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GOODNESS OF FIT FOR LATTICE PROCESSES

JAVIER HIDALGO

ABSTRACT. The paper discusses tests for the correct specification of a model
when data is observed in a d-dimensional lattice, extending previous work
when the data is collected in the real line. As it happens with the latter
type of data, the asymptotic distribution of the tests are functionals of a
Gaussian sheet process, say B (v), v € [O,w]d. Because it is not easy to find a
time transformation h (v) such that B (h (v)) becomes the standard Brownian
sheet, a consequence is that the critical values are difficult, if at all possible,
to obtain. So, to overcome the problem of its implementation, we propose to
employ a bootstrap approach, showing its validity in our context.

JEL Classification: C21, C23.

1. INTRODUCTION

The paper is concerned with testing the goodness of fit of a parametric family
of models for data collected in a lattice. More specifically, we are concerned with
the correct specification (or model selection) of the dynamic structure with time
series and/or spatial stationary processes {w (t)},o;, defined on a d-dimensional
lattice. The key idea of the test is to compare how close is the parametric and
nonparametric fits of the data to provide support for the null hypothesis. In the
paper, we shall explicitly consider data for which d < 3. The motivation lies in the
fact that the most often type of data available in economics is when d = 2, say with
agricultural or environmental data, or when d = 3. An important example of the
latter is the spatial-temporal data sets, that is data collected in a lattice during a
number of periods. However, we ought to mention that extensions to higher index
lattice processes can be adapted under suitable modifications.

All throughout the paper we will assume that the (spatial) process {z (¢)},czq
can be represented by the multilateral model

(1.1) e(t)—p=Y d(elt—5), D () <o ¥(0)=1,
jezd jezd
for some sequence {e (t)}, 5 satisfying E (¢ (¢)) = 0 and E (¢ (0) € (£)) = 02Z (t = 0),
where 7 (-) denotes the indicator function. Notice that because our model is multi-
lateral, the sequence {€ (t)},.,a loses its interpretation as the “prediction” error or
that it can be regarded as innovations. Under (1.1), the spectral density function
of {x (t)},cz4, f(A), can be factorized as
o’ 2 d
F)=——=5¥MNI", Acll
(27)

where II = (—, 7] and with U (A) = 3", 749 (4) e~A, The function ¥ ()\) sum-
marizes the covariogram structure of {z (t)},.,a, which is the main feature to obtain

Date: 10 November 2008.
Key words and phrases. Goodness of fit tests. Spatial linear processes. Spectral domain.
Bootstrap tests.
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2 JAVIER HIDALGO

accurate prediction/extrapolation and/or interpolation (kriging) in the case of spa-
tial data. Notice that the ultimate aim when modelling data is nothing but to
predict the future. Henceforth the notation “j - A” means the inner product of
multi-indices j and A of dimensional d. Also, any element a that belongs to Z<¢
(or T1%), the d-fold Cartesian product of the set Z (or IT), will be referred to as a
multi-index of dimension d. Also, we shall write, say, a = (a[1],...,a[d]) with the
square brackets used to denote the components of a.

The aim of the paper is to test whether the data support the null hypothesis
that ¥ () belongs to a specific parametric family

(1.2) H={Ts(\):0c O},

where © C RP is a proper compact parameter set. That is, we are interested on
the null hypothesis

(1.3) Hy : VYA € [—7, 7] and for some 6y € ©, | (A)]> = [Ty, (V)]°.

The alternative hypothesis H; is the negation of Hy. Alternatively we could have
formulated the null hypothesis in terms of the covariogram {v(s)} ., where
v(s) = Cov(x(t),z (t+ s)). That is, the null hypothesis is that the covariogram
follows a particular parametric family, say {7y (s)},cza = {7y (5)};cz4, Where from

now on we denote ¥ = (9',0?)/. This is the case after observing that for any

stationary spatial lattice process { (t)},cz4, the spectral density f(A) and the
covariogram - (s) are related through the expression

g} (8) Jpa f N e 2an a
{ fnd fﬂ e_is,)\d)\ N CES Z .
One parameterization of (1.1), or (2.12) below, is the ARM A field model

P(L)(2(t) —p)=Q(L)e(t),

, d
where denoting henceforth for muti-indeces z and j, 27 = H

2 [0 ) with the
=1

convention that 0 = 1,
P(z)= a(s a0)=1 Q@)=Y 8 AO)=1
Jjezd Jjezd
are finite series in Z% That is, only a finite number of the a (j)' s and 3 (j) s
coefficients are non-zero. For instance the ARM A field model given by

k2

> a@)(@(t-4) - Z B(et—17) «a(0)=p(0)=1

j:*k}l ]—7£1

whose spectral density function is

2
‘Z]—fél )eU )“
27r .
sty )

Notice that the ARM A field model becomes a causal representation if the poly-
nomials @ (L) and P (L) are both unilateral. It is worth mentioning that Whittle
(1954) showed that, almost any given stationary bilateral scheme on a plane lat-
tice, there corresponds a unilateral autoregression having the same spectral scheme
although not necessarily of finite order as is the case when d = 1. See also Guyon
(1982a).

fF) =
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Another parametric model of interest is the extension of the classical Bloomfield
(1973) exponential model, see also Whittle’s (1954) Section 6, to processes in a
lattice. These models are characterized as having a spectral density function

fo (N :Jgexp{—Za(&H)cos(€~)\)},

£<0

where “<” denotes the lexicographical (dictionary) ordering which is defined as
j=ke@>0)VMi<O) Gl =kENGE] <E[]),

that is, if one of the terms j[¢] < k[{] and all the proceeding ones are equal. For

instance, when d = 2, we would then have that, say, £ < 0 corresponds to the half

plane of Z2, Z = {(eQ1],€[2)) ez¢: (£[1] =0AL[2] <0) VL[] <0}. Observe

that if we allowed ¢ in the last displayed equality to belong to Z? the model would
not be then identified as cos (£ - X) = cos (—£ - \).

When d = 1, the problem of testing a specific dependence structure of the
data is very exhaustive and prominent. Different tests have been formulated using
either the spectral density or the autocorrelation functions. Regarding the former,
we can cite among others, the pioneer work by Grenander and Rosenblatt (1957)
to test for the null hypothesis of white noise dependence. A classical test using
the autocorrelation function is the Box and Pierce (1970) statistic. For a latter
reference, see Delgado, Hidalgo and Velasco (2005) and references therein. In the
paper, we have chosen to employ frequency domain techniques or to base the test
in terms of the spectral density function, contrary to a “time domain” approach
based on the covariance/variogram structure of the data.

Our tests fall into the category of goodness of fit tests as we do not specify any
particular alternative model or family. The tests are based on a direct comparison
between two estimates of the spectral density function in a way similar to the well
known Hausman-Durbin-Wu’s test. That is, they rely on the comparison of two
estimates: one which is only consistent under the null, whereas the second (less
efficient) estimator is consistent under the maintained hypothesis. Although the
literature when d > 1 is not very vast and exhaustive, some work has already been
done, see for instance Diblasi and Bowman (2001) or Crujeiras et al. (2006). How-
ever, our work differs from theirs in that contrary to Diblasi and Bowman (2001)
we do test for general specifications and that contrary to Crujeiras et al. (2006)
our test does not involve any bandwidth or smoothing parameter. In fact, the lat-
ter approach uses the distance between a smooth estimator of the spectral density
function and its parametric estimator under Hy. This approach provides asymptot-
ically distribution free tests under suitable conditions on the smoothing parameter,
see for instance Hong (1996) or Paparoditis (2000) among others. However, the lat-
ter approach seems to be a mere artifact when testing for a particular parametric
family and the final outcome of all these tests may depend on the arbitrary choice
of the bandwidth parameter(s) for which no relevant theory is available for testing
purposes. That is, there are not rules available on how to choose the bandwidth
parameter with empirical data. In fact, we might face the strange situation that
with the same data set two different practitioners might conclude differently. The
latter is clearly not very desirable from both theoretical or applied stand point of
view. So, in this context, one of our main motivation is to extend goodness-of-fit
tests examined and described when d = 1 to d > 1, where we do not require the
choice of any bandwidth parameter. For that purpose, we rely on the periodogram
which although it is not a consistent estimator for f (1)), its integral is a consistent
estimator of the spectral distribution function as the integral is the most natural
smoothing algorithm.
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The remainder of the paper is organized as follows. In the next section, we
present the test and examine its asymptotic properties when the true value of the
parameter 6y is known, whereas Section 3 extends these results to more realistic
situations where we need to estimate the parameters of the model. Because, the
asymptotic distribution of the test in the latter scenario is not pivotal and model
dependent, Section 4 describes the bootstrap test showing its validity. Section 5
gives the proof of a series of lemmas employed in the proof of our main results in
Section 6.

2. TESTS WHEN THE PARAMETERS ARE KNOWN

This section discusses and examines how we can test the null hypothesis Hy
given in (1.3). That is, the hypothesis

2 ~
S W, (N VYA e for some value 6,

(2m)"
when the “true” value of 6y is known, and where herewith II% denotes [0,7] x
[—m, 7], that is A € II? if A[1] € [0,7] and A[f] € [—7, 7] for £ = 2, ..., d. Before
we introduce and describe the test, we notice that we can alternatively state the
null hypothesis Hy as

a

Hy: f(\) =

(2.1) Hy : gz 8; =11 ATW for all A € [0,7]¢,
0 (=1

where Gy (\) = 2f:\/\ Wy (w)| 2 f (w) dw with the notation
Al

A ] Al2] Ald]
(2.2) =] L
Iz (1[1]n0) Jpf2] d]

Under Hyg, Gy, (A) is the spectral distribution function of the lattice process {e (%)},
and Gy, (1) = o2. Notice that by symmetry of f()), it is irrelevant which coor-
dinate we choose to belong only to [0, 7] as the choice does not affect the value of
Gy (M) and so the value of the test given below.
d

Given a record {z (¢)};_, and denoting henceforth N = Hz—1 n[¢], a natural
estimator of Gy, (A) is
[AX/m]

1

éG,N ()\) —9_ I ()‘j)

— g
j=—[AX/n] [Wo ()‘j)‘

where, for a generic sequence {v (¢)};_;, I, (\) denotes the periodogram
2

; ) eI

n

Z v (¢) e itA

t=1

Iv (/\) = N

and similarly to the definition of f:, we employ henceforth the notation

[/ ) [A[1]p[1]/7] [A[2]p[2]/7] [7[d]p[d]/~]

(2.3) > o= > > > ,

j=liw/x]  jl=[a0v1]/x], j[2]=[A2]v[2]/x]  jld]=[n[d]v]d]/7]

where [g] , = max {[g|,1}. Also we have abbreviated [n [¢] /2] by 7L [¢] for £ =1, ...,d.
[/ 7]

j=lav/=]
can take Ex (t) = 0 or assume that x (¢) has been already centered around its sample
mean. It is often the case that in real applications, in order to make use of the fast

Fourier transform, the periodogram is evaluated at the Fourier frequencies, that is

As usual we have excluded the frequency A; = 0 from the sum > so that we
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ot

A = ()\k[l],...,)\k[d])/, where with k[1] = 0,1,...,72[1] and k[¢{] = 0,£1,...,£0[{]
for{ =2,...,d,

2mk (]

)\k[@] = Tm, é == ].7 7d

Unfortunately, as noted by Guyon (1982b), due to nonnegligible end effects, the
bias of I (A;) does not converge to zero fast enough when d > 1, so that it would
have unwanted consequences. One of these is that the Whittle estimator of 1, see
Guyon (1982b), does not have the standard asymptotic properties as when d = 1.
Because of that, in the paper, we shall employ the taper periodogram defined as

(2.4) 17 () = [wf ()],

for a generic sequence {v (¢)};_, and

wT ()\j) Z eit N
v 1 2
Hor 1h2 (S o)

is the taper discrete Fourier transform. Tapering is primarily a technique employed
to reduce the bias of the “standard” periodogram I, (A). Notice that when h (t) = 1
we have that the taper discrete Fourier transform w? ()\;) becomes the standard
discrete Fourier transform (DFT). It is worth mentioning that to alleviate the bias
problem, alternative procedures to tapering have been proposed. One of these
proposals was due to Guyon (1982b), who replaced the periodogram by

I* Ak d Z 72h.)\k7

( heD

where 7, (h) = N+|h\ Y v@v(t+h)and D ={h: —n[f] < h[l] <nl[l]; { =
1,...,d}. However, Dahlhaus and Kiinsch (1987) have criticized the use of I} (Ax) on
the grounds that the Whittle estimator, see (3.1) below, loses its minimum distance
interpretability and that the objective function possesses several local maxima. The
latter implies that to obtain the maximum of the Whittle function becomes more
strenuous. Another possibility is the one described by Robinson and Vidal-Sanz
(2006). The latter proposal will be helpful when d > 4. However as we only consider
explicitly the most common scenario d < 3, it suffices for our results to hold true
to employ the taper periodogram I (Aj)-

The benefits of tapering can be seen following the properties of the cosine-bell
(or Hanning) taper, which is defined as

d
(2.5) h(t) = 2—1d H he (L[E]);  he(t[l]) = (1 oS (QZt[l[fg) '
=1

Indeed, denoting the taper Dirichlet kernel by DI (A [{]) = Zt 1 he (£[0)) PN,
we have that

(2.6) sup  [DI(A[0)] =0 (mm{ [é],n[f]_2|)\[€]|_3}).

n[€],A[£]>0

The immediate consequence of property (2.6) is that the bias of the taper peri-
odogram is of smaller order of magnitude than the one of the standard periodogram.
Observe that

27 Df (\jg) = 61/2{ De (Aje-1) +2De (Njg) = De (Ajier1) }
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where Dy (A [{]) = Z:L[[Zti]:l eI §s the Dirichlet kernel. Tt is worth observing that
the standard DF'T and the cosine-bell taper DFT are related by the equality

d
1
(28)  wr () = o7z [T [=ww Qyig-1) + 200 (Nig) — we (Mjia1)] -
=1

In the paper we shall explicitly consider the cosine-bell, although the same results
follow employing other taper functions such as Parzen or Kolmogorov’s tapers.

The formulation of Hy given in (2.1) suggests to use the Bartlett’s T}, — process
as a basis for testing Hy. The T}, — process is defined as

Gon (V) H( )] xe o,

(2.9) agn (A) =27 12N1/2

Gon(m) -
where
[AX/7] T
1 I (\)
(2.10) Gon (N\) =2— —= e
N zn:,\/Tr |\Ij9 ( )‘2

It is worth mentioning that similarly we might have employed the U, — process as
Grenander and Rosenblatt (1957) did. The latter is defined as

[2A/x]
1
UvN =25 > {IF Oy = o2[¥ ()1}
j=—[ixr/x]

One motivation to employ ag n () instead of Uy n (A) is that the latter statistic
is not invariant to the variance of {e(t)},c;q as is the former statistic ag, n ())
n (2.9). Notice that because we have excluded the frequency A; = 0 from the

deﬁnltlon of > ")‘/ﬂm/ﬂ] and ap n (A) is scale invariant, it is easy to show that a
linear transformation of the data does not change the value of ag y and therefore
we can assume, without loss of generality, that Ex (t) = 0 and Var (¢ (t)) = 1.

One rational of the statistic ag n () follows from the observation (see Lemma 4

in Section 5) that under Hy, we have that
Iy (A\)) T
g

o, (A)I°

where “a < b’ means that a[f] < b[{] for all £ = 1,...,d. Also, observe that
0 < j[1] < n[l] whereas —n[f] < j[¢] < n[f] for £ =2,..,d.

Thus, from the previous observation, we can expect that ag, v will be asymp-
totically equivalent to Bartlett’s U, — process for {e (t)},czq, i-e.

k1 (2]

{=1

max
—A<j<n

(2.11) ¥ (\) =27 V/2N1/2

with G, (\) = 2+ Z[TL)L/EZA/W] IT(N;), Aeo, 7]%. Observe that the U, — process
oy and the T}, — process ag, n are identical when {z (£)},c54 is a “white noise”
lattice process.

Let us introduce the following regularity conditions.

Condition C1: (a) {€(f)},cza in (1.1) is a zero mean independent identically
distributed sequence of random variables with variance 02 = 1 and finite
4th moments with k. denoting the fourth cumulant of {6( ) ieza

(b) The multilateral Moving Average representation of {x (t)},.,a in (1.1)
can be written (or it has a representation) as a multilateral Autocorrelation
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model

(2.12) Y EGat—g=e@) £0)=1,

jez

where £ (5) is the coefficient of 27 in the Fourier expansion of £~ (z), where

L) =L,z = S v ().

Jjez?

d
Condition C2: N = He—l n [¢], where n[¢] < 7 for £ =1,...,d, and “a <’

means that C~1 < a/b < C for some finite positive constant C.
Condition C3: {h(t)};_, is the cosine-bell taper function in (2.5).

We now comment on Conditions C1 to C3. Part (a) of Condition C1 seems to
be a minimal condition for Proposition 1 below to hold true. Observe that due to
the quadratic nature of a%;, for the latter to have finite second moments, we require
finite fourth moments of {e (t)},c4. Also we have assumed that the true value of o2
is 1. The latter follows from our comments made after the definition of Gy n () in
(2.10). However, we shall emphasize that we are not saying or suggesting that the
true value of o2 is known, only that it is equal to 1. Sufficient regularity conditions
required for the validity of the expansion in (2.12) is ¥ (z) be no zero for any z [¢],
¢ =1,...d, which simultaneously satisfy |z[1]| = 1,...,|z[d]| = 1 at least when the
Mowing Average representation is of finite order. The latter implies that f (1)) is a
positive function.

Looking at the proof of Proposition 1 below, and then that of Theorem 1, it
appears that we do not need to assume finite fourth moments of the sequence
{e(t)},cz- The reason is similar to the work of Anderson and Walker (1964).
However, as in the more realistic situation when we need to estimate the unknown
parameters of the model, we require finite fourth moments to obtain the asymptotic
properties of the estimates, we have just preferred to leave the condition as it stands.

Condition C2 can be generalized to the case where the rate of convergence to
zero of n~1 [¢] differs for different ¢ = 1,...,d. However, for notational simplicity we
prefer to leave it as it stands. On the other hand, in C3 the taper function employed
for the asymptotics to follow can be more general, as those given by Kolmogorov’s
or Parzen’s tapers. In fact, in situations where d > 3, it might be needed for the
results of the paper to follow. However, as the most important cases in empirical
applications are covered in the paper, we shall leave the cosine-bell taper explicitly
as the taper function to be employed.

The empirical processes ol (\) and ag, x (A) given in (2.11) and (2.9) respec-
tively are random elements in D [0,7]%. The functional space D [0,7]% is endowed
with the Skorohod’s metric (see Billingsley, 1968 or Bickel and Wichura, 1971) and
convergence in distribution in the corresponding topology is denoted by “=".

Proposition 1. Under C1 — C3, we have that

(2.13) % (\) = B(\) =B (A) - f[ (Aw) B(1) Ae0,a]

™ T
=1
where {B (u):u €0, 1]d} is the standard Brownian sheet.

Remark 1. Recall that the covariance structure of the standard Brownian sheet is

d
Cov (B (u),B (v)) = H(u [ Av[l]), foru,vel0,1]".
=1
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Proposition 1 extends Grenander and Rosenblatt’s (1957) results when d = 1,
although under stronger conditions than the ones we have assumed in this paper.
In particular, we do not need to assume eighth bounded moments.

To establish the asymptotic equivalence between oy, n and oYy, we introduce
the following smoothness condition.

2
Condition C.4: |U ()\)|* = > jeza ¥ () e~ is a positive and continu-
ously differentiable function on [—, ﬂd.

Our main result of this section is the following theorem.
Theorem 1. Consider (1.1) and assume C1 — C4. Then, under Hy,
agon(A) =B\  Aelo,x]*.

Proof. The proof is an immediate consequence of Proposition 1 and Lemma 4 after
we observe that Lemma 4, with ¢ (A\) = 1 there, implies that

NY2 sup |Goyn (\) — GY (V)| =0, (1)
xefo,m]¢

Gog.n(N) _ G (V)
GQO,N(W) G[I)\,(Tk’)

so that N'1/2 SUP¢(o,7)4 ‘

= 0, (1) by standard algebra. O

Remark 2. An immediate conclusion from Theorem 1 and Proposition 1 is that
(2.14) Gog.n (1) — 02 = O, (N—1/2) .

We now comment on the result of Theorem 1. The theorem indicates that oy, n
is asymptotically pivotal. One consequence is that critical regions of tests based on
a continuous functional 7 : D [0,71]* — RT can be easily obtained. Different func-
tionals 7 lead to tests with different power properties. Among them are omnibus,
directional and/or Portmanteau-type tests. For example, classical functionals which
lead to omnibus tests are the Kolmogorov-Smirnov (1 (g) = supy¢o - |9 (A)]) and
the Cramér-von Mises (17 (g) = 7=% [T_g(\)*d)\).

In fact we have the following corollary.

Corollary 1. Under Hy and C1 — C4, we have that for any continuous functional
d )

n (). n(ag,N) =1 (B)'

Proof. The proof follows from Theorem 1 and the continuous mapping theorem. [

Unfortunately, the results of Theorem 1 and Corollary 1 are only valid when
the “true” value of Ay is known, which in practical situations is unrealistic. The
question is then how are our previous results affected when we estimate 6y7 This
is the topic of the next section.

3. TESTS WHEN THE PARAMETERS ARE UNKNOWN

This section extends the results of Section 2 to the more realistic situation where
we need to estimate the parameters 6y to implement the test. That is, we replace
6o in ap, v (N) by an estimator, for example 0 given in (3.1) below. In this scenario,
drawing the terminology from Durbin (1973), we say that our null hypothesis Hy
becomes a composite hypothesis.

A popular estimator of ¥, = (), 0?) is the Whittle (1954) estimator defined as

g

~

Ve = i ‘9),
s, g, 27 (0)
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where Q° (9) = [ {log fo (A + %} d) or in its discrete version

(3.1) 9= arg 19erganRJr On (9),
where

— i ﬁ o) j M
(3.2) On (19) — Nj;ﬁ {1 g fo (/\J)"' (27T)df19 ()\j)}

with fg (A;) = 02 W (A))]/ (27T)d and © C RP? is a compact set. Recall our notation
given in (2.3) and that the true value of the variance of ¢ (t) is unknown.
In this scenario, the T,, — process ag,,n (A) becomes

n d
(3.3) az y (N) =27 1/2N1/2 [S;)N(A) -1 (%M])] . Ae o],

9.N (7) =1

where Gy n () is given in (2.10).
It is worth noticing that, contrary to the standard causal models, as Whittle
(1954) first noticed, the estimator of ¥y obtained by

n

H—argmln— Z 3 Ge= z":

j=—-n Jj=—n 9 -7)‘

is inconsistent. The main reason for the lack of consistency of 0 is that when the
model is not causal [* ¢, (A) dA # 0, where from now on we write

(3.4 20 () = < log 1 ()

and ¢, (V) = Zlog fy (V) = (¢ (V) ,052)".
Let’s introduce the following regularity conditions.

Condition C5: 0 is an interior point of the compact parameter set © C RP.

Condition C6: [Ty ()\)| is a positive and twice continuously differentiable
function in 6 on [, 7]%, and continuously differentiable function on [—, 7]
for all 8 € ©.

Condition CT7: If 61 # 5, then Wy, (A) # Ty, (A) inaset A C [—m, 7] with
positive Lebesgue measure.

The conditions imposed on © and the model (1.1) or (2.12) are standard so that
we omit any comment on them. Let
(3.5)

QN = Z by (A {szw(?j))z - 1}; Qu.N = % D da(Ng) oy (V)

J—f’ﬂ j=—n

and also, recalling our notation in (2.2),
dy=21)"" [ Sy(N)dX and Ag=27)"" [ 6y () &l (A)dA

Notice that we write explicitly o2 as it is a parameter in itself.

Condition C8: Ay, is a continuously positive definite matrix.

Theorem 2. Under C1-C8 and C5 — C8, we have that
NY2 (3 = o) 4 N (0,205 Vi, A5))

where Vi, = 2Ag, + ke (35/18)7 @y, @/, .
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Proof. First, by definition, we know that

~

——1
19 - 190 = _Qg’Nqﬂo,]\h

where 9 is an intermediate point between ¥y and 57 gg,N is given in (3.5) and @1971\,
is given by

1 & / 0% fs (M) Iy ()
Qon+ Zﬁ (2% (Aj) @ (Aj) — 9909 ) {JZ 50 O 1}

= Qun+o,(1)

by Lemma 5 and that 0 — 9y = op (1) by Lemma 6. On the other hand, by

Brillinger (1981, p.15) and standard arguments, since ¢ — ¥y = 0, (1), we have that
Q3 n — Mo, = 0p (1). Next, by Lemma 4 with ¢ (\) = ¢y, (A;) there,

Goow = 3 D2 b0, O {IF ) = 1} +0, (1)

j=—

From here the proof proceeds as in Robinson and Vidal-Sanz (2006). g

Looking at the proof of Theorem 2, and denoting in what follows

%mwm>éd}mmwm>%ww
Pon () = e -2 D0 @0n)s Bow ) = Fon (0,0)

with ¢y (A) given in (3.4), standard algebra establishes that the Whittle estimator
9 in (3.1) satisfies the asymptotic linearization

J oo 13 " 1 (0
v 190 B QﬁmN — ¢90 (A) oo (d/\) * /771' ¢190 (A) d)\N j:z—ﬁ ((27T)d f190 ()\j) 1)

(3.6)
+op (N*I/Q) .

Now using (3.6) and defining

A 1 PR WU T o~
Qoo (A\) =B (\) — (W /49000 (A) dA)A 1(90)/4%07N (A) B (d)),

where Ay = ﬁ I 26 (X) @y (A) dA, we obtain the following result.

