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22 SUMMARY

23 Since the pioneering work of Embrechts and co-authors in 1999, copula mod-

24 els have enjoyed steadily increasing popularity in finance. Whereas copulas are

25 well-studied in the bivariate case, the higher-dimensional case still offers several

26 open issues and it is far from clear how to construct copulas which sufficiently

27 capture the characteristics of financial returns. For this reason, elliptical copulas

28 (i.e. Gaussian and Student-t copula) still dominate both empirical and practical

29 applications. On the other hand, several attractive construction schemes have ap-

30 peared in the recent literature promising flexible but still manageable dependence

31 models. The aim of this work is to empirically investigate whether these models

32 are really capable of outperforming its benchmark, i.e. the Student-¢ copula and,

33 in addition, to compare the fit of these different copula classes among themselves.

34 Keywords and phrases: KS-copula; Hierarchical Archimedian; Product copulas;

gg Pair-copula decomposition

37 .

38 1 Introduction

39

40 The increasing linkages between countries, markets and companies require an accurate and
41 realistic modelling of the underlying dependence structure. This applies to financial markets
42 and, in particular, to the financial assets traded there-on. For a long time both practitioners
43 and theorists have relied on the multivariate normal (Gaussian) distribution as statistical
44 foundation, seemingly ignoring that this model assigns too little probability mass to ex-
45 tremal events. In order to overcome this drawback but still maintain many of the attractive
js properties, elliptical distributions (e.g. multivariate Student-¢ or multivariate generalized
48 hyperbolic distribution) occasionally have found their way into financial literature. Though
49 being able to model heavy tails, elliptical distributions fail to capture asymmetric depen-
50 dence structures. The copula concept, in contrast, which originally dates back to Sklar
51 (1959) but was made popular in finance through the pioneering work of Embrechts and co-
52 authors (1999), provides a flexible tool to capture different patterns of dependence. Within
53

54
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this work we assume that the reader is already familiar with the notion of copulas. Oth-
erwise, we refer to Nelsen (2006) or Joe (1997). Whereas copulas are well-studied in the
bivariate case, construction schemes for higher dimensional copulas are not. Recently, sev-
eral publications on high-dimensional copulas have appeared (e.g. Morillas, 2005, Palmitesta
& Provasi, 2005, Savu & Trede, 2006, Liebscher, 2006, Aas et al., 2006). Each of them claims
to provide a flexible dependence model, but there is no comprehensive comparison among
these approaches, as far as we know. In particular, no references are found to the Student-¢
copula (i.e. the copula associated to the multivariate Student-¢ distribution) which is known
for its excellent fit to multivariate financial return data.

The outline of this work is as follows: Section 2 overviews and connects several recent
construction schemes of multivariate copulas. A short digression on goodness-of-fit measures
can be found in section 3. Section 4 is dedicated to the description of the underlying data
sets, whereas the empirical results are summarized and discussed in section 5.

2 Constructing multivariate non-elliptical copulas

Among the classes of non-elliptical copulas, Archimedean copulas and its generalizations
(section 2.1) enjoy great popularity. Beyond that, so-called pair-copula constructions are re-
viewed in section 2.2, where the joint distribution is decomposed into simple building blocks,
so-called pair-copulas. Thirdly, we pick up the copulas associated to Koehler-Symanowski
distributions in section 2.3 which have been successfully applied by Palmistesta & Provasi
(2005) as models for financial returns. Finally, Liebscher’s (2006) recent proposal to gener-
alize given d-copulas is reviewed in section 2.4.

2.1 Multivariate Archimedean copulas
2.1.1 Classical multivariate Archimedean copulas

Let ¢ : [0,1] — [0, 00] be a continuous, strictly decreasing and convex function with ¢(1) = 0,
©(0) < 0o and let o[~ be the so-called pseudo-inverse of ¢ defined by

_ ) 0<t< (0
(p[ 1](t) = ¥ ( ) 90( )
p(0) <t < oo
It can be shown (see, e.g. Nelsen, 2006) that

C(u,uz) = ol (90(“1) + <P(U2))

defines a class of bivariate copulas, the so-called Archimedean copulas. The function ¢ is
called the (additive) generator of the copula. Furthermore, if ¢(0) = oo the pseudo-inverse
describes an ordinary inverse function (i.e. ¢!~ = ¢~1) and in this case ¢ is known as a
strict generator.
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Given a strict generator ¢ : [0,1] — [0, o], bivariate Archimedean copulas can be extended
to the d-dimensional case. For every d > 2 the function C : [0,1]¢ — [0, 1] defined as

Cw) = ¢ (plun) + luz) + -+ + p(ua) (2.1)

is a d-dimensional Archimedean copula if and only if !

ie. if o7 € Lo, with

is completely monotonic on R,

L, = {¢:R+ - [o,1]‘¢(o) =1, ¢p(c0) = 0, (~1)*e®(#) >0, k = 1m}

The Gumbel copula is derived from the generator ¢(t) = (—Int)?, > 1 and the Clayton
copula is generated by ¢(t) = £(t7% — 1),6 > 0. For an overview of further Archimedean
copulas and the properties of the aforementioned ones, we refer the reader to the monographs
of Nelson (2006) and Joe (1997).

2.1.2 Non-exchangeable Archimedean copulas

In order to increase flexibility and to allow for non-exchangeable dependence structures,
several generalizations have emerged in the recent literature: A simple one — the so-called
fully nested Archimedean (FNA) copulas — can be found in Joe (1997, p. 89), Whelan
(2004) and Savu & Trede (2006), and requires d — 1 generator functions ¢1,. .., pq—1 with

Q10701 € Loo and i1 007 H(t) = @i (p; (1)) € L3, for
Ly = {¢ 'Ry — Ry |6(0) = 0, ¢(00) = 00, (<1)F 1M (1) >0, k=1,....d, }

The structure of FNA d-copulas is rather simple: One first couples u; and ws, then the
copula of u; and ug with uz to a new copula which is coupled afterwards with u4 and so on.
Hence the FNA 4-copula is of the form

C(u) = ¢35 [3 (03" [02 (7" [p1(u1) + 01(u2)]) + a(us)]) + @3(us)] - (2.2)

Figure 1 illustrates one possible FNA copula for dimension d = 5.

Alternatively, mixing ordinary Archimedean and FNA copulas, partially nested Archi-
medean (PNA) copulas may be used. Again, for ease of notation, we focus on the 4-variate
case

C(u) = " [ (¢13 [p12(ur) + @12(u2)]) + ¢ (@34 [p3a(us) + @sa(ua)])] - (2.3)

Note that ¢, 12,34 are generators with ¢, 1., 03, € Lo and o ¢y, 00 gy € L5,
Obviously, one first couples the pairs uy, us and ug, ug with distinct generators. The resulting
copula pair is then coupled using a third generator ¢ (which in turn might be coupled with
an additional variable us using a fourth generator i for an extension to the 5-dimensional
case). Another possible structure of a PND copula is illustrated in figure 1.
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Figure 1: FNA copula (left) and PNA copula (right) for d = 5.

Thirdly, copula C from (2.3) is also an example of a so-called hierarchical Archimedean (HA)
copula. Borrowing the notation of Savu & Trede (2006), the basic idea of this approach is
to build a hierarchy of Archimedean copulas with L different levels, indexed by [ =1,..., L.
At each level [ there are n; distinct objects, indexed by j =1,...,n;. In a first step (i.e.
in level 1), the variables uy,...,uq are grouped into ny ordinary multivariate Archimedean
copulas

Crj(uy) =¢rs [ D erimy) |, j=1...,n.

ui,j

with (possibly different) generators ¢; ; and where u; ; denotes the set of elements of
u1,...,uq belonging to C; ;. All copulas of the first level are again grouped into copulas at
level [ = 2. These copulas C5 ; with generator function s ;, j =1,...,ng are generalized
Archimedean copulas, whose dependence structure is only of partial exchangeability and
consists of copulas from the previous level (as elements), denoted by

C2;(Cay) =) | D #2(Caj) |
Cz,yj

where C, ; represents the set of all copulas from level | = 1 entering copula C5 ;. This
procedure continues until only a single hierarchical Archimedean copula Cy, ; is achieved at
level L. In order to ensure that Cp ; is a proper copula, we have to proclaim that ‘F’z_,jl €
Lo forl=1,...,L and j=1,...,n;, and that cpl_s_l’iogol_’jl e L foralll=1,...,L and
j=1,...,n,1%=1,...,n41 such that C; ; € C;11 ;. Moreover, a hierarchy is established if
the number of copulas decreases at each level, if the top level contains only a single object
and if at each level the dimensions of the copulas add up to d. Figure 2 displays the possible
construction of a 5-dimensional HA-copula.

Savu & Trede (2006) also derive the HA-copula density

—q nr—1
8dCL,1 . Z o¢ 'Cra H Z 8‘U1|CL717T alu"ICL—l,r
- 1 Fon L1 e )
Ouy ...0uq OCT |1 00 ol i ouy ov,
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Figure 2: HA copula for d = 5.

where the outer sum extends over all sets of integers k1,...,kn -1 € Ny such that max;
k; < dp—1; and Z?i{l kj=d—iforalli=0,...,d —ng_1. These terms are the outer
derivatives of the copula with respect to the elements of Cy, 1, i.e., the n;_; copulas from
level L — 1. The second part of the formula are the inner derivatives, corresponding to the
derivatives of the copulas at level L — 1 with respect to their arguments ur_1 ;.

2.1.3 Generalized multiplicative Archimedean copulas

In this section we focus on methods recently proposed by Morillas (2005) and Liebscher
(2006). Both approaches are based on a second functional representation of Archimedean
copulas via so called multiplicative generators (see Nelsen, 2006). Setting 9(t) = exp(—¢p(t))
and 9171 (t) = oI~ (—=1nt), equation (2.1) can be rewritten as

Clur, ... ug) = 01U (ﬁ(ul) D) - ... -ﬁ(ud)>. (2.4)

The function ¥ is called multiplicative generator of C. Due to the relationship between ¢
and 1, the function 9 : [0,1] — [0,1] is continuous, strictly increasing and concave with
9(1) =1 and 90-H(t) = 0 if 0 < ¢ < 9(0) and I () =91 (1) if 9(0) <t < 1.

Equation (2.4) can also be expressed using the independence copula C*(u) = H?Zl U;:

Clus, ... ug) = 9V (CL(ﬁ(ul), & ﬁ(ud))).
Morillas (2005) substitutes C* by an arbitrary d-copula C' in order to obtain
Colur, .., ua) = 971 (C@(w), (w2), ..., 9(ua)) (2.5)

and proves that Cy is a d-copula if 9171 is absolutely monotonic of order d on [0,1], i.e. if
I (1) satisfies (9I71)®) (1) = % >0fork=1,2,...,dand ¢t € (0,1).

Examples of generator functions are stated in Morillas (2005). Notice that not every gen-
erator given there is absolutely monotonic for arbitrary d > 1: As one can easily verify,
the generator 9(t) = t"/(2 —t"),r € (0,1/3] (see table 1, no. 9 in Morillas, 2005) has no
absolutely monotonic pseudo-inverse of order d > 3, because the third derivative of 9¥[~1
becomes negative. Hence this generator is suitable only for a construction of generalized
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bivariate copulas. Concerning the basic properties of such Morillas copulas we refer to Mo-
rillas (2005).

Another way of generalizing Archimedean copulas is the method proposed by Liebscher
(2006) who introduces the following copula representation

Clur, . ug) = %Zwﬂ(ul).¢j2(u2)....-¢jd(ud) , (2.6)

where ¥ and 9,1 : [0,1] — [0, 1] are functions satisfying the following conditions: Firstly,
it is assumed that U(9 exists with ) (u) > 0 for k = 1,2,...,d and u € [0,1], and that
U(0) = 0. Secondly, 9,5 is assumed to be differentiable and monotone increasing with
¥j5(0) = 0 and 9;,(1) =1 for all k, j. Thirdly, Liebscher’s construction requires that

1 m
v — - = for k=1,2,...,d and v € [0,1].
m;%k(v) v for and v € [0, 1]

The three conditions guarantee that C' defined in (2.6) is actual a copula.

It is easily seen that the approaches of Morillas (2005) and Liebscher (2006) coincide for
m =1, 971 = ¥ in (2.6) and Cy = C* in (2.5).

Liebscher (2006) also states a general method for deriving appropriate functions ;. Let
hjk 10,1 = [0,1],5 =1,...,m,k =1,...,d be a differentiable and bijective function such
that A%y (u) > 0 for u € (0,1), hjx(0) =0, hjp(1) = 1 and m - u = ZT:l hjk(u), u € [0, 1],
k=1,...,d Let ¢ = ¥~! be the differentiable inverse function of ¥. An appropriate
choice is setting ;i (u) = hj(¥(u)), since % (u) = ki (P(u)) - ¢'(u) > 0 for j =1,....m
and v € [0,1].

Considering m = 2, define

hig(u) = u®,  hop(u) = 2u —u  with & € [1,2]. (2.7)
Choosing further
U(t) = —2In(1— (1—eO)), and o )—ﬂ >0
= 9 n e , an u) = 1—6_9 5

and defining ¢ (u) = h;k(¥(u)) a generalized Frank copula (GMLF) is obtained. Setting
0 = 1 for all but one k, k=1,...,d, it is easily verified that the GMLF copula reduces to
the common Frank copula. Setting m = 2 and hj; as in (2.7) but now choosing (see table
2, no. 2, p. 8 in Liebscher (2006))
(6—t)0—6"

U(t) = = and P(u) =6 — (67(1—u)+u(6-1)"%)"

=

,0>060>1

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf

Page 7 of 24



Page 8 of 24

©CoO~NOUTA,WNPE

Quantitative Finance

a copula is obtained, which will be termed as GML2 copula henceforth.

In the field of insurance pricing the function v, is known as a distortion function (for a
definition see Freez & Valdez, 1998) and the methods proposed by e.g. Freez & Valdez
(1998) or Wang (1998) appear as special cases in (2.6). The same holds for the approach
given by Morillas (2005) where the function 1 also satisfies the requirements of a distortion
function.

2.2 Pair-copula decompositions
2.2.1 Pair-copula decomposition: The general case

One way of calculating a multivariate density is by decomposing it into a product of marginal
densities and conditional densities. The latter can be replaced stepwise by so-called pair-
copulas. Again, let X = (X,..., X4)" have the joint density function

flx, . zq) = f(xg) - f(@a—1|za) - f(Xa—2|Ta—1,2q) ... fx1]T2, ..., 24) (2.8)

which is unique up to a relabelling of the variables. Because of

flxy, .., xq) = cizd(Fi(z1), ..., Fa(zq)) - fi(zr) - fa(za),

with c¢12...4(-) being the d-variate copula density, f(x4|zq—1), e.g., may also be expressed
by c12(Fi(x1), Fa(x2)) - f1(x1), where c1a(+,-) is called pair-copula density for the respecting
transformed variables. Similarly, f(z4—2|z4—1,24), can be decomposed into

ca-2)djd—1 (Fi—2ja—1(@a—2|a-1), Fga—1(xa, ¥a-1)) - f(xa—2|Tda-1).
Using f(zd—2(|Td-1) = c(a—2)a—1)(Fa—2(Ta—2), Fa—1(ra-1)) - fa—2(za—2) results in
f@i-2|ra-1,24) = ca—2)aja—1(Fi—21a-1(Ta-2|Ta-1), Faja—1(Ta,Ta-1))
Cd—2)(d—1)(Fa—2(xa—2), Fa—1(x4-1)) - fa—2(wq—2)

which is not unique anymore, because one may also condition on x4 instead of x4_;. This
leads to a different decomposition. The general formula reads as

f(@|v) = cpp; v, (F(@|v_j, F(vilv_j)) - f(x|v_;) (2.9)

for a d-dimensional vector v with components v;. The vector v_; denotes v excluding the
component v;. For methods and formulas to calculate F'(x|v) we refer to Joe (1996).

As seen above, every (conditional) d-dimensional density can be split up into a pair-copula
and a (d — 1)-dimensional (conditional) density. For d > 2 you can iteratively repeat this
splitting for the (d — 1)-dimensional conditional density. Eventually, a product of univariate
densities and pair-copulas is obtained. As shown in the trivariate case, this decomposition
is not unique but there are various ways of doing this.
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In order to sort the different decomposition constructs, so-called regular vines (see Bedford
and Cooke, 2001 and 2002) are defined. Vines are graphical models that present complete
decomposition schemes. Following Aas et al. (2006) we choose the structure of the D-vine,

since there is no dominating variable. The joint density f(z1,...,zq) can be expressed as
d d—1d—j

H f(xk) H H Ciyitglitt,..iti—1 (F (@i Tig1, .o Tigj—1), F(Tigj|Titr, - Tigj—1))-

k=1 j=114=1

The decomposition of a four-dimensional density according to the D-vine scheme is

f(x1,22,23,24) = f(z1) - f(22) - f(23) - f(24)
-c12(F(x1), F(x2)) - co3(F(x2), F(x3)) - csa(F(x3), F(24))
‘e13i2(F(z1]x2), F(23|72)) - coaj3(F(w2|23), F(24]73))
'014|23(F($1|9527$3)>F($4\$279€3))~ (2.10)

2.2.2 Pair-copula decomposition of a copula

Originally, the pair-copula decomposition (PCD) decomposes the common density f of d
random variables. Of course, one may also apply the pair-copula decomposition to the
underlying copula density ¢, as we will show in this subsection. To simplify notation, we
restrict ourselves to d = 4 and the D-vine decomposition. As an immediate consequence of
Sklar’s (1959) theorem,

f($171'2,$3,134)

flar) - f(z2) - flas) - f(za)
Substituting the common density by its PCD given in (2.10),

c(F(z1), F(x2), F(x3), F(74)) =

c(F(x1), F(x2), F(x3), F'(x4)) = c12(F(x1), F(22)) - cos(F(x2), F(23)) - caa(F(x3), F'(w4))
ez (F(w1|r2), F(z3]w2)) - cous(F(z2]23), F(w4l23))

: C14\23(F(951|5027IS)vF(I4\I2a~’C3))

with ¢;|;(-,-) being a pair-copula density and its indices 4, j refer to x; and ;. According
to Joe (1996),
0 O(l:','l}jlvfj (F(‘T|v—j)7 F(Uj |v—j))

Flalv) = 9 F(0,v-)

with v_; being the vector v except the element v;. In the univariate case (i.e. v =),

9 Cyy x), v
Plafo) = T IO <y 4,0,0),

where ¢ being the parameter vector of the copula C,. The copula density decomposition
can be written as follows: It is obvious that F(z1|z2) = h(z1,z2,612) with 012 being the
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parameter (vector) of the of copula C2. Analogously, F(z3|ze) = h(xs, x2,023), F(xs|xs) =
h(xa, x3,023) and F(x4|x3) = h(xy,x3,034). F(x1|x2,x3), again, can be iteratively simplified
to
0 Cyp2(F(z1|z2), F(73|22))
8 F(1‘3|J}2)

= h(h(z1, 72, 012), h(z3, 22,032), 013)2)-

Analogously, F(x4|x2,x3) can be written as

0 Coyj3(F(w4lz3), F(22]23))
8 F(l‘2|l‘3)

== h(h($4, X3, 043)a h(l’g, X3, 023)7 024|3)'

Finally, define u; = F(x1), us = F(x2), us = F(z3), ug = F(x4). The formula for the
4-dimensional PCD copula density now reads as

c(u) = cia(ui,uz) - coz(uz, uz) - c3a(us, us)
- c13j2(h(ur, ug, 012), h(us, uz, 023)) - coajz(h(ug, us, 023), h(ug, usz, 034))
- Craj23(h(h(u1, us, 013), h(uz, us, 023), 01312), h(h(ua, us, 043), h(ug, us, 023), 02413))-

To summarize, in order to specify a d-dimensional (copula) density, two main steps have
to be taken (see Aas et al., 2006): Firstly, an appropriate decomposition scheme has to
be selected. Secondly, the pair-copulas have to be specified: e.g. Gaussian, Student’s t,
Archimedean or Gumbel copula. It is possible to use one copula model for all pair-copulas
or decide individually.

2.3 Koehler-Symanowski (KS) copulas

Koehler & Symanowski (1995) introduce a multivariate distribution as follows: For the
index set V= {1,2,...,d}, let V denote the power set of V and Z = {I € V with |I| > 2}.
Let further X denote a d-dimensional random vector with univariate marginal distributions
Fi(x;),i € V. For all subsets I € 7 let a; € R} and a; € R for all i € V such that
it = oy + ZIGI ay > 0 for ¢ € I. Then the common cdf F' is defined by

_ Hiev Fi(xi)
[liez [Zie] [ier i Fi(@)®+ — (| = 1) [ Ligy Fiai) >+

The terms Ky = >_,c; [1ier oz Fi(@)®* — (] = 1) [Lies Fizi)** are called association
terms. Moreover, Koehler & Symanowski (1995) showed that the joint density function

F(z1,...,2q) = - (2.11)

exists if the marginal density functions f; exist for all ¢ € V. Due to the design of the
Koehler-Symanowski distribution the corresponding copula has a similar functional form:
Setting u; = F;(x;) for all i € V| the KS copula is

_ [Licy us
- } o ]er
rer |[Sier Tyergwitty™ = (11 = D ITie ui™]

Clug,y ..., uq) (2.12)
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In contrast to the cumulative distribution function the functional representation of the
density is quite complicated due to complex factors with additive components. Koehler
& Symanowski (1995) gave an explicit formula for the special case of a so called KS(2)-
distribution (Caputo, 1998), where all parameters o are set equal to zero for |I| > 2. The
corresponding copula will be termed as KS(2) copula henceforth. Assuming that «;; =
a;; > 0 for all (4,5) € VxV and a4 = an + o + -+ + a;q > 0 for all i € V, the
KS(2)-copula simplifies to

d
Clur,ug, ... ua) = [Jus []]] 55 (2.13)
i=1

i<j

with K;; = uz/a” + u;/aj+ - uz/o”ﬂtjl,/‘lj”r = Kj;.
Palmitesta & Provasi (2005) apply this particular KS copula to weekly log-returns. They
also argue that this copula has the ability to model complex dependence structures among
subsets of marginal distribution but they do not present any goodness-of-fit measure or any
comparison with other copulas.

2.4 Multiplicative Liebscher copulas

By now, different methods of how to construct d-variate copulas have been reviewed. Lieb-
scher (2006) discusses how to combine or connect a given set of k possibly different d-copulas
C1,...,Ck to anew d-copula C in order to increase flexibility and/or introduce asymmetry.
His proposal focuses on multiplicative connections of d-copulas of the form

k
Clur,...,ug) = [[ Cilgia(wr),.. ., gja(ua)) (2.14)
j=1
with a set of k - d admissible functions ¢11,--.,91d,-- - 9k1, - - - 9kd, €ach of which being

bijective, monotonously increasing or identically equal 1 satisfying
k
[[oiw)=v, i=1,....4 (2.15)
j=1

Note that (2.15) reduces to g1;(v) = v for k =1 and ¢ = 1,...,d, and C is recovered. In
accordance to Liebscher (2006), possible choices are

k
g5i(v) = v’ with 6;; > 0and Y 0, =1fori=1,....d (2.16)

Jj=1

76701-1) @
or g1;(v) = f(v), g2(v)=v- ! flv) = (11_6—97:) , 0>0, a€(0,1). (2.17)

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf

Page 11 of 24



Page 12 of 24

©CoO~NOUTA,WNPE

Quantitative Finance

We consider four different generalized Clayton copulas based on (2.14). The ” Generalized
Clayton of Liebscher type I” (L;) is obtained by setting k = 2, choosing the Clayton copula
for C, the independence copula for Cy and g¢;;(v) as in (2.16). Applying (2.17) rather than
(2.16), the ”Generalized Clayton of Liebscher type II” (L) copula with d 4+ 2 dependence
parameters is constructed. Similarly, combining two d-variate Clayton copulas and using g
from (2.16) we obtain the d-dimensional copula family with d + 2 parameters, termed as
the ”Generalized Clayton of Liebscher type III” (Ls) in the sequel. Finally, applying again
(2.17) rather than (2.16), the ” Generalized Clayton of Liebscher type IV” (L4) is obtained.

3 Goodness-of-fit measures

We now tackle the problem of comparing the goodness-of-fit (GOF) of the different copula
models from section 2, noting that most of them are not nested. As we apply maximum
likelihood (ML) methods to obtain estimators for the unknown parameter vector, the first
choice is the log-likelihood value ¢ or — in order to take the different numbers of parameters
into account — the Bayesian information criterion BIC = —2¢ + K In(N), where K and N
denote the number of parameters to be fitted and the number of observations, respectively.
However, comparing log-likelihood values for non-nested models may produce misleading
conclusions. Therefore, other GOF tests may come to application. Following Breymann,
Dias & Embrechts (2003), Chen, Fan & Patton (2004) or recently Berg & Bakken (2006),
the main idea is to project the multivariate problem onto a set of independent and uni-
form U (0, 1) variables, given the multivariate distribution and to calculate the distance (e.g.
Anderson-Darling, Kolmogorov-Smirnov, Cramér-von Mises) between the transformed vari-
ables and the uniform distribution. In contrast to the authors above, we are not primarily
interested whether the data stem from the specified copula model. Instead, we use these
distances as criterion itself. The proceeding is roughly as follows:

By means of the Rosenblatt (1952) transformation the random vector X = (Xy,...,Xy) is
mapped onto a random vector Z* = (Z7,...,Z}) via

ZfEFl(Xl) and Z: EFXi|X1,...,Xi,1(Xi|X1a-~-aXi—1)a 1227,d (31)

It can be shown that Z* is uniformly distributed on [0,1]¢ with independent components
Zt, ..., Z;. Assume that the cumulative distribution function of X admits the decomposi-
tion

Fx(xl,. .. ,$d) = C(FXl(xl), .. .,FXd(l'd)),

where C(-) denotes a parametric copula which is the common distribution function of U =
(U1,...,Uq)" with U; = Fx,(X;). Define C(uy,...,u;) = C(u1,...,u;,1,...,1) for j < d.
Furthermore, the conditional distribution of U;|Uy,...,U;_1 is given by

Bi_lO(ul, R ,uz)/ 8i‘1C’(u1, e ,ui_l)

Cl(uz) = Bul .o 8ui,1

8u1 N 8ui,1
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According to (3.1), the variables

Zl EC(Ul):Ul and ZZECl(UZ), Z:2,,d (32)
are independent and uniform on [0, 1]. Consequently, the sample X,..., Xy from a para-
metric copula and with marginals given by Fi,..., F; can be mapped onto an iid sample
Z,,...,Zy from a uniform distribution on [0, 1]¢.

Breymann et al. (2003) suggest transforming each random vector Z; = (Z;1,. .., Z;q)" into a
(univariate) chi-square variable x; with d degrees of freedom through x; = Z;i:l d=1(Z;5)?,
j=1,...,N, where ® 1 (u) denotes the standard normal quantile function. If the margins

are unknown, they may be replaced by the corresponding empirical counterparts. Breymann
et al. state that ”we do assume that the y2-distribution will not be significantly affected by
the use of the empirical distribution functions used to transform the marginal data”.

4 The data set

The data sets we used to compare the different copula models come from three differ-
ent markets (German stock market, foreign exchange (FX) market and commodity mar-
kets). From each market, four typical representatives were selected, provided that the
corresponding sample period is sufficiently large. Instead of analyzing the prices them-
selves, we calculated and considered (percentual) continuously compounded returns (”log-
returns”) R; = 100(log P, — log P,—1), t = 2,...,N. In order to account for possible
time-dependencies (which are common to most financial return series), we also fitted uni-
variate GARCH models of the form R; = p+v1Ri—1 + ... + Ve Re—r + heep with variance
equations hf = ag + a1 R} | + ...+ a1 R}, + Bihi | + ...+ B4hi_, to each of the series
and considered standardized residuals e; rather than the original returns R;. Secondly, as
we are not primarily interested in parametric models for the marginal distributions, all ob-
servations (i.e. returns or standardized residuals) were transformed into uniform ones by
means of the (empirical) probability integral transform, i.e.
_ {#R|R; < x}

Ur = Fy(Ry) with Fy () = Z—50=—" and Uf = Fy(e.)
t

4.1 German stock returns

From the German stock market, we selected prices of HVB AG, BMW AG, Allianz AG
and Munich Re AG, all of them being part of the German stock market index DAX which
measures the performance of the Prime Standard’s 30 largest German companies in terms
of order book volume and market capitalization. Figure 3 contains the series of prices and
returns. Table 1 summarizes descriptive and inductive statistics. All series feature negative
skewness and high kurtosis (measured by the third and fourth standardized moment S and
K). Morerover, there is empirical evidence for (slight) serial correlation and GARCH effects

12
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as the Ljung-Box statistic LB and Engle’s Lagrange multiplier statistic LM indicate (the
critical x2-value is given by 18.307 in both cases for a = 0.05).
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Figure 3: German stock prices and stock returns.
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12-11-03
12-11-03
12-11-03
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3486
3486
3486
3486

HVB
BMW
Allianz
MunichRe

0.02

0.004
0.046
-0.002

5.61
4.33
4.87
5.06

-0.033

-0.132
-0.07

-0.027

8.16
7.19
8.37
8.75

24.45
28.96
29.74

621.08
366.49
517.14

50.53 508.59

Table 1: German stock returns.

38 4.2 Exchange rate returns

40 Data from foreign exchange markets (FX-markets) are available from the PACIFIC Ex-
41 change Rate Service!. This service offered by Prof. Werner Antweiler at UBC’s Sauder
42 School of Business provides access to current and historic daily exchange rates through an
43 on-line database retrieval and plotting system. In contrast to the volume notation, where
44 values are expressed in units of the target currency per unit of the base currency, the price
notation is used within this work which corresponds to the numerical inverse of the volume
notation. All values are expressed in units of the base currency (here US-Dollar) per unit of
48 the target currency. Table 2 summarizes the statistics of the four exchanges rates (Canadian
49 Dollar, Japanese Yen, Swiss Franc, British Pound) which are used later on. Again, prices
50 and log-returns are shown in figure 4, below.

52 'Download under the URL-link http://pacific.commerce.ubc.ca.
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Figure 4: Exchange rates: Prices versus Returns.

Start End N FX Rate “ 52 S K LB(10)  LM(10)
02-01-90 | 31-12-04 | 8054 | CAD 0.002 0.09 -0.004 6.75 12.65 912.18
02-01-90 | 31-12-04 | 8054 | YEN -0.015 0.56 -0.002 6.11 12.5 429.24
02-01-90 | 31-12-04 | 8054 | SFR 0.003 0.36 0.132 6.84 55.79 485.26
02-01-90 | 31-12-04 | 8054 | BRP -0.013 044 -0.723 13.33 34.48 176.20

4.3 Metal returns

Table 2: Exchange rates

The London Metal Exchange? (LME) is the world’s premier non-ferrous metals market with
a turnover value of some US$2000 billion per annum. For a detailed introduction on metal
markets with emphasis on the London metal exchange see Crowson & Sampson (2001).
Among the different metals, emphasis is placed on aluminium, copper, lead and nickel.
All prices are quoted in US-Dollar per tonne. Table 3 again contains the basic summary
statistics. Prices and log-returns are displayed in figure 5.

Start End N Metal u 52 S K £B(10) LM(10)
26-03-99 | 07-08-06 | 1093 | Lead | 0.034 1.22 -0.555 8.72  29.74 161.56
26-03-99 | 07-08-06 | 1093 | Tin 0.084 4.21 -0.368 5.59  30.11 100.37
26-03-99 | 07-08-06 | 1093 | Nickel | 0.142 2.38 -0.139 5.13  12.95 127.66
26-03-99 | 07-08-06 | 1093 | Zinc 0.13 497 -0618 7.9 10.72 21.45

Table 3: Metals: Prices versus Returns.

2Download under http://www.lme.co.uk/.
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Figure 5: Metals: Prices versus Returns.

5 Empirical results

The 4-copulas under consideration are the following: Firstly, we selected the Clayton copula
(CLA), the Gumbel copula (GUM) and its rotated version (roGUM) from the Archimedean
class. From the generalized Archimedean copula family, two hierarchical copula models (i.e.
HA-CLA and HA-GUM) are included, based on the Clayton and the Gumbel copula, re-
spectively. Moreover, six representatives of Morrillas’ construction scheme (i.e. MO-CLA1,
MO-CLA2, MO-CLA3, MO-GUM1, MO-GUM2, MO-GUM3) involving the Clayton, the
Gumbel and different generator functions (no. 3, 2, 4 in Morillas, 2005) are included as
well. In addition, two version of Liebscher’s proposal (GMLF, GML2) are used. Beyond
that, representing the ”elliptical copula world”, the Gaussian copula (NORM) and — as
ultimate benchmark — the Student-t (T) copula are also included. From the pair-copula
decomposition we chose five representatives (i.e. PC-NORM, PC-T, PC-CLA, PC-GUM,
PC-roGUM) each of them derived from one single copula model (i.e. we used no decompo-
sitions based on different copulas). Additionally, we fit the KS(2)-copula of Palmitesta &
Provasi (2005) as well as two generalized versions (i.e the augmented KS(2)-copula, denoted
by aKS(2), where the four-dimensional association parameter is added and the fully speci-
fied model, briefly KSC) of Koehler & Symanowski (1995). Finally, four different types of
multiplicative Liebscher copulas from example 2.8 (L, Lo, L3, L4) are considered.

The computer code for the ML-estimation was implemented in Matlab 7.1. For maