp catastrophe of CT. In theses cases one order
parameter, namely x, becomes extremely slow. x and κ now serve as control
parameters, and there is only one remaining order parameter y(τ), whose
dynamics is now derivable from an even globally constructible potential.
The dynamics of these cases comprises the cusp-catastrophe and consists
of a completely traversed hysteresis loop with stagnant and revolutionary
phases.

2 The Mathematical Form of the Model

2.1 Political Opinions

By definition, a political opinion is a more or less consistent view or perspective
under which a social system is seen. In our stylized, parsimonious treatment we
assume two main opinions ”+” and ”-” only, which appear formally symmetric
and without preceding preferences for one of them. In a liberal system they may
be identified with the ”conservative” and the ”progressive” opinion of a two-party
system, and in a totalitarian system with the ”official state ideology” and the
suppressed ”dissident opinion”. In the liberal system there exist overlaps, compro-
mises and exchange of ideas between the political philosophies behind the ”opin-
ions”, whereas the ideologies of the totalitarian system are degenerate philoso-
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4 2 THE MATHEMATICAL FORM OF THE MODEL

phies (Weltanschauungen), being dogmatic, fundamentalistic, closed and without
compromise. We do not explicitly consider the content of the different types of
opinions, but their influence on the structure and the political dynamics of the
social system.

2.2 Key Variables

We now introduce key variables that are considered as the ”order parameters” of
the political system, dominating its structure and dynamics. We need collective
variables for the macro level, being extensive (i. e. proportional to the size of
the system), and variables referring to each individual for the micro level, being
intense variables independent of the system size. Their interaction will represent
the bottom-up and top-down relation between micro and macro level.

The following variables are chosen as they turn out to be the relevant ones domi-
nating the dynamics of societies on the verge of a transition between a liberal and
a totalitarian state. The relevance of just these variables is confirmed by insiders
who have lived in totalitarian systems, among them Victor Klemperer (1999) and
Wolfgang Leonhard (1979).

2.2.1 The Collective Variables

We introduce a society with 2N members:

n+ = Number of people exhibiting publicly their opinion ”+”

n− = Number of people exhibiting publicly their opinion ”−”

n =
1

2
(n+ − n−) = Majority variable.

 (2.1)

We assume that no ”indifferent” people exist. Then the trivial relations hold:

n+ + n− = 2N n+ = N + n

n+ − n− = 2n n− = N − n

−N ≤ n ≤ +N.

 (2.2)

2.2.2 The Individual’s Variables

To each individual we assign an inner inclination variable ϑ describing his inner
estimation and valuation of his own publicly exhibited opinion, where ϑ > 0 means
positive estimation and ϑ < 0 negative estimation of his own publicly exhibited
opinion. (We anticipate that, particularly in totalitarian systems, the inner in-
clination of an individual needs not necessarily be in affirmative relation to its
publicly exhibited opinion). Thus we introduce

ϑ+ inner inclination of individuals with exhibited opinion ”+”

ϑ− inner inclination of individuals with exhibited opinion ”−”.

}
(2.3)
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2.3 Transitions and Transition Probabilities 5

For simplicity we assume the same value ϑ+ and ϑ− for all individuals in opinions
”+” and ”−” respectively.

Further plausible assumptions are now introduced for ϑ+ and ϑ−:

• We assume for ϑ+ and ϑ− positive and negative integer values only.
• Political psychology indicates that there is a positive as well as negative limit

of the inner inclination or disinclination to the own exhibited opinion. This
is expressed by

−Θ ≤ ϑ+ ≤ +Θ

−Θ ≤ ϑ− ≤ +Θ.

}
(2.4)

• There exists a general trend for the inner inclinations of all individuals. If
individuals with opinion ”+” (which may be enforced by opinion pressure)
are dissatisfied with their own exhibited opinion, they have the inner incli-
nation ϑ+ < 0. In this case the individuals with the ”dissident” opinion ”−”
will be satisfied with their exhibited opinion (i. e. they have ϑ− > 0). This
antagonistic relation between ”+” and ”−” can be generalized so that we
generally assume

ϑ− = −ϑ+ or ϑ+ + ϑ− = 0, (2.5)

by introducing now one variable of inner inclination only

ϑ = ϑ+ = −ϑ− . (2.6)

The relevant political variables of the system now constitute the configuration

W = {n+, n−;ϑ+, ϑ−}.

Taking into account (2.2) and (2.6) this reduces to

W = {n;ϑ}. (2.7)

2.3 Transitions and Transition Probabilities

The whole dynamics of the system evolves out of a sequence of elementary tran-
sitions, each starting from a given initial configuration Wi and ending in one of
neighboring configurations Wn↑ , Wn↓ , Wϑ↑, Wϑ↓. Starting from Wi equal to (2.7),
these transitions are

W →Wn↑ = {n+ + 1, n− − 1;ϑ+, ϑ−}=̂{n+ 1, ϑ}
W →Wn↓ = {n+ − 1, n− + 1;ϑ+, ϑ−}=̂{n− 1, ϑ}
W →Wϑ↑ = {n+, n−;ϑ+ + 1, ϑ− − 1}=̂{n, ϑ+ 1}
W →Wϑ↓ = {n+, n−;ϑ+ − 1, ϑ− + 1}=̂{n, ϑ− 1}.

 (2.8)

They correspond to
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6 2 THE MATHEMATICAL FORM OF THE MODEL

W →Wn↑: The transition of one individual from opinion ”−” to opinion ”+”;

W →Wn↓: The transition of one individual from opinion ”+” to opinion ”−”;

W →Wϑ↑: The transition of each individual from inner inclination ϑ to inner
inclination (ϑ+ 1);

W →Wϑ↓: The transition of each individual from inner inclination ϑ to inner
inclination (ϑ− 1).

The transitions (2.8) are engendered by transition probabilities (per unit of
time) of individuals from their initial position to their final position namely by

(a) pn↑ (b) pn↓ (c) pϑ↑ (d) pϑ↓ . (2.9)

It has been proven mathematically (Weidlich 2006) that quite generally individ-
ual transition probabilities from an initial state ”i” to a final state ”f ” of the
individual have the form

pi→f = µ(Wi,Wf ) exp(uf (Wf )− ui(Wi)) (2.10)

with µ(Wi,Wf ) = µ(Wf ,Wi).

This mathematical form shows that the transition probabilities pi→f consist of
two factors:

• µ(Wi,Wf ) the mobility factor, and
• exp(uf (Wf )− ui(Wi)) the attractiveness factor,

which favors the transition i→ f if uf (Wf ) > ui(Wi)
and disfavors this transition if uf (Wf ) < ui(Wi).

Therefore the functions ui(Wi) and uf (Wf ) of the initial (final) state of the in-
dividual and the initial (final) configuration, respectively, must be interpreted as
measures of the comparative attractiveness or ”utility” of the initial and final state
for this individual. Therefore they are denoted as dynamical utility functions.

We denote the utility function for the transition probabilities pn↑ and pn↓ by u and
those for pϑ↑ and pϑ↓ by s. The mobility factors for the transition probabilities pn↑
and pn↓ are ν̂ and those for pϑ↑ and pϑ↓are µ̃.

pn↑(n, ϑ) = ν̂ · exp(u+(n+ + 1, ϑ+)− u−(n−, ϑ−)) (a)

pn↓(n, ϑ) = ν̂ · exp(u−(n− + 1, ϑ−)− u+(n+, ϑ+)) (b)

pϑ↑(n, ϑ) = µ̃ · (Θ− ϑ) · exp(s(n, ϑ+ 1)− s(n, ϑ)) (c)

pϑ↓(n, ϑ) = µ̃ · (Θ + ϑ) · exp(s(n, ϑ− 1)− s(n, ϑ)). (d)

 (2.11)

The additional limitation factors (Θ−ϑ) and (Θ+ϑ) in equations (2.11) (c) and (d)
have been inserted according to the requirement (2.4) so ϑ never leaves the domain
(2.4). The factors ν̂ and µ̃ introduced in (2.11) belong to the trend parameters
discussed in section 2.5.
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2.4 The Dynamical Utility Functions 7

2.4 The Dynamical Utility Functions

At first we mention that our concept of dynamical utility functions should not be
confused with the utility functions used in neoclassical economics. The latter are
static functions to be maximized in order to describe the equilibrium state of the
economic system. Our utility functions instead appear in a dynamical context.
Their maximization is not intended. However it can (but needs not) happen that
the system approaches a stationary state.

The dynamical utility functions, which are measures of the attractiveness of the
configuration W = {n+, n−;ϑ+, ϑ−} =̂ W = {n;ϑ} to individuals of opinion
”+” or ”−”, respectively, must now be explicitly chosen in order to complete
the model. The choice involves the account of political psychology of individuals
under different global situations of the society, such as a liberal, a polarized or a
totalitarian situation.

We make the following (most simple) choice:

u+(n+, ϑ+) =
1

2
(κ̃n+ + γ̃ϑ+)

u−(n−, ϑ−) =
1

2
(κ̃n− + γ̃ϑ−)

s(n, ϑ) = s+(n+, ϑ+) = s−(n−, ϑ−) = β̃nϑ.

 (2.12)

Inserting into the transition probabilities (2.11) we get the final form:

pn↑(n, ϑ) = ν̃ exp(κ̃n+ γ̃ϑ) (a)

pn↓(n, ϑ) = ν̃ exp(−(κ̃n+ γ̃ϑ)) (b)

pϑ↑(n, ϑ) = µ̃ · (Θ− ϑ) · exp(β̃n) (c)

pϑ↓(n, ϑ) = µ̃ · (Θ + ϑ) · exp(−β̃n) (d)

with ν̃ = ν̂ exp(κ̃/2).


(2.13)

where the trend parameters (i. e. control parameters) ν̃, µ̃, κ̃, γ̃, β̃ may assume
values in the following domains:

0 < ν̃ <∞ 0 < µ̃ <∞
0 < κ̃ <∞ 0 < γ̃ <∞ −∞ < β̃ < +∞.

}
(2.14)

2.5 The Interpretation of Trend Parameters

The form of the utility functions (2.12) and also of the trend parameters κ̃, γ̃, β̃, ν̃, µ̃
has a straight forward interpretation.

2.5.1 Opinion Pressure Parameter κ̃

The utility function u+(n+, ϑ+) of opinion ”+” for individuals having this opinion
increases due to its first term 1

2
κ̃n+ with increasing values of κ̃ and an increasing
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8 2 THE MATHEMATICAL FORM OF THE MODEL

number of people n+ exhibiting publicly the opinion ”+”. The corresponding holds
for people with opinion ”−”.

The equations (2.13) (a) and (b) show that a large value of κ̃ and a large majority
n favors evidently the individual’s opinion transition probability pn↑ (− → +) and
disfavors the inverse transition probability pn↓ (+ → −). That means the collective
opinion distribution represented by the majority variable n plays a growing role
for the individual opinion choice by producing a pressure to align to the majority,
the higher the numerical value of κ̃ is.

Therefore we denote the trend parameter κ̃ as the ”opinion pressure parameter”.

2.5.2 Inclination Influence Parameter γ̃

The utility u+(n+, ϑ+) contains another additive term 1
2
γ̃ϑ+, where γ̃ > 0.

For ϑ+ = ϑ > 0 the inner inclination of the individual is affirmative that means
it supports its publicly pronounced opinion ”+”. This affirmation enhances the
utility u+ and also the transition probability pn↑, whereas the inverse transition
probability pn↓ is diminished. On the other hand for ϑ+ = ϑ < 0 the inner incli-
nation is in opposition to the publicly pronounced opinion ”+”. The term 1

2
γ̃ϑ+

reduces the utility function u+ and also the transition probability pn↑, whereas the
inverse transition probability pn↓ now increases. In any case, growing values of the
trend parameter γ̃ lead to growing influence of the inner inclination on the choice
of the publicly exhibited opinion of the individual.

Therefore we denote γ̃ as the ”inclination influence parameter”.

2.5.3 Approval and Disapproval Trend Parameter β̃

The trend parameter β̃ is most easily discussed in terms of the transition proba-
bilities (2.13) (c) and (d). β̃ can be positive or negative. Let it at first be β̃ > 0,
then

• if the majority n is positive the transition to positive ϑ prevails, and
• for negative n the transition to negative ϑ is favored.

In any case for β̃ > 0 the inner inclination ϑ is drawn to affirmation of the opinion
of the majority. On the other hand for β̃ < 0 the inner inclination ϑ is drawn into
opposition (inner disinclination) to the majority opinion.

Therefore we denote β̃ > 0 as the approval trend, and β̃ < 0 the disapproval trend.

2.5.4 The speed parameters ν̃ and µ̃

The transition probabilities pn↑ and pn↓ are proportional to the parameter ν̃, and
those for the inner inclinations pϑ↑ and pϑ↓ are proportional to µ̃. These two trend
parameters determine essentially the speed under which the switches between the
externally exhibited opinions ”+”, ”−”, and the changes of the inner inclination
ϑ take place. Accordingly they are denoted as speed parameters.
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2.6 Equations of Evolution 9

2.5.5 Composition of the Trend Parameters

As already mentioned many factors merge into the values of the trend parameters,
where some are caused by the regime (i. e. the ruling political system) and some
by the individual members of the society. We indicate a qualitative factor analysis
for κ̃, γ̃ and β̃ in the case of a totalitarian regime (that means in the case of large
κ̃ , weak γ̃ and negative β̃).

The opinion pressure κ̃ is preferentially regime-induced by propaganda, grant-
ing privileges to supporters, and discrimination and exertion of scare tactics against
dissidents, and partially induced by individuals by opportunism, protection of
family and friends, cowardice, authoritarianism (i. e. obedience to authorities ir-
respective of their legitimacy). The regime-induced factors are dominant because
the behavior of people is mainly a consequence of measures of the regime.

The inclination influence γ̃ is partially regime-induced by its attempt to di-
minish γ̃ (i. e. to suppress political influence of people) but preferentially induced
by individuals trying to enhance γ̃ by becoming aware of the futility of ”inner
emigration” and by becoming increasingly fierce in the wish to topple the existing
regime.

The disapproval trend β̃ < 0 is regime-induced by the arousal of dissatis-
faction with the bad material and suppressive political situation leading to inner
opposition against injustice, and induced by individuals by independent judge-
ment of the situation and by moral doubts due to increasing awareness of the
discrepancy between propaganda and reality.

2.6 Equations of Evolution

The equations of evolution for the key variables {n+, n−, ϑ+, ϑ−} describe the time
dependence of {n, ϑ}. They depend on the key variables themselves and their
transition rates. Since n− individuals can make the opinion transition (− → +)
via pn↑ and n+ individuals the transition (+ → −) via pn↓ we obtain for the mean
rate of change of the numbers n+(t) and n−(t):

dn+

dt
= n−pn↑(n, ϑ)− n+pn↓(n, ϑ)

dn−
dt

= −n−pn↑(n, ϑ) + n+pn↓(n, ϑ)

 (2.15)

which can be reduced by inserting (2.2) to one equation

dn

dt
= n−pn↑(n, ϑ)− n+pn↓(n, ϑ)

= (N − n)pn↑(n, ϑ)− (N + n)pn↓(n, ϑ)

 (2.16)

or explicitly by making use of (2.13) (a) and (b) to

dn

dt
= ν̃ {(N − n) exp(κ̃n+ γ̃ϑ)− (N + n) exp(−(κ̃n+ γ̃ϑ))} . (2.17)

Page 9 of 32 
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10 2 THE MATHEMATICAL FORM OF THE MODEL

Furthermore we obtain for the mean rate of change of ϑ

dϑ+

dt
= −dϑ−

dt
=
dϑ

dt
= pϑ↑(n, ϑ)− pϑ↓(n, ϑ), (2.18)

which leads by inserting (2.13) (c) and (d) to

dϑ

dt
= µ̃

{
(Θ− ϑ) exp(β̃n)− (Θ + ϑ) exp(−β̃n)

}
. (2.19)

It is now convenient to go to scaled variables,

y =
n

N
x =

ϑ

Θ
, (2.20)

which vary, according to (2.2) and (2.4) in the domains

−1 ≤ y ≤ +1 − 1 ≤ x ≤ +1. (2.21)

We also introduce scaled trend parameters

κ = Nκ̃ γ = Θγ̃ β = Nβ̃ (2.22)

defined according to (2.14) in the domains

0 ≤ κ <∞ 0 ≤ γ <∞ −∞ < β < +∞. (2.23)

Furthermore we introduce a dimensionless time variable

τ = (µ̃+ ν̃)t (2.24)

as well as dimensionless speed parameters

ν =
ν̃

ν̃ + µ̃
µ =

µ̃

ν̃ + µ̃
with ν + µ = 1 and ν, µ > 0. (2.25)

We mention that the interval ∆τ = 1 in the dimensionless time corresponds to the
interval ∆t = 1/(ν̃ + µ̃) in the real time t.

Then the two relevant equations of evolution (2.17) and (2.19) assume the form

dy

dτ
= ν {(1− y) exp(κy + γx)− (1 + y) exp(−(κy + γx))} and (2.26)

dx

dτ
= µ {(1− x) exp(βy)− (1 + x) exp(−βy)} . (2.27)

Equations (2.26) and (2.27) are a system of coupled nonlinear differential equa-
tions. Their structure and content will be considered analytically and numerically
in the following section.
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11

3 Analysis of the Model

3.1 The Procedure

Although the model is as parsimonious as possible, it nevertheless comprises a
manifold of scenarios corresponding to the choice of different sets of the trend
parameters κ, γ, β, µ, ν. The different scenarios not only differ in quantitative
details but also in global structure and dynamics. Therefore it is appropriate to
proceed systematically in exhausting the content of the model:

• In section 3.2 we show that the variables y(τ) and x(τ) cannot leave their
domain of definition (2.21) during their evolution. Furthermore we point
out the asymmetric role of the variables x(τ) and y(τ) in their equations
of evolution.

• In section 3.3 we implement a conventional linear stability analysis for the
”neutral state” (y, x) = (0, 0), which turns out to be a stationary state for
all choices of the trend parameters. The question of stability or instability
of the neutral state is important for the global dynamics of the system.

• In section 3.4 the equilibrium lines are introduced, where one of the vari-
ables y(τ) or x(τ) come to rest. Stationary points, where both variables
y(τ) and x(τ) come to rest, are the points of intersection of the equilibrium
lines.

• In section 3.5 the so-called cusp-curve is defined, which will prove to be of
special importance in the context of catastrophe theory (section 4).

• In section 3.6 the flux lines are introduced in the plane of variables (x, y).
Their differential equation is derived from the fundamental equations of evo-
lution after elimination of time. Specific sets of parameters {κ, γ, β, µ, ν}
are selected in order to comprise all structurally different scenarios of
possible global dynamics of the model-system.

• Finally in section 3.7 the flux lines together with the socio-political interpre-
tation of the scenarios selected in section 3.6 are presented on the basis of
the trend parameter sets pertaining to them.

3.2 The Domain of Definition and the Role of the Key-
Variables

According to their original definition (2.1), (2.4), (2.6) and after the transition to
scaled variables (2.20), the variables x(τ) and y(τ) are meaningful only in their
domain of definition (see (2.21)):

−1 ≤ x ≤ +1; −1 ≤ y ≤ +1. (3.1)

The equations of evolution (2.26) and (2.27) are repeated here for convenience:

dx

dτ
= µ{(1− x) exp(βy)− (1 + x) exp(−βy)} and (3.2)

dy

dτ
= ν{(1− y) exp(κy + γx)− (1 + y) exp(−(κy + γx))}. (3.3)
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12 3 ANALYSIS OF THE MODEL

They must be compatible with (3.1) in the following sense. Starting from initial
values within the domain of definition (3.1) the variables x(τ) and y(τ) can never
leave their domain during their evolution. This condition is fulfilled as according
to (3.2) and (3.3)

dx

dτ

∣∣∣∣
x=1

= −2µ exp(−βy) < 0;
dx

dτ

∣∣∣∣
x=−1

= +2µ exp(βy) > 0; (3.4)

dy

dτ

∣∣∣∣
y=1

= −2ν exp(−(κy + γx)) < 0;
dy

dτ

∣∣∣∣
y=−1

= +2ν exp(κy + γx) > 0. (3.5)

From the general structure of equations (3.2) and (3.3) we can now infer that the
roles of the ”individual’s variable” x(τ) and the collective ”majority variable” y(τ)
are not symmetrical:

• The rate of x(τ) is only influenced by the majority variable y(τ) but not
(apart from the limitation factors (1 ± x)) by itself. The reason is that
inner inclinations of individuals do not have a direct influence on the inner
inclinations of other individuals.

• In contrast to that, the rate of y(τ) is influenced by the inner inclination of
people x(τ) and also by y(τ) itself. The reason is that the collective reacts
on itself by exerting a public self interaction via opinion pressure. This leads
to self organization effects.

Anticipating the results we shall see in detail that for small κ and large γ the
majority variable y(τ) follows the inner inclination x(τ), so x(τ) can be seen to
be the ”causative” variable in this case. However in the very different case of
large κ and small γ the variable y(τ) develops its own self-stabilizing dynamics. In
this case x(τ) is practically without influence on y(τ) apart from ”revolutionary
events”.

3.3 Stability Analysis of the ”Neutral State”

We begin the analysis of the equations of evolution (3.2) and (3.3) with the ”neu-
tral state” (x, y) = (0, 0) of balanced inner inclinations and collectively exhibited
opinions.

It is easily seen that (0, 0) is in all cases a stationary state because

dx

dτ
= 0 and

dy

dτ
= 0 for (x, y) = (0, 0) (3.6)

holds for all values of the parameters κ, γ, β, µ, ν.

In order to decide which combinations of trend parameters lead to a stable or
unstable neutral state, we make a standard linear stability analysis. In the vicinity
of (x, y) = (0, 0) that means for |x| � 1 and |y| � 1 we can linearize the equations
of evolution (3.2) and (3.3) and obtain

dx

dτ
= −2µx+ 2µβy and (3.7)
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3.3 Stability Analysis of the ”Neutral State” 13

dy

dτ
= 2νγx+ 2ν(κ− 1)y. (3.8)

The linear differential equations (3.7) and (3.8) can be solved by

x = x0e
λτ and y = y0e

λτ (3.9)

where the possible values of λ have to fulfil the eigenvalue equation∣∣∣∣∣∣−(2µ+ λ) 2µβ

2νγ (2νρ− λ)

∣∣∣∣∣∣ = λ2 − 2(νρ− µ)λ− 4νµ(γβ + ρ) = 0 (3.10)

with ρ = κ − 1. The quadratic equation (3.10) for the eigenvalues λ has two
solutions, the roots λ+ and λ−, where

λ± = ν[(ρ− µ̂)±
√

(ρ− µ̂)2 + 4µ̂(γβ + ρ)] (3.11)

or λ± = ν[ϕ±
√
ϕ2 + ψ] (3.12)

with ρ = κ− 1; µ̂ =
µ

ν
; ϕ = ρ− µ̂; ψ = 4µ̂(γβ + ρ). (3.13)

From the general solution of (3.7) and (3.8)

x(τ) = x0+e
λ+τ + x0−e

λ−τ ; y(τ) = y0+e
λ+τ + y0−e

λ−τ , (3.14)

we have to distinguish the following cases for the stability of the neutral state:

Figure 3.1: Stability / instability domains of the neutral state in the ϕ/ψ plane

The state (x, y) = (0, 0) is
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14 3 ANALYSIS OF THE MODEL

1. a stable node if the roots are real and both negative,
2. a stable focus if the roots are complex with negative real part,
3. an unstable focus if the roots are complex with positive real part,
4. an unstable node if the roots are real and both positive and
5. a saddle point if the roots are real and one is positive.

These five cases lead to the following conditions for ϕ and ψ and thereafter for the
trend parameters {κ, γ, β, µ, ν}.

1. ϕ < 0 −ϕ2 < ψ < 0

2. ϕ < 0 ψ < −ϕ2

3. ϕ > 0 ψ < −ϕ2

4. ϕ > 0 −ϕ2 < ψ < 0

5. −∞ < ϕ < +∞ ψ > 0.


(3.15)

Figure 3.1 shows the five domains in the ϕ/ψ plane and shows that below the
parabola ψ = −ϕ2 the neutral state is a focus and above a node or a saddle point.

Figure 3.2: Stability / instability domains of the neutral state in the κ/γβ plane
for µ̂ = µ

ν
= 1

4

For interpretational purposes it is more instructive to represent the five domains
(3.15) in the κ/γβ plane of the original trend parameters and to treat the speed
ratio µ̂ each time as a fixed parameter. From the definitions of ρ, ϕ and ψ there
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3.3 Stability Analysis of the ”Neutral State” 15

follows in particular:

ϕ = 0 corresponds to κ = 1 + µ̂

ψ = 0 corresponds to γβ = 1− κ

ψ = −ϕ2 corresponds to γβ = − 1

4µ̂
(κ− 1 + µ̂)2.

 (3.16)

In figures 3.2 and 3.3 the five stability / instability domains (3.15) of the neutral
state are shown in the κ/γβ plane for the parameters µ̂ = 1

4
(→ µ = 1

5
) and

µ̂ = 1
16

(→ µ = 1
17

).

Figure 3.3: Stability / instability domains of the neutral state in the κ/γβ plane
for µ̂ = µ

ν
= 1

16

The four quadrants in the κ/γβ plane are, in counter-clock-sense,

quadrant A κ > 1 γβ > 0

quadrant B 0 < κ < 1 γβ > 0

quadrant C 0 < κ < 1 γβ < 0

quadrant D κ > 1 γβ < 0.

 (3.17)

They now comprise different stability / instability domains of the neutral state:

• quadrant A saddle points only,
• quadrant B saddle points and stable nodes,
• quadrant C stable nodes and stable foci,
• quadrant D stable and unstable foci, unstable nodes and saddle points.

Concerning the socio-political interpretation it will be shown in section 3.7 that
the quadrants belong to the following main characteristics:

• quadrant A, totalitarian regime with approval trend

Page 15 of 32 



Ac
ce

pt
ed

 M
an

us
cr

ip
t

16 3 ANALYSIS OF THE MODEL

• quadrant B, liberal regime with approval trend
• quadrant C, liberal regime with disapproval trend
• quadrant D, totalitarian regime with disapproval trend

3.4 Equilibrium Lines, Stationary States, Slopes at (0,0)

To get more insight into the global dynamics of the system we discuss in this
section the equilibrium lines. They are defined by those lines in the x/y plane
where one variable comes to rest. This is the case for dx

dτ
= 0 or dy

dτ
= 0. The

equilibrium lines are denoted by xE(y) and yE(x).

Figure 3.4: Equilibrium function
x = xE(y; β) for different values
of β

Figure 3.5: Equilibrium function
y = yE(x;κ) for γ = 1 and dif-
ferent values of κ

Equilibrium Line xE(y; β)

From (3.2) we get for xE(y; β)

dx

dτ
= µ{(1− x) exp(βy)− (1 + x) exp(−βy)}x=xE

= 0. (3.18)

This gives for x

x = xE(y; β) = tanh(βy). (3.19)

Solving for y

y = y(xE; β) =
1

β
arctanh(xE) =

1

2β
ln

(
1 + xE

1− xE

)
. (3.20)

Equilibrium Line y = yE(x;κ, γ)

From (3.3) we get for y = yE(x;κ, γ)

dy

dτ
= ν{(1− y) exp(κy + γx)− (1 + y) exp(−κy + γx)}y=yE

= 0.
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3.4 Equilibrium Lines, Stationary States, Slopes at (0,0) 17

This gives for y

y = yE(x;κ, γ) = tanh(κyE + γx). (3.21)

Solving for x,

x =
1

γ
{arctanh(yE)− κyE} =

1

γ

{
1

2
ln

(
1 + yE

1− yE

)
− κyE

}
. (3.22)

Figure 3.5 shows yE(x;κ, γ) for different values of κ and for γ = 1. For γ > 1 the
graphs are shrinked and for γ < 1 stretched in x direction.

It turns out that yE(x;κ, γ) is

• for 0 < κ < 1 a unique function of x
• for κ > 1 a unique function of x only for large values of |x| and a three-valued

function of x for smaller values of |x|
Values with |x| > 1 cannot be reached by the dynamics of the system.

Stationary states (xS, yS)

Stationary states (xS, yS) are defined as those points in (x, y) plane where both
variables x(τ) and y(τ) come to rest. This means that

dx

dτ

∣∣∣∣
xS ,yS

= 0 and
dy

dτ

∣∣∣∣
xS ,yS

= 0 (3.23)

must hold simultaneously. Thus stationary states are given by the intersection
point of the equilibrium lines xE and yE given by the equations

yS = tanh(κyS + γxS) and xS = tanh(βyS). (3.24)

The neutral state (xS, yS) = (0, 0) is one stationary state. Depending on the trend
parameters (κ, γ, β) there may exist further stationary states. (A dependence on
µ̂ does not exist as µ̂ is not included in (3.24).)

We get more insight by considering the slopes of the equilibrium lines at the
neutral state. They are determined from the defining equations (3.19) and (3.21).
We denote the derivative of the equilibrium line yE by f ′yE

and the derivative of
xE by f ′xE

:

f ′xE

∣∣
(0,0)

=
dy

dxE

∣∣∣∣
(0,0)

= 1/
dxE(y; β)

dy

∣∣∣∣
(0,0)

=
1

β
(3.25)

f ′yE

∣∣
(0,0)

=
dyE

dx

∣∣∣∣
(0,0)

=
dyE(x;κ, γ)

dx

∣∣∣∣
(0,0)

=
γ

(1− κ)
. (3.26)

The domain of definition of the trend parameters is given in equation (2.23). As
0 ≤ κ < ∞; 0 < γ < ∞; −∞ < β < +∞, both slopes can assume all values
from −∞ to +∞.
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18 3 ANALYSIS OF THE MODEL

Depending on the form of the equilibrium lines, there may exist in addition to
the neutral state either zero, two or four stationary states. They belong to the
different quadrants of the trend parameter plane (figures 3.2 and 3.3).

slopes at
(0,0)

trend parameters quadrant additional station-
ary states

1. f ′yE
> f ′xE

> 0 γβ > (1− κ) > 0 B 2

2. f ′yE
> 0 > f ′xE

(1− κ) > 0 > γβ C 0

3. 0 > f ′yE
> f ′xE

0 > γβ > (1− κ) D 2

4. f ′xE
> f ′yE

> 0 (1− κ) > γβ > 0 B 0

5. f ′xE
> 0 > f ′yE

γβ > 0 > (1− κ) A 2

6. 0 > f ′xE
> f ′yE

0 > (1− κ) > γβ D 0 or 4

It is evident that the slope relation of the equilibrium lines at the neutral state
or the corresponding relation between the trend parameters γβ and (1 − κ) al-
ready determines the existence (or nonexistence) of further stationary states and
therefore the global fate of the system during its evolution with time.

3.5 The Cusp-Curve

The equilibrium line y = yE(x;κ, γ) is for κ ≤ 1 a unique function of x. For κ > 1
it is unique only for |x| > xc(κ, γ) and a one-to-three function for |x| < xc. The
one-to-three domain D3 where yE(x;κ, γ) has the three values yE+, yE0, yE− for
one x value is separated from the domain D1 where yE is a one-to-one function by
x = ±xc. The yE value (with the vertical tangent line) corresponding to xc is yc.
(xc, yc) are points of the so-called cusp-curve. From equation (3.22) we get

dx(yE;κ, γ)

dyE

∣∣∣∣
yE=yc

=
1

γ

{
1

1− y2
c

− κ

}
= 0 (3.27)

or yc(κ) = ±
√
κ− 1

κ
, (3.28)

showing that real values for yc(κ) exist only for κ > 1.

Inserting yc into equation (3.22) we get the corresponding value xc:

xc(κ, γ) =
1

γ

{
1

2
ln

1 + yc(κ)

1− yc(κ)
− κyc(κ)

}
= ∓1

γ

{√
κ(κ− 1)− ln (

√
κ+

√
κ− 1)

}
.

(3.29)

We remark that positive (negative) values of yc(κ) belong to negative (positive)
values of xc(κ). This will be essential for the interpretation in terms of catastrophe
theory following in section 4.
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3.6 Flux lines for Selected Scenarios 19

Figure 3.6: Cusp-Curves x = xc(κ, γ) in x, κ plane for different values of γ

Figure 3.6 shows the projection of the cusp-curve x = xc(κ, γ) in the x, κ plane for
different values of γ. In each case the cusp-curve separates the domains D3 and
D1.

We also see that x = xc(κ, γ) is for x > 0 a monotonous function of κ. The same
holds for x < 0. With increasing κ the boundaries of the x-domain x = ±1 are
reached. The corresponding κ value is κT . From equation (3.29) κT is defined by√

κT (κT − 1)− ln
{√

κT +
√
κT − 1

}
= γ . (3.30)

At (xc = ±1, κT ) the cusp-curve leaves the allowed domain |x| ≤ 1 so that these
values of xc(κT , γ) can never be realized by the dynamics of the system. The
interpretation will be given in scenario 10.

3.6 Flux lines for Selected Scenarios

One possibility of representing the evolution of a system are its flux lines. They
arise by eliminating the time variable from the original differential equations. In
our case we obtain from equations (3.2) and (3.3) the differential equation for the
flux lines:

dy/dτ

dx/dτ
=
dy

dx
=
ν {(1− y) exp(κy + γx)− (1 + y) exp(−(κy + γx))}

µ {(1− x) exp(βy)− (1 + x) exp(−βy)}
. (3.31)

The equilibrium lines x = xE(y; β) and y = yE(x;κ, γ) are helpful in constructing
the flux lines:
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20 3 ANALYSIS OF THE MODEL

• the line y = yE(x;κ, γ) must be crossed horizontally by the flux lines and
• the line x = xE(y; β) must be crossed vertically by the flux lines.

This is obvious as the nominator of the right hand side of equation (3.31) vanishes
at yE and the denominator at xE. There are different sets of flux lines belonging
to the same equilibrium lines. The reason is that the equilibrium lines depend
only on {κ, γ, β} whereas the flux lines depend on ν/µ (equation (3.31))as well.

As we cannot select an infinite set of flux lines belonging to the infinite manifold of
trend parameters {κ, γ, β, ν, µ}, we use the following ordering principles to select
qualitatively different and characteristic scenarios:

1. The quadrants of the trend parameter plane
• A: totalitarian / approving
• B: liberal / approving
• C: liberal / disapproving
• D: totalitarian / disapproving

run through in anti-clockwise-direction,
2. the parameter µ determining the evolution speed of x(τ) and y(τ),
3. the status of the neutral state being a stable node or focus, an unstable node,

focus or saddle point,
4. the order of the slopes of the equilibrium lines at the neutral state leading

to different numbers of stationary states.

The selected scenarios are listed in the following table and in figure 3.7.

Figure 3.7: Position of the different scenarios with µ = 0.2 in the 4 quadrants
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3.7 Socio-political Interpretation of the Selected Scenarios 21

S
cen

ario

Q
u
ad

ran
t

κ γ β µ Status of neu-
tral state

Slope relations Number of
additional
stationary
states

1 B 0.5 1 1 0.2 unstable saddle f ′yE
> f ′xE

> 0 2

2 B 0.5 0.25 1 0.2 stable node f ′xE
> f ′yE

> 0 0

3 C 0.5 1 -1 0.2 stable focus f ′yE
> 0 > f ′xE

0

4 A 1.1 0.5 0.2 0.2 unstable saddle f ′xE
> 0 > f ′yE

2

5 D 1.1 1 -1 0.2 stable focus 0 > f ′xE
> f ′yE

0

6 D 1.5 1 -2 0.2 unstable focus 0 > f ′xE
> f ′yE

0

7 D 1.5 1 -2 0.05 unstable focus 0 > f ′xE
> f ′yE

0

8 D 2.0 1 -1.2 0.02 unstable node 0 > f ′xE
> f ′yE

0

9 D 1.5 0.25 -0.25 0.2 unstable saddle 0 > f ′yE
> f ′xE

2

10 D 2.0 0.5 -1 0.2 unstable saddle 0 > f ′xE
> f ′yE

4

Table of Selected Scenarios

3.7 Socio-political Interpretation of the Selected Scenarios

We give now an interpretation of the collective evolution of the societies whose
”political moods or climates” are characterized by the trend parameters given in
the table ”Selected Scenarios”. In doing so we take into account the role of the
trend parameters explained in section 2.5.

Scenario 1

This society is rather liberal (κ = 0.5). The
inner inclination of people has a rather strong
influence on the majority formation (γ = 1).
People tend to approve the ruling political line
(β = 1). The inner inclination is moderately
steadfast, slowly moving with (µ = 0.2). Due
to the approval trend (β = 1) the neutral state
destabilizes (saddle) and a moderate publicly ex-
hibited majority (yS) for the ruling political line
stabilizes together with moderate affirmative in-
ner inclination (xS). It depends on initial condi-
tions whether yS > 0, xS > 0 or yS < 0, xS < 0

is approached.
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22 3 ANALYSIS OF THE MODEL

Scenario 2

This society is rather liberal (κ = 0.5). Al-
though people tend to approve the existing po-
litical line (β = 1), they are ”unpolitical” and
therefore have a weak influence (γ = 0.25) on
the majority formation only . The inner incli-
nation moves slowly with µ = 0.2. Under these
circumstances the indifferent balanced state of
majority (yS = 0) and inner inclination (xS = 0)
stabilizes and becomes a stable node.

Scenario 3

This society is also rather liberal (κ = 0.5). How-
ever its political climate differs from scenario 2.
The influence of the inner inclination of people
on the collective political line is rather strong
(γ = 1), but people tend to disapprove all es-
tablishing majorities (β = −1). Thus always a
steadfast inner opposition arises (with µ = 0.2).
This process thwarts the formation of stabilizing
majorities and the neutral state (xS, yS) = (0, 0)
is approached in oscillating manner (i. e. the
neutral state is a stable focus). Politicians may
tend to say ”this society is liberal but not gov-

ernable”.

Scenario 4

This society is in a moderate totalitarian state
(κ = 1.1). Nevertheless it tends to approve the
governing ideology (β = 0.2), but the inner incli-
nation of people has a weak influence only (γ =
0.5). The inner inclination is steadfast, slowly
moving with (µ = 0.2). The result of those trends
is the instability of the neutral state (saddle) and
a straight evolution towards a stable relatively
high publicly exhibited majority (yS) and simul-
taneously to a stable but weak affirmative inner
inclination (xS). It depends on (more or less ac-
cidental) initial conditions whether the ideology

”+” with yS > 0, xS > 0 or the ideology ”−” with yS < 0, xS < 0 is stabilizing.
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3.7 Socio-political Interpretation of the Selected Scenarios 23

The first four scenarios belong to quadrants A, B and C of the trend parameter
plane. The following six scenarios belong to quadrant D with totalitarian but
disapproving societies. They comprise the dramatic cases!

Scenario 5

This society is also in a moderate totalitarian
state (κ = 1.1). However the influence of the
inner inclination of the people on the established
political ideology is rather strong (γ = 1). On
the other hand the disapproving trend against
each arising ideology is also strong (β = −1).
The result is that the neutral state (xS, yS) =
(0, 0) is still a stable focus, but it is approached
only slowly (µ = 0.2) under large oscillations of
the majority variable y (between y > 0 and y <
0) and the inner inclination x (between x > 0
and x < 0).

Scenario 6

This society is in a strongly developed totalitar-
ian state with high opinion pressure (κ = 1.5)
exceeding the attempt of people to take influ-
ence (γ = 1). Due to opinion pressure a long
lasting majority y > 0 for the political ideology
”+” stabilizes at first. This ideology destabilizes
the neutral state, which is now an unstable focus.
On the other hand there exists a very strong dis-
approval trend (β = −2) drawing the inner incli-
nation slowly but steadfastly (µ = 0.2) towards
a strong opposition against ideology ”+”. If the
inner dissidence x < 0 becomes strong and in-

fluential enough, the ideology of the majority eventually breaks down. Then the
opposite ideology ”−” gains momentum in a ”revolutionary” transient period and
develops a strong majority y < 0. This majority y < 0 is at first stabilized by
the persisting opinion pressure. However people have kept their disapproval trend
(β = −2), now drawing their inner inclination slowly but steadfastly towards
strong inner opposition, this time against ideology ”−”. The breakdown of this
ideology follows. A revival of ideology ”+” will happen since the high opinion
pressure persists. The whole cyclic process approaches a limit cycle under the
assumed condition that the parameters κ, γ, β, µ remain constant.
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24 3 ANALYSIS OF THE MODEL

Scenario 7

This society has the same trend parameters κ =
1.5, γ = 1, β = −2 as society 6. It is strongly to-
talitarian, the opinion pressure (κ = 1.5) exceed-
ing people’s attempt to take influence (γ = 1)
with strong disapproval trend (β = −2). The
equilibrium lines xE and yE depending only on
κ, γ, β also agree with those of scenario 6. The
only difference to scenario 6 is the small speed
parameter µ = 0.05. Therefore the very stead-
fast inner inclination goes into opposition with a
very slow speed. This leads to differences in the
flux lines and in the manner how stagnant and

revolutionary phases of the limit cycle are traversed. The breakdown of the ma-
jority y > 0 for ideology ”+” follows soon after x < 0 has passed the value xc(κ)
of the cusp-curve.

Scenario 8

This society is a totalitarian society with very
high opinion pressure κ = 2.0 exceeding people’s
attempt to take influence (γ = 1). The disap-
proval trend β = −1.2 is strong, but not as strong
as in scenarios 6 and 7. The neutral state is now
an unstable node instead of an unstable focus.
This means that initially a majority y > 0 (or
y < 0 depending on initial conditions) is reached
more directly than in the previous scenario 6 and
7. However the disapproval trend (β = −1.2) is
strong enough to let this majority break down.
Again there evolves a limit cycle scenario similar

to that of cases 6 and 7. As the speed parameter is now very slow (µ = 0.02), the
breakdown follows immediately after a sufficient high amplitude of dissident inner
inclination x < 0 has developed and crossed the cusp-curve xc(κ). The movement
in x-direction is proportional to µ and that in y-direction proportional to (1− µ)
(equations (3.2) and (3.3)). Therefore the movement along the equilibrium line yE

is very slow whereas the breakdown at the cusp-curve occurs with an extremely
high speed. This behavior will be dramatic if we are approaching the limit µ→ 0.
The case of µ → 0 together with the different stages 1 to 5 shown in the figure
can be treated in terms of the concepts of catastrophe theory. We will do this in
section 4.
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3.7 Socio-political Interpretation of the Selected Scenarios 25

Scenario 9

This society is ”the dictators and his supporters
hope and simultaneously fear”. It is only stable
by pressure maintained against a dissident popu-
lation. A stronger disapproval trend β < 0 could
lead to the breakdown of the majority as in the
scenarios 6, 7 and 8. It is totalitarian with high
opinion pressure (κ = 1.5). The people’s inner
inclination has a weak influence (γ = 0.25) on
the collective majority formation only, and peo-
ple have a weak disapproval trend (β = −0.25)
as well. The neutral state is an unstable saddle,
and due to the opinion pressure there develops

a ”self-organizing” collective majority y > 0 (or y < 0 depending on the initial
conditions). The weak disapproval trend (β = −0.25) is not sufficient to develop
a disinclination amplitude x < 0 strong enough to destabilize the majority y > 0.
Therefore eventually a stationary state (yS > 0, xS < 0) is reached where yS > 0
is a strong majority stabilized by opinion pressure only and xS < 0 is a state of
inner dissidence too weak to destabilize yS.

Scenario 10

This society is ultra totalitarian. Its opinion pres-
sure κ = 2 > κT (γ) is extremely high and exceeds
the value κT (γ) (see figure 3.6) whereas the incli-
nation influence is low (γ = 0.5). The cusp-curve
xc(κ, γ) is now outside the domain of definition
|x| ≤ 1. In spite of a strong disapproval trend
(β = −1) the flux lines can never cross the cusp-
curve. A stationary state either (yS > 0, xS < 0)
or (yS < 0, xS > 0) is eventually reached, sim-
ilar to that of scenario 9. This society is ”the
dictator’s dream” because for the given values
κ > κT (γ) and γ the dynamics of the variables

x(τ) and y(τ) can never lead to a breakdown of the totalitarian regime, even if β
grows to more extreme negative values.

What is then ”the people’s hope”, that is the hope to get rid of the established
totalitarian regime? The two possibilities remain:

• The inner socio-political state of the system can change. This can happen
by change of the trend parameters, for example by reducing κ through more
reason and less ideology within the elites of the regime (i. e. reform from
above) or by increasing the inclination influence γ. This increase could lead
from κT (γ) < κ to κT (γ) > κ (i.e. back from scenario 10 to scenarios 6 or
7).
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26 4 THE LIMIT OF CATASTROPHE THEORY

• The more risky (but perhaps unavoidable) way with indefinite result is an
interference from outside with the purpose of ”regime change”. This possi-
bility is beyond our model design. In any case a weighing of chances and
risks of this way should take place beforehand.

4 The Limit of Catastrophe Theory

Two of the scenarios comprised within our model, namely scenario 7 and 8, ex-
hibit almost discontinuous changes between stagnant and revolutionary phases.
Discontinuous behavior is, on the other hand, central to the approach of catastro-
phe theory. Therefore it is interesting to discuss the relation of both approaches
by means of the present model.

The starting point of elementary catastrophe theory (CT) is a mathematical theo-
rem of René Thom. He starts from a set x of variables xi(t) satisfying the gradient
dynamics dxi/dt = −∂V (x, c)/∂xi, where the potential V depends on the dynamic
variables xi as well as on constant control parameters c. Now the equilibrium de-
fined by ∂V (x, c)/∂xi = 0 is considered. It establishes a nonlinear relation between
the equilibrium values of xi and the control parameters c. There may belong one
or more equilibrium values x to a given set of c. This means that a discontinuity
can occur. In its vicinity the nonlinear relation can be cast into a ”canonical”
form. For the cases of one or two variables (x) and up to four control parameters
(c), Thom thus arrives at the standard form of ”seven elementary catastrophes”.

Let us now go into details of this limiting case for which our model coincides with
catastrophe theory.

4.1 The Potential Limit

We can write the differential equations (3.2) and (3.3) in the general form

dy

dτ
= f(y, x; ν, κ, γ) and

dx

dτ
= g(x, y;µ, β). (4.1)

Now we ask whether there exists a global potential W (y, x;κ, γ, β, ν, µ) allowing
to write the equation (4.1) in the form

dy

dτ
= −∂W

∂y
;

dx

dτ
= −∂W

∂x
. (4.2)

The necessary and sufficient condition for the existence of such a potential W
would be

df

dx
= − ∂

2W

∂x∂y
=
dg

dy
= − ∂

2W

∂y∂x
. (4.3)

Evidently this condition for f(y, x; ν, κ, γ) and g(x, y;µ, β) is not fulfilled.
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4.1 The Potential Limit 27

However there exists a limit case corresponding also to the important scenarios 7
and 8 of section 3 for which a potential can be constructed. This is the case where
the variable x is practically at rest. In this case we put

µ = ε; ν = 1− ε; x(τ) ≈ x0; with ε� 1. (4.4)

Since now y(τ) is the only dynamical variable one can write

dy

dτ
= f(y, x = x0;κ, γ, ν) = −∂V (y, x0;κ, γ, ν)

∂y
(4.5)

where the potential V is constructed by

V (y, x0;κ, γ, ν) = −
∫
f(y, x0;κ, γ, ν)dy + c(x0), resulting in

V =
2ν

κ2
{κy sinh(κy + γx0)− (1 + κ) cosh(κy + γx0)}+ c(x0) .

 (4.6)

Here c(x0) is a constant of integration which may depend on x0.

The extrema yE of V are given by

∂V

∂y

∣∣∣∣
y=yE

= −f(yE, x0;κ, γ, ν) = 0 (4.7)

leading to yE = tanh(κyE + γx0). (4.8)

This equation is identical with equation (3.21) of the equilibrium line y = yE(x0;κ, γ)
of equation (3.3).

The potential V is a function of y depending on
the four parameters x0, κ, γ and ν. The depen-
dance on κ and x0 is relevant, whereas the de-
pendance on ν and γ leads only to scaling and
shifting effects of V and y. The following cases
shown in the figure have to be distinguished:

For κ < 1 the potential has one minimum only
(domain D0 of figure 3.6).

For κ > 1 and x0 < xc the potential has two
minima and one maximum in between (domain D3). With increasing x0 the left
minimum becomes more shallow and mutates for x0 = xc to a point of inflection,
whereas the the right minimum becomes deeper.

For κ > 1 and x0 > xc only the right minimum survives (domain D1+).

The corresponding holds for x0 < 0. In this case the graphs are reflected at the V
axes.

In catastrophe theory it is usual to show y = yE(x0, κ, γ = 1) instead of the
potential. yE presents the extrema of V (i. e. ∂V

∂y
= 0). Figure 4.1 shows the

area of yE as well as the cusp-curve in the three dimensional space. The analytic
form of the cusp-curve was given in equations (3.28) and (3.29). Its projection
(x = xc(κ)) and the graphs of yE(x;κ) for discrete values of κ were presented in
figures 3.5 and 3.6.
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28 4 THE LIMIT OF CATASTROPHE THEORY

Figure 4.1: The surface of extrema yE(x0;κ, γ = 1) of the potential V (y;x0, κ, γ =
1, ν = 1) over the (x0;κ) plane with the cusp-curve separating threefold and unique
domains

4.2 Political Opinion Formation in Terms of Catastrophe
Theory

We now focus on the limit case (4.4) of a very steadfast (i. e. slowly changing)
inner inclination x(τ) ≈ x0. The motion of y(τ) then follows in a very good
approximation the gradient of V (y, x0;κ, γ, µ = 1− ε) at the momentary value x0

of the slow variable. Then, and only then, it can be described in the stylized and
illustrative terms of catastrophe theory. We discuss two important cases.

• The first case is a liberal society with very low opinion pressure κ � 1
belonging to domain D0 in the (x0, κ) plane. The potential V (y, x0;κ) has
exactly one minimum and the surface ∂V/∂y = 0 is unique. According to
equation (4.5) the variable y(τ) will relax along the slope of the potential
towards its ”equilibrium value” yE = tanh (κyE + γx0) determined uniquely
by x0, κ and γ. If x0 moves slowly y(τ) will then follow. It is consistent with
this dynamics to consider x (the inner inclination) as causative variable and
y (the majority variable) as reactive variable. This assumes prevailingly a
bottom-up interaction between the individual and collective level.

• The second case assumes an extremely totalitarian society with high opinion
pressure (κ = 2.0) and simultaneously a high disapproval trend (β = −1.2).
Suppose the inner inclination x0 is very steadfast (i. e. developing very
slowly but consistently with µ = 0.02 � 1). This case (see scenario 8)
can be treated in terms of catastrophe theory, making use of the potential
V (y, x0;κ = 2.0, γ = 1, β = −1.2). In the totalitarian domain (κ > 1) the
potential has for |x| < |xc| two minima and one maximum in between and
for |x| > |xc| one minimum only. The corresponding holds for the surface
∂V/∂y = 0 with the unique and threefold part (see figure 4.1).
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4.2 Political Opinion Formation in Terms of Catastrophe Theory 29

Figure 4.2: The hysteresis loop traversed by a totalitarian society with κ = 2.0 in
the (yE, x0, κ) space

The society of scenario 8 traverses in a very good approximation the ”hysteresis
loop” shown in figure 4.2. This represents in the stylized version of catastrophe
theory the limit cycle in scenario 8.

We now distinguish five stages of dynamics and the pertaining shape of the po-
tential engendering this dynamics (see figure 4.3).

• Initial state:
We start with an indifferent inclination x0 = 0 whereas y(τ) has already
reached the equilibrium value yE+(x0 = 0), one of the potential minima.

• Stage 1
The disapproval trend β = −1.2 has slowly drawn the inner inclination to
x0 = −xc and changed the potential. y(τ) has slowly reached yE+(x0 = −xc).

• Stage 2
The potential minimum at yE+(x0 = −xc) disappears. While x0(τ) stays at
−xc the majority variable y(τ) jumps quickly from yE+(−xc) to yE−(−xc),
the only surviving minimum.

• Stage 3
Drawn by the disapproval trend x0(τ) moves slowly from −xc to +xc. Si-
multaneously y(τ) slowly traverses the equilibrium values from yE−(−xc) via
yE−(x0 = 0) to yE−(xc). The potential changes correspondingly.

• Stage 4
The potential minimum at yE−(xc) disappears. While x0(τ) stays at +xc the
majority y(τ) jumps quickly from yE−(xc) to yE+(xc).

• Stage 5
Drawn by the disapproval trend x0(τ) slowly moves from xc to x0 = 0. y(τ)
slowly traverses the equilibrium values from yE+(xc) to yE+(x0 = 0). The
system has returned to the initial state.

Evidently there occurs a dramatic change between
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Figure 4.3: Stages of dynamics traversed by a totalitarian society and pertaining
shape of the potential

• stages 1, 3 and 5 where y(τ) stays in quasi-equilibrium and
• the revolutionary stages 2 and 4 where y(τ) loses one collectively stabilized

equilibrium and jumps quickly into the equilibrium belonging to the ”anti-
ideology”.

The mathematical reason for the differences between the slow quasi-equilibrium
stages and the fast revolutionary stages is apparent:

• In the stagnant stages 1, 3 and 5 the motion of y(τ) and x(τ) is slow because
y(τ) is in the vicinity of the equilibrium value yE+ respectively yE− and x0(τ)
moves slowly with µ� 1.

• In the revolutionary stages 2 and 4 the motion of y(τ) is fast because y(τ)
must run down the slope of V (y, x0, κ, γ, ν) in order to reach the only re-
maining minimum of V . The motion of x0(τ) remains slow due to µ� 1.
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the model to the important and completely different case of the formation of buy
or sell decisions among investors.
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