Theorem 3. Under Hy and assuming C1 — C3 and C5 — C8, uniformly in X € [0, 7],

[AA/7] 7
1 - ~_4 1 .
(a) G N A = O‘ON (A) — N E <P/90,N (/\j) Aeol,NN E @éO,N (/\j)IaT (Aj)

j=—[AA/n] i=n

+OP (1) s
and Rg.x =+ Y7 Bo v (N) Bon (A)-

(0) og x = Qoo-
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Corollary 2. Let 7y = 7 (a§ N), where n(+) be a continuous functional n :

D [O,W]d — R. Under Hy and the same conditions of Theorem 3, we have that

. d
Ny = ().
Proof. The proof follows from Theorem 3 and the continuous mapping theorem. [J

The main conclusion that we draw from Theorem 3 is that the T)-process o 5
is no longer asymptotically pivotal, so that the immediate consequence is that tests
based on 7, for example the Kolmogorov or Cramér-von Mises’s statistics, are not
useful for practical purposes as its asymptotic critical values are difficult, if at all
possible, to obtain. To compute the critical values of the asymptotic distribution of
7N, several approaches have been described and examined. A first approach makes
use of a bandwidth parameter that must behave in some required sense. This pro-
cedure makes the asymptotic distribution of the statistics 7,y pivotal, so that its
critical values are readily available. Among them, the popular Portmanteau test.
Box and Pierce (1970) showed that the partial sum of the residuals squared auto-
correlations of a stationary ARMA process is approximately chi-squared distributed
assuming that the number of autocorrelations considered diverges to infinity with
the sample size at an appropriate rate. Alternatively we could employ a frequency
domain approach as in Hong (1996) or Paparoditis (2000), who compared a non-
parametric estimator of f (A) with the parametric one. The first shortcoming of the
latter method is that the power of the test is smaller than the one proposed in the
paper, that is if we denote by by the bandwidth parameter, their test has a local

power of order (N b?\,)_l/ ? whereas ours is N=2/2. A second potential drawback
is that the choice of by seems an artifact when testing for a particular parametric
family and the final outcome of all these tests may depend on the arbitrary choice
of the bandwidth parameter for which no relevant theory is available. That is, there
are not rules available on how to choose by for the purpose of testing.

A second alternative is in the spirit of Durbin, Knott and Taylor (1976) for
the classical empirical process, and it was the route followed by Anderson (1997),
who proposed to approximate the critical value of the Cramér-von Mises test for
a stationary AR model. The method considers a truncated version of the spec-
tral representation of G N with estimated orthogonal components. The number
of estimated orthogonal components must suitably increase with the sample size.
However, its implementation is quite cumbersome even for the rather simpler case
when d = 1. See for instance Anderson (1997) for details.

So, in view of the preceding arguments, we consider a third approach based
on bootstrap algorithms. This is the route employed, among others, by Chen
and Romano (2000) or Hainz and Dahlhaus (2000) for short-range models using
the U, — process and by Hidalgo and Kreiss (2006), who allow also long-range
dependence using the 7T, — process. Of course all those articles were for d = 1.
Also, we will see that bootstraps employed when d = 1 are not valid in our context.

4. BOOTSTRAP TEST FOR THE TEST

Since Efron (1979), bootstrap algorithms have become a common tool in applied
work and thus considerable effort has been devoted to its development. The primary
motivation for this effort is that they have proved to be a very useful statistical tool.
We can cite two main examples/reasons. First, bootstrap methods are capable of
approximating the finite sample distribution of statistics better than those based
on their asymptotic counterparts. And secondly, and perhaps the most important,
they allow computing valid asymptotic quantiles of the limiting distribution in
situations when the practitioner is unable to compute its quantiles.
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In the present paper we face the latter situation. Following our comments at
the end of the previous section, the aim of this section is to propose a bootstrap

procedure for ag . given in (3.3) and thus for 7y =7 (0‘0 N). The resampling

method must be such that the bootstrap statistic, say 7y, is such that Ny —g-
7 (o) in probability under Hy, where “—4+” denotes

Pr{ﬁ}ﬁvgzﬂg] £G(2),

at each continuity point z of G (2) = Pr (n (@) < 2z). Moreover, under local alter-
natives

(4.1) H,: fs()) <1 + #g ()\)> for some ¥ € © x R

where g ()) is some symmetric, non-constant continuous function in [0, 7]* such that
ﬁg (A\) > —1 for all N > 1, 7y must also converge, in bootstrap distribution
to 1 (), whereas under the alternative hypothesis, we only require that 7y is
bounded in probability to have good power properties.

Remark 3. We should point out that H, could have been written as

1
Wﬁ(x\) for some 9 € © x R

H,: f19 (A) +
where g (\) is a positive integrable function. However, since we are concerned with
the relative error of I (X\;) compared to fg (\;) (\\Ilg (Aj)] ) we found notationally
more convenient to write H, as given in (4.1).

When d = 1, Hidalgo and Kreiss (2006) examined a bootstrap algorithm based on
an approach in Hidalgo (2003) showing its validity and consistency. This bootstrap
consists on the following & STEPS.

STEP 1: Let 7 (t) = (2 (t) — T) /Ga, where T = N"1S7 2 (t) and 52 =
Nt Zivzl (z (t) — %), and a random sample of size N with replacement
from the empirical distribution of Z (¢), denoted by z* = {z* (¢)};_,.

STEP 2: For j = 1,...,n, compute the bootstrap periodogram
I () = ) I8 (),
where f5 (X)) = 76;(@2’:)(:) |T5 (A)) | and IZ. ();) as defined in (2.4) and then
the bootstrap analogue of 9 by

4.2 0 = O (0
(4.2) arg min QO (¥),

where, with fy (A;) = 02 [Ty (\;)] / (2m)%,

- % ()
lo —r 72 L
Z { S <w>dfﬁ<xj>}

STEP 3: Compute the bootstrap T, — process

Gy N Al
e oy (N =2712NY2 | 0N L () , AE 0,7rd,
6 ,N( ) Gé*7N (’]T) H T [ ]

where CN}';,N( ) =2+ Z[n/\,/gm/ﬂ] 2 (A7) /%o (A )| .
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Other procedures are possible as that based on that of Franke and Hérdle (1992),
where the bootstrap periodogram IZ. ( (A) =95 ()\j)’2 IT. ())) is replaced by

L (N) = f5 () x5

where x_j, ..., X5 are independent exponential random variables. However, unlike
in the case of d = 1, the previous bootstrap algorithm will not be valid. The reason
is because the bootstrap does not correctly “estimate” the fourth cumulant k..
More specifically the asymptotic distribution of the bootstrap estimator 9" in (4.2)
will not have the same asymptotic variance as that of 9 in (3.1).

So to overcome this problem, following Hidalgo (2007), see also Hidalgo and
Lazarova (2007), we propose in the paper an alternative algorithm, as described in
the next 4 STEPS.

STEP 1: We first obtain the residuals

2() = 2m)"* 1 Z TINOTE ) we (M)

for t = 1,...,n. From here as usual, we obtain a random sample of size
N with replacement from the empirical distribution function of {€ (¢)};_;.
Let’s denote the bootstrap sample by {e* (¢)};_;.

Remark 4. (a) Notice that because Ty =1 (0@ N) s asymptotically independent

of the mean and variance of {€ (t)},cz4, we do not need to standardize € (t) to obtain
the bootstrap sample. (b) The motivation to compute the residuals as in STEP 1
comes from the observation that, fort =1,...,n

)

1 e\
/2 it
/ N1/2 Z € ”\'7\1’901 (Aj) we (Ag).

j=—n

e(t) ~ (2m)

STEP 2: For ¢t = 1,...,n, compute the bootstrap observations

(4.3) 2 (1) = 07 s 3 e TN () we (),

where w.« (\;) is the standard DFT of {¢* (t)};,_,, and the taper peri-
odogram IZ. (\;) as defined in (2.4).
STEP 3: The bootstrap analogue of ¥ is given by

(4.4) ¥ = arg min N (1),
where
IT. (\))
(4.5) Q3 (0 {log fo O0g) + } .
NJ—X_:n (2m)? fo (A7)
STEP 4: Compute the bootstrap T}, — process

Go- v A g

6" N B Al d
o T3] e’

{=1

(46)  ag (N =2712NI2

. * X/ —
with G v (\) = 2N~V () IE ().
Theorem 4. Under C'1 — C3 and C5 — C8, we have that

N (7= 0) SN (0205, Vi Ay

d* , L
where — denotes convergence in bootstrap distribution.
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As with ¥ in Section 3, 9 in (4.4) satisfies the asymptotic linearization

~* T T n T* .
VU= Q - &5 (N) o (dA) + %(/\)dx% Z (%_1)

+ope (N712).

Denote G (\) = 2+ N 2 [72/7] IZ ();) and let

—[aX/x]

G (N 17 (MY y
4 0 —9-1/2p1/2 | EN A Al )
(4.8) ay (M) G (m) H - , A€[0,m]

r=1
Theorem 5. Under Hy and assuming C.1 — C.8 and C5 — C8, uniformly in
A€o, ],
[AX/7)

@ o3y = ¥ - [ > FHa |Gy LSS0 )

j=—[nX/x] j=—n

+0p* (1) .

(0) @y S .

A conclusion from Theorem 5 is the following corollary.

Corollary 3. Under the maintained hypothesis and assuming C1 — C8 and C5 — C8,
we have that for any continuous functional 7,

P da*
N =1 (a§*7N) = 1 (o) -
Proof. The proof follows from Theorem 5 and the continuous mapping theorem. [

Thus, Theorem 5 and Corollary 3 indicate that the bootstrap statistic 7 is

consistent. That is, let c{v N and c‘(ll_ ) be such that

1—a)

Pr{finl > )y =0 1im Pr{fiyl >ty =o,

P

respectively. So, Theorems 3 and 5 indicate that c{\, (1—a) — C((lka) and cz‘ -

1—a)

iy respectively, where ¢} ) is defined as Pr {|’ﬁ}‘v| > c’(“l_a)} = .

(1-«
Typically, the finite sample distribution of 73 is not available, although the
critical values C>(k1— ) can be approximated, as accurately as desired, by standard

n
Monte-Carlo simulation. To that end, consider the bootstrap samples {A*e (t)}
t=1

for  =1,..., B, and compute ozA* N (M) asin (4.5) for each £. Then, c(lfa) is approx-
imated by the value c(1 that satisfies B~1 Ze L (77 (ag* N) > C?F—a)) = o.

Next we study the behav10ur of the bootstrap tests under the alternative hy-
pothesis.

Corollary 4. Assuming C.1-C.8, under Hy,

~x d

Ny—1 (o) in probability,
where Qo 18 a centered Gaussian process with covariance structure as coo but with
0o replaced by 6; =plim 6.

Proof. The proof proceeds exactly as that of Theorem 5 and then Corollary 3 but
instead of writing 6 — 0y = o, (1) we write § — 0, = 0, (1) and 60; instead of 6y. O
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5. LEMMAS
First, we introduce some notation. We denote the conjugate of a complex num-
ber a by @. Also, for a generic function v ()), we abbreviate v ()\;) by v; =

(1/]»[1], - I/j[d])/ and C' will denote a generic positive and finite constant.

For the next two lemmas, we shall assume that {£ (t)},c,4 and {( (¢)},.za are two
stationary spatial processes with a representation as that in (1.1) and whose respec-
tive errors satisfy C'1. Also fee () = (2m) "¢ Y ieza BE(@) C(t+ 7)) exp{—ij- A},
the cross-spectral density function, is a twice continuously differentiable function
in A € 1. Denote Z4 = {j: (- <j <@)A(0<j[1])}

Lemma 1. Consider j € VAS Then,
d
_ L =3
() B (wd,wl,) ~ fecs =0 (%) () B(wl,ul}) =0 (HJ . ) |
=1
Proof. We begin with part (a). By definition, the left side of the equality in (a) is

/HM (fec V) = fec (A HKT — Ajgy) A,

suppressing any reference to £ in K f and/or D{ for notational simplicity.
Now, because fec () is twice continuously differentiable and [, pK™ (1) dp = 0,
we have that the last displayed expression is bounded in modulus by

C/ ZZP = Ajpg | [A o] = a[p]}HK — Ajigg) X

(=1 p=1

< C/Hdsz] ol HKT Ajta) d
{=1

by the Cauchy-Schwarz inequality. Now, using (2.6), that the Fejer’s kernel inte-

grates 1 and that Z?[[f he (t[f])? > C7, we obtain that the right side of the last

displayed inequality is, by C2 and standard algebra, bounded by

g/ Zd:b[f] Aja|” Hmm{ AN = A dd =0 (772
N Jne &= (4] [

Next we show part (b). Again by definition and that |fec (V)] < C, we obtain
that ’E (ngjwzj) is bounded by

d

¢ [ eI TTn 7 (i1 =) 07 (410 ) < T
=1
by standard arguments after using (2.6). O
> d . — ogn
Lemma 2. Let k < j € Z¢ and cj; = min {He_1 714 — k4 +3 . £ } Then,
(@) B(wgwin) = feeyZUGA -k =2.6=1,...d) + O (cji)
b) E (wg)ng:k) = O(cr)-

Proof. We shall handle part (a) only, being part (b) identical. By definition,
(5.1)

d
E (wi @f,) = / fee W T nla™" DT (M = Njig) DT (Mg — A [4]) dA.
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Because | fe¢ (V)| < C, the modulus of the right side of (5.1) is bounded by

d AGLa+k) /2 w
Cgﬁl{/ +//\ HW}|DT(W] M) [ [DT (Awgg — A14)] dX [

—7 (Gl +k[e

using C2. Now using (2.6) and because [, {DT ()\)| dX\ < C, the contribution due
to a factor of the type fj‘;““’“”‘”” when Ay < Ajpg is bounded by
AGLa+xie) /2
. -3 ‘ -3
clito -kl | D7 (g = M) ax [0 = 0 (131 - k[A157)
. . _ Aoy

whereas if Ajig < Agjg by Cli[f] —k [€]|+3 JRGED 2 DT (X[ = Njg) | dA ] =
0 (|j [ — k [E]\f’) Recall that k < j so we have for some £ =1,..,d — 1, A\jiq <
Akjg- Finally, proceeding similarly the contribution due to a factor of the type
f;ﬂmk[z])/z is O (|j [0 — k[ ;3) Now conclude by Holder’s inequality and that

d _
‘]E (ngﬁgk)‘ =0 <H€_1 l7 14 — K [€]|+3>. On the other hand, because when
|7 [€] — k[€]] # 2 for some £ =1, ...,d,

(5.2) /H H DT (X[ = Ajg) DT (Arjg — A[A) dA =0,

4=

we have that in this case, except multiplicative constants, the left side of (5.1) is

d
Nfl/nd (fec (A) = fec (A 1;[ Aig) D (Mwgg — A[€]) dA,

which, by the mean value theorem, is bounded in absolute value by

d d
N—l/ Z|A[4]—Aj[e]}H|D(A[e]_Ajm)| 1D (g — A1) dr = O(logn>’
I1d —1 & E

because [AD (A)| < C, [;7|D (M) dX = O (log it) and the Cauchy-Schwarz inequality
1mply that [} |D()\ X)) 1D (Akjg — A)| dX = O (ii). Now, when for all £ =

»d, |74 — Kk [€]] = 2, because the left side of (5.2) is 1, we have that proceeding
as above the left side of (5.1) s fec,; +O ( ~llog n) This concludes the proof. O

In what follows, we shall abbreviate wl () /¥ (\) and w?! (\) by u ()\) and v ()\)
respectively for all X € I1%.

Lemma 3. Let ¢ (\) be a continuously differentiable function in 11¢. Under C1-C4,
we have that for allr < s € 72

2
s - d
(53) E|> ¢y (uj—vy)| =0 (1"2" [TIsi —rw]u) .
j=r =1

Proof. Denote ¢; = uj —v;. By standard arguments, the left side of (5.3) is

> CE{vme e+ Y. GGE{vte o}

j=r jF#k=r

> Glap+apt+ Y Gl bk +binat,

j=r jk=r
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where
_ _ N2 2
aji = B(v7;)E(0;0;) + [E (v;g;)|” + [E (vj0;)]
ajp = cum (v;,0;,;,u;) + cum (vj, 5,75, 0;)
—cum (vj,7;,U;,v;) — cum (vj,T;,u;,T;)
= E(v;ux) E (0;04) + E (vjo;) B (vkoy) + E (v50,) B (Tro;)
bjk’g = cum (vj,ﬁk,ﬂj7uk) + cum (vj,ik,ﬁj,vk)

bjk,1

—cum (vj, Tk, Uj, vg) — cum (v;, Uk, Uj, Tg,) -

After observing that E (v;u;) = 1+ O (7?) and E (v,g;) = E (v;1;) — E (v;7;),
we have that Lemma 1 implies that aj; = O (ﬁ_Q), whereas Lemmas 1 and 2 imply
that bjr1 = O (c?k + 7 tognZ (|0 — k[ =2,0=1, ...,d)), with ¢, as defined
there. From here it is immediate to conclude that the contribution due to a;; and
bjk,1 into the left of (5.3) is its right side.

Finally we examine a;o and bjz 2. Using formulae in Brillinger [(1981), (2.6.3),
page 26, and (2 10.3), page 39|, we deduce after standard algebra that

)
o - 5L () (B o
md Jia \ ¥ k
><DT (A — A — A — ) dAdp.
By the Cauchy-Schwarz inequality, we have that |bjk72\2 is bounded by CN~! times

/Hd (\?—I)QKT(A—Aj)dA/ITd (M—1>2KT(N+>\k)KT()\j_)\k—/\—,u)d)\du.

k

Proceeding as in Lemma 2 and by C4, we then obtain that bjx» = O (i=2N~1/2).
Likewise ajo = O (fi’2N -1/ 2). From here, the conclusion of the lemma easily

d
follows by observing that Hz—1 |s[f] —r[f], <N. O

Lemma 4. Let ( (\) be a function as in Lemma 3. Then, under C1 — C4,

- ITJ _qT _ 1/2
E sup Z ¢ \\Il| I ; O(N )

AE0.7 | j=—far /)

Proof. We shall consider the proof in the positive quadrant Z[" /] , being the proof

for the remaining 2¢=! — 1 quadrants similarly handled. By the Cauchy-Schwarz
and the triangle inequalities, it suffices to show that

(5.4) Esup ZC {|\If | TJ} SEsupZ|Cj| }Qj|2+2Esup ZCjUj@j
s =1 s =1

7

iso (Nl/Q), where we abbreviate “sup,_; ;" by “sup;
The first term on the right of (5.4) is bounded by

(Bl 1) = B () ~ 1) = B @) - 1) + (B2~ 1)} =o (NV2),
=1
because |(;| < C, d < 4 and by Lemma 1, for instance
1
)-o(2)

_ T
‘ Vj _ < 52 = T W, 2 \Ijj
(a3 )| smrm (plond 2 ) -2 { o

Next, we examine the second term of (5.4). To that end, let ¢ =0,...,[n] =1
for some 0 < ¢ < 1/d. (Recall that [n¥] = ([7¥ [1]],... [2¥ [d]]) for any ¥ > 0.)

and o; = u; — v;.
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Standard inequalities imply that the square of the second term on the right of (5.4)
is bounded by

q(s)[A' <] a(s)[n" <]
(5.5) Emgx Z - Z ¢;v;0; —|—Em3x Z Cvio; »
=1 j=1 i=1

")

where herewith g(s) denotes the value of ¢ = 0, ..., [i*] — 1 such that g(s) [2!~°] is
the largest vector s; such that s; < s, and using the convention ijc =0ifd<e.
From now on, we abbreviate (72 [1] / [7° [1]], ..., [d] / [2° [d]]) by [a'~¢].

From the definition of ¢ (s) and (sup, \cp|)2 = sup, lep|? < 2o |cp\2, the second

o P
term of (5.5) is bounded by Z([I”:]fl E ‘Zj[_l ] ¢jvjo;| = O (N'rei! log” i) =

o(N) by Lemma 3 and because ¢ < 1/d.
To complete the proof we need to show that the first term in (5.5) is o (N). To
that end, we note that it is bounded by

S

E max max V05
q=1,...,[n5] =1 s=14q[a' ~,...,(q+1)[al =] | Z $07%;
j=14q[nt=<]

2
which is O (N°¢) Emax,_; . [a1-] Z;Zl §j'vj§j‘ .
So, we have that the square of the second term on the right of (5.4) is
2

o(N)+O(N)E__ max ZC 0i;

1,..,[At <]

Observe that the second factor of the second term of the last displayed expression
is similar to the second term on the right of (5.4) but with s =1, ..., [ﬁl_g] instead
of s =1,...,n. So, repeating the same steps, the last displayed expression, and so
the square of the second term on the right of (5.4), is

o(N)+ NsZp=00=9"F  max Z( 0;0;

s=1,...,([at=<])"

EESE 2

= o(N )JFO(NQZ” o(1=5) ) Z ZCJUJQJ =o(N)

after choosing ¢ large enough because ¢ < 1/d. This completes the proof. O

Lemma 5. Let ¢ (\;9) be as in Lemma 8 for all 9 € © x RT, and continuously
differentiable in ¥ for all A\. Assuming C1 — C4,

IT
(5.6) Zg (I‘I’eo,gl 1) =o0,(1).

N ﬁe@xR+ i=

Proof. By the triangle inequality, the left side of (5.6) is bounded by
(5.7)

C u 17, c u
— sup ¢ (9 J_ T |+ = sup C.(0)(IF. —1)].
Nﬂe@xR+ j;~ J( ) <|\I/00,j|2 €, Nﬂe@xRJr j:Z_~ J( )( €, )

n
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Now, because by assumption |¢ (A; ¢

NZ

j=—n

~—

| < C, the first term of (5.7) is bounded by

n C n
Z o+ 5 D lois| =00 (1)

— j=—7

Z\Q

907]|

by Markov’s inequality because by the Cauchy-Schwarz inequality E |vj§j‘2 <
E |vj\2 E |@j |2 and then proceeding as in Lemma 3. Next, we show that the second

term of (5.7) is o, (1). But this follows by standard arguments (see also Lemma 15)
and because (; (V) is continuously differentiable in 9. O

Lemma 6. Assume C1 —C3 and C5 — C8. Then, U — ¥y = op (1).

Proof. The proof follows very easily using Lemma 5. Indeed, (3.2) is

i . f1907j I;FJ l fﬁo,j _ f1907]
O8N 2 i (( 2m)" fon 1>+N Z, Fog B gy, T8I0

Now the second term of (5.8) converges using Brillinger (1981, p.15) to

/: {J;Z:((;\\)) —log <J;Z:(()/\\))) } d\ + /: log fu, (A) dA = (2§)d +/: log fg, (A) dA

with equality when fy, (A\) = fy (A) which is the case only if ¥ = 99 by C7. On
the other hand, the first term of (5.8) converges to zero uniformly in ¥ by Lemma
5 because f Jl f9,,; satisfies the same conditions as ¢ (A;¥) there by C6. From here
the conclusion of the lemma is standard, so we omit its details. O

Lemma 7. Assume C1 — C3 and C5 — C8. Under Hy, uniform in \ € [O,W]d,

(5.9)
1 [AX/7] ij [AX/7] A
5 T _4 / 1/2
N1/2 Z € T Is,j N Z Cj@%»j NY (9 - 00) top (1),
—[AX/w] ‘\IJ ‘ j=—I[AX/x]

where ¢ (N\) is as in Lemma 3.

Proof. The difference between the left side of (5.9) and the first term on its right
side is

(5.10)
[AA/ 7] T
1 Loj |1, |
N1/2 Z G = 1+‘p9oj(0 90)
j=—[A\/m] v 907J| ’\I/§j
[AX/7] T [AX/7] T
1 1 I
AR P S A B S i
1/2 €,J 1/2 J¥ 00,5
N —[@ax/7] |‘I’903| N j=—[aX/7] |‘I’ il ( )

First, because each component of the vector ¢ (\) ¢y, (A) satisfies the same condi-
tions of ¢ (A\) in Lemma 4, Markov’s inequality implies that the second term of (5.10)

is 0, (1), whereas the third term is N~! ZETL_)‘_/[n)\/ﬂ €, ;N2 (9 - 90) + 0, (1)
by Lemma 4 and because proceeding as in Robinson and Vidal-Sanz (2006)

N1/2 Z ooy ey —1) =0, (1).

j=—"n
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Finally, by mean value theorem, the norm of the first term of (5.10) is bounded by

[AX/n] T
~ 21 I
12|15 Tj ~1/2
(5.11) ON W %HN.Z:|%4E @@v )
j=—[nA\/7] 0,J

by Theorem 2 and proceeding as with the third term of (5.10). This concludes the
proof. O

We now introduce the following notation. e (t) = h ()¢ (t) and for v; < vy €
0. 7%,

[Avz /7] 1/2 n
(5.12) E1n (v1,v2) = j% g (Zfﬁh2@)§:(gxﬂ2_1)>

j=[fv1 /7]

[Av2 /7]

1 N1/2 .
(513) Ean (1}1, vy) = N Z CJW Z T (tl) T (tz) eilti—ta)-A;
j=lfv1 /7] t=1 t1£ta=1

Notice that & x (v1,v2) + Ea.n (v1,v2) = N71/2 Z[”W/“] | ¢ ([T, _ 1).

j=[nv1 /7 €,]

n

Lemma 8. Let v; < v < vy € [0,7]%and ¢ (\) as in Lemma 3. Then, assuming
C1—C3, for some 8 > 0,

(514) B (& 0,0)” € (0,02)") < CH;; (v2 (0] =01 [A))%, 5 =1,2.

Proof. The proof follows proceeding as that of Lemma 6 of Delgado et al. (2005) and
d

observing that by continuity of ¢ (A ’N Ly (7w /7] g’ <C Hz—1 (va [€] —v1 [4)
- O

p=[nvi /7]
for any ¢ > 1.

Next we will show that the processes &1 n (0,A) and & n (0, A) are tight. From
Bickel and Wichura (1971) it suffices to show the following lemma.

Lemma 9. Assuming C1, we have that

4 2
(5.15) EH (&% (0.2) — Q&QMM)<CH (Mot = Augg)
( ¢ 4 d 2
(5.16) Eﬂgxﬂkohm % (0.02)) =TT, (ot = M)
for all M\ < Mg € 0,7, £ =1,...,d, and where, say,
[n)\z /71'] 1 n
¢ 1 N1/2
EN Cagdag) = [ D ¢ 7 E:( )
n (€] Zt_ h —
ill=[AA1g /7] t=1
[fL}\g[z]/ﬂ'] n
1 N1/2 61—t ) s
52“1)\7 (Mg Aog) = 0 Z (= 737 Z el (t1) " (ta) ' r2) A
I ST, 2
J[f]*[nM[e]/ﬂ 17t

Proof. The proof follows after observing that ng)v (0, Al[g]) —EXJ)\, (07 )\Q[g]) = EXJ)\, ()\1[@] , )\Q[g])
for £ = 1,2 and then by Lemma 8. (|

Lemma 10. Under C1 — C3 and C5 — C8,
J N 1 —
=N 252 (t) and fiy. = N 254 (t)
t=1 t=1

are consistent estimators of Ug and Hg e respectively.
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Proof. See Theorem 4 of Robinson and Vidal-Sanz (2006). O

In what follows, we shall abbreviate wl. (X) /%5 (A) and wl. (X) by u* (A) and
v* ()\) respectively for all A € I1%.

Lemma 11. Consider j € VAS Then, for wa and ffw equal to uji or vy,
* =T ~ —— *
(@) B* (¢L &) ~ 52 =0, (72); () B <Lyl ;) =0

Proof. We shall handle the case when both Cf* ; and gf* j are uy, being the other
cases identically handled. We begin with part (a). By definition and using (2.8), it
is easy to show that

wm*7j 6d/2 Z U kws* H Iﬁ ]a )

k=—n

Jl)=k[l) —TG0) -1=k[]) —ZG+1=Ek[]). So,
because E* (w5*7jw5* k) = 0°Z (j = k), the left side of the equality in (a) is

o2 (3 Joa, o (T T} 1)

From here the conclusion is standard because |¥y (A )| is twice differentiable uni-
formly in 6 € © for all A € II¢ and that § — 6, = op (1). Next we show part (b).
That follows immediately because, say, E* (wex gwe= ) = 0. O

Lemma 12. Let k < j € VAS Then,under C'1 — C4,
* =T -~ h .
(@) B (L j&n) = 2 (40,@ )Tl -kl =20=1,...d)
() B (L yels) = 0.

Proof. Again, we shall handle the case when C ; and 5 i are u;. We shall
examine part (a) only, being part (b) identical. Proceedlng as with the proof of
part (a) of the previous lemma, the left side of the equality in (a) is

n —2 2 d _ _
52 3 Jog,| o, [ {IL_ Ze Gn Tetin .
p=—n
From here, we see that the last expression is zero except when |j [¢] — k [{]| = 2, for
2 2

. . . L 2 .
all £ =1,...,d, in which case is ‘\P@,jﬂ‘ /‘\P@j‘ =140, (ii7') as [Ty (V)| is
twice differentiable uniformly in § € © for all A € II¢ and § — 6, = op (1). O

Lemma 13. Let ¢ (\) be as in Lemma 3. Under C1 — C4, we have that for all

r<sezt
2

s d
(5.17) B> ¢vs (u) —v))| =0, <;, IIlst-r [e]|+> .
j=r =1

Proof. Denote ¢j = u} — vj. By standard arguments, the left side of (5.17) is

ZC E* {v}7;0;0;} + Z G (v ot}

j=r ]#kr

ZC {a]1+aj2}+ Z CCk{b]k1+bjk2}

Jj#k=r
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where, by Lemmas 11 and 12 part (b),

o= B (0T B () + B (vyg)[

a;fQ = cum® (v;,ﬁj,ﬂ;,u’;) + cum® (v;,@;,ﬁ;,v;‘)
—cum* (U}‘,@j,ﬂ;,v;‘) — cum” (v;,@;,u;fﬁ;-‘)

i = B () B (620 + B (15) B (7)

ko = cum’ (v;f,ﬁz,ﬂ;,u;;) + cum™ (vj,ﬁi,ij,’ué)

—cum” (v;,iz,ﬂ;w}:) — cum”® (v;-‘,ﬁ}z,u;'f,ﬁ;;) )
: * - ~2 S R RT— * o

After observing that E (vjuj) =0.+ 0, (n 2) and E (vj gj) =E (vjuj) —
E* (vjﬁ;f), we have that Lemma 11 implies that a}; = O, (1’1”2)7 whereas Lemmas
11 and 12 imply that b%, , = O, (A2 + @ 'Z(|j [(] - k[{]| = 2,£ =1,...,d)). From
here it is immediate to conclude that the contribution due to aj; and b7, ; into the
left of (5.17) is its right side.

Finally we examine a7, and b7, ,. By definition of, for example, wl. (\) and that

cum™ (e (t1) ,...,e" (t4)) = KeZ (t1 = ... = t4), it is obvious that b7, , is
Op (W' Z(lj[] — k()] =2,£=1,...,d)). Notice that k. = fiy . — 361 =0, (1) by
Lemma. 10. 0

Lemma 14. Let ¢ (\) be a function as in Lemma 3. Then, under C1 — C4,

[AX/] VER
E* sup Z Gy L, | =0 (N1/2> '
A€ | =~ [ax/x] )‘I’Ej‘

A/ )
j=1
for the remaining — 1 quadrants similarly handled. By the Cauchy-Schwarz
and triangle inequalities, it suffices to show that

(5.18)

Proof. We shall consider the proof in the positive quadrant >
2d71

, being the proof

S I'I; i S 9 S
* ). T * * * *—k
Esup |y ¢ 5 — 15 0| SE sup Y [¢|[of|" + 2B sup |y ¢
S li=1 ‘\Ilgj S =1 S lj=1

is 0p= (Nl/z), where we abbreviate “sup,_; 7" by “sup,” and o} =uj —v
The first term on the right of (5.18) is bounded by

o> {(E |l =32) - (B (ujm) - 32) - (B (w)) - 52) + (B
j=1
because |Cj| < (C, d < 4 and by Lemma 11, for instance
— -2 —T \IJA .
B (wd % ) -5 E* (wl.  { Wi ) 52 7
J u € T*,j wr. e ‘\IJA ‘
“ 0,7

Next, we examine the second term of (5.18). With same notation as in Lemma
4, the square of the second term on the right of (5.18) is bounded by

*
e

=)} ().

*
Uj

E3
Uy

~2
L “I’E,j

2 2
s ae)[at] q(s)[A* <]

(519)  Emax|q> - > pGug| +Emax| Y (gl
j=1 j=1 j=1
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From the definition of ¢ (s) and (supp \cp|)2 = sup,, \cp|2 <>, |cp\2, the second
2

=0, (N'i! log? i) =

term of (5.19) is bounded by Z,[;Z]fl E* ‘Zj[_ﬁl R V705

0p (N) by Lemma 13 and because ¢ < 1/d.
To complete the proof we need to show that the first term in (5.19) is o, (V).
To that end, we note that it is bounded by

2
s

E*  max max Z V505
=1,...,[AS]—1 s=14q[A1~5],...,(q+1) [l ~S
q [s] =1 s=14q[a!=<],...,(g+1) [ <] =1 igii—s]

which is O, (N°) E* max,—j . [p1- 23 1G5
the second term on the right of (5.18) is

. So, we have that the square of

S

0p (N)+ 0, (N)E*  max |3 (070

=1,... 1—¢
s i et

Now proceeding as in Lemma 4, the square of the second term on the right of (5.18)
is
sy 2

0p (N) + Oy (NS Z5=0(179") > ch% = 0, (N)

after choosing ¢ large enough because ¢ < 1/d. T h1s completes the proof. O

Lemma 15. Let ( (A\;0) be is as in Lemma 5. Assuming C1 — C4,

1 z o, .
(5.20) ¥, > ¢ W) I 52 || = op (1)
YEOXRT a— ’\II’G\J‘

Proof. By the triangle inequality, the left side of (5.20) is bounded by
(5.21)

= s q -~ 17 su ¢ 0) (12, -52)].
N pecoxr+ :2; i) ‘\I, J N&eexR+ ; 7
j=—7 9. J
Now, because by assumption | (\;9)| < C, the first term of (5.21) is bounded by
C n Iaj;*,j n
¥ ; ,J_NZ i Z|v (@ —7;)| = 0p (1)
Jj=—n \Il’é,j‘ Jj=— j=—n
by Markov’s 1nequahty because by the Cauchy-Schwarz inequality E* (v (ﬂj — vj) |2 <
E* | | E* |*;‘ fﬁﬂ and then proceeding as in Lemma 13. Next, the second

term of (5.21) is op- (1). First, the finite dimensional distributions of S* () =
N1 Z?ZJL ¢; () (IET* g 8?) converge to zero in probability. Indeed, the second
bootstrap moment is
1
T T =2\ _
T 3 e {(,-22) (Fa-o)} -0 (4)
J,k=—n

by standard algebra after observing that E* (we« jWer 1) = 2T (j = k), B (Wer jWer f) =
0 and cum™ (Wex j, We+ j, Wer g, Wer ) = O (N_l) ReZ (j = k). To finish, we need to
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show the tightness of the process S* (#). But this is immediate because proceeding
as with the last displayed equality

E*[S* (92) = ™ (01)]” = |92 — 01" O, (1)
because continuous differentiability of ¢ (X; %) for all A € II¢ implies that ’C j(02) = ¢ (191)} <
C |9y — | O
Lemma 16. Assume C1 — C3 and C5 — C8. Then, 9 -9 = op+ (1).

Proof. The proof follows very easily using Lemma 15. Indeed, (4.5) is

I IT, . 1 I f
(5.22) i) ¢71 +— LA A L +1o
Y —-1)+5 z R T

j——n

Now, the difference between the second term of (5.22) and

[ vl oo

converges to zero in probability using Brillinger (1981, p.15) and that uniformly
in A, |f@ (A) — fo, ()\)| = 0p (1). Moreover, the last displayed expression is greater
than or equal to @ —i—f: log f5 (A) d\ with equality when f5 (\) = fy (\) which is
the case only if ¢ = 9 by C7. On the other hand, the first term of (5.22) converges
to zero uniformly in ¥ by Lemma 15 because f;, 31 I3 ; satisfies the same conditions as

¢ (A;9) there by C6. From here the conclusion of the lemma is standard proceeding
as in Theorem 1 of Hannan (1973), so we omit its details. O

Lemma 17. Assume C1 — C8. Under Hy, uniform in A € [0, 7"

(5.23)
[AX/7] T [AA/ ]
1 Lo T 1 s (5
N1/2 Z G — 1. — T\ N Z CJ(pA NY (9 _9>+0p* (1),
j=—[nA/~] ‘\I/ ‘ j=—[nA/x]

where ¢ (N\) is as in Lemma 3.

Proof. The difference between the left side of (5.23) and the first term on its right
side is

(5.24)
1 [AX/7] N R
/
N1/2 Z C *1+<,0’057j (9 79)
j=—[n\/x]
1 [A/m] T 1 [AA/x] J
[ I T ’ z*,j o~k ~
+ ~is Z Cj 5 Loy | — 1/2 Z Cj@@,j 3 (9 _9)'
N N
Jj==[nX/x] ‘\I’g)j j=—[AX/x] ‘\Ilg,j

First, because each component of the vector ¢ (A) @5 ()) satisfies the same conditions
of ¢ (A\) in Lemma 14, Markov’s inequality implies that the second term of (5.24)

is 0p- (1), whereas the third term is N1 Py "’V” j<p’§ N1/2 (9* —5) + 0p (1) by

Lemma 14 and because proceeding as in the proof of Theorem 4

1 n 5
N1/2 Z Ci%a.5 (Ig,j - 08) =0Op (1)

j=—n
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Finally, by mean value theorem, the norm of the first term of (5.24) is bounded by

2 1 [AA/ 7] IT* )
CN1/2 0 70” N Z x*,j 5 = Op* (Nfl/Z) ,
j==[ix/7] \Ifg*yj‘

by Theorem 4 and proceeding as with the second term of (5.24). This concludes
the proof. 0

We now introduce the following notation. For vy, vy € [0, 7], denote E v (v1,02)
and & y (v1,v2) as in (5.12) and (5.13) but with el (t) there replaced by 7T () =
h(t)e* (t) and also let Hy = Hy (v1,v2) a sequence bounded in probability.

Lemma 18. Let vy < v < vg € [O,W]d. Then, assuming C1 — C3, and for some
B8 >0, with ¢ (\) as in Lemma 8,

E* (|5j*,N (v1,v ’ &5 n (v,02)] ) < Hy (Ul,Ug)Hd

=1 (2 [ =01 [0)*, j=1,2.

Proof. The proof proceeds as in Lemma 8 but instead of using Delgado et al.’
(2005) Lemma 5 we use Lemma 7.3 of Hidalgo and Kreiss (2006). O

Next we will show that the processes &7 y (0,A) and &5 y (0,A) are tight. To
that end, it suffices to show the following lemma.

Lemma 19. Assuming C1 we have that
(5.25)

(a) E* H‘Z:l (53}; (0, M) — E5% (0, Aw]))2 = Hy (A1, \2) Hjﬂ (Mg — M)’

(5.26)

o B I, (5 (0. 2u) — E57 (0, 2ape 1))4 = Hy O ) TT_, O = )’
=1 =1

for all My < Mg € [0,7], £ =1,...,d, and where

[fﬂ\z[e]/ﬁ] 1 n
. 1 N/2
f% o) = (d > o (Smm s o)

ll=[AN e /7] t 1h t=1
[ﬁ)\g[g]/ﬂ'] n
* 1 N1/2 . . PR
52(,[1)\’ (Mg Aopg) = nl[f] Z ij e (1) e (t2) /17120 A
=[N /7] =1 t1#t2=1
Proof. The proof follows after observing that 5}?\, (0 Ai| z]) géll)v* (07 )\2[[]) _
gz(’z])v* (/\1[2], /\z[z]) for £ = 1,2 and then by Lemma 18. O
6. PROOFS

6.1. Proof of Proposition 1.
We shall be a bit more general. In particular, for a vector function ¢ (\) as in
Lemma 3, we will show that

[/
1
SN(M)ZW Z ¢ (157—1);$B<(u), p e [0,
j=—=[np/7]
where for 11 < v € [0,7]%, Cov (B¢ (1), B¢ (v) = (2 + ke () ) f” ¢"(\)d,

as n (1 hd) / (r, 12) =%
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To that end, it suffices to show that (a) for all u € [0, 7],

(6.1) -
N}/Qj%mg( 1)i/\/< (2—}—&6( ))/ C(A )

(b) For < v, the covariance structure is such that

1 [/ [nv/m] 35 d "
+E ooogul-ny Y Ul -1 - <2+m€ (1-8> ) CO)C (M) dA.
—H

=/ =l /7]

(¢) the process {SN (W) :pe [O,ﬂ]d} is tight.

We begin with (a). Its proof follows directly by that in Robinson and Vidal-
Sanz (2006) and observing that because ¢ (\) is continuously differentiable then by
Brillinger (1981, p.15), N"L /8 ¢ ch—(2m) ™ [Y ¢ (V¢ (N dA = 0, (),
and thus it is omitted.

Part (b) follows after observing that EIZ; = 1 by C1 and E ( rar k) is

1 n ‘ .
E {ET (t) 6T (S) 8T (7,) ET (S)} e—i(t—s)-)\j—o—z(r—u)-Ak
n 2 Z
(Zt:l h2 (t)) t,s,r,u=1

TG kmom TGt k=0m st (21 ()

= J =Y, J =Y, N AT
using that, say Yrf,l | he (£[0]) e~ PlOQasna) = [T (5[0 £ k[0 = 0,n[f) and
that by Brillinger (1981, p.15) we have that N~! Z?:l hP (t) — 24 ﬁo’l]d h? (u) du
for all p > 0. Finally, part (¢) follows by Lemma 9.

6.2. Proof of Theorem 3.

Part (a). The proof is identical to that of Theorem 5, but instead of using
Lemmas 14 and 17 we employ respectively Lemmas 4 and 7. Next the proof of
part (b) is identical to that of Theorem 5, but instead of Proposition 1 we employ
Theorem 4 and instead of Lemmas 18 and 19 we employ Lemmas 8 and 9. O

6.3. Proof of Theorem 4. S . .
First, by standard algebra ¥ — 9 = fQ,l{Nq% N where ¢ is an intermediate

point between 9 and 1/5*,

-1
qﬂ,N N Z ¢197.7 {0_2 |\1197]| }

j=—-n

and @;N is as defined in the proof of Theorem 2 but with ImTj

there. Now, because fy ; is twice continuously differentiable by C6, and J -9 =

replaced by IL. g

0p+ (1) by Lemma 16, we easily conclude that ‘@%*W - Qp N‘ = 0p- (1), and that
Q3 n — Quo.n| = 0p« (1). On the other hand, by Lemma 14 with (; = ¢; ; there,

~2
G =N Y 0, {1071 o ).

j=—-n
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So, to complete the proof it suffices to show

(a) %E* Z(%J{ ,\2 - }Zd)ﬁ’j{ ;271_1}

j=—n j=—-n

P 35\¢ [r .
Laen () [ ea Mo,

and then (b) the Lindeberg’s condition

2

1 | IE 1% -
B = Y = -1 (|51 >oNTH| 8 S0
szfﬁ O¢ 5

We begin with (a). By Lemmas 11 and 12, we have that

IT IT
E* — — P =7 (j=kx2)+cum” (We+ j, Wer j, We ks, We= k) -
O—E O-E

1) ,5* (tg) ,E* (t3) ,6* (t4)) = R\EI(tl =..= t4), we have

Now, because cum* (e
that the left side in (a) is

LS o, (247 ().

j**’n
From here we conclude (a) by Lemma 10 and that ¢4 (\) is continuous by C6.
We now show (b). By standard inequalities, the left side is bounded by
2

E* 7.7 <Cylog N u E* IEZ:‘J
Ly w|E o <N 3|
Jj=—n j=—n €

by An et al. (1983) because {e* (t)}:;l is a random sample. Now conclude part (b)
2
Ix )j/ff\g = O (1) by Lemma 10. This concludes the proof. O

since E*

6.4. Proof of Theorem 5.
Part (a). By Lemma 17 with ¢ (A\) = 1 there and the definitions of G} 5 (A) and

G ()\), we have that by Theorem 4 uniform in A € [0, )%,

[AX/7]
* * 1 ~ . )
N1/ (Ga*’N (\) = G (A)) =¥ Z By () | N1 (0 —e) +op (1)
—[aX/x]
[/ 7,
(6.2) “T\N Z (?)/@,N () eNNl/Z Z Po (k 3
j=—[AN/7] k=—n ‘\119 k‘
+o0p (1).

Now because ‘G%,N () — G2 (7‘(‘)‘ = 0+ (N7/2) by Lemma 14, by (6.2), we
(N is

obtain that uniformly in A, ag* N

N2 (G () =GR ) 1 1
o0 0 N = 1/2 o
N+ GR () G N (Gﬁ*,N (r) GV (w))

[AX/7]

= oy (V) - N Z ) QNNWZ%N 1L+ op- (1),
—[nX/7]
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Now conclude the proof of part (a) by observing that Lemma 10 implies that
E* ’G}‘\? () — 8?’ = 0, (1) and then by Markov’s inequality.

Next part (b). Taking into account part (a), part (b) follows because Theorem
4 guarantees the finite dimensional distributions convergence of a0, whereas its
tightness follows by Lemma 19. Tightness of the second term on the right of the
last displayed equality follows by Lemmas 18 and 19 because @, (u) is continuously
differentiable in @ and u. This concludes the proof. O
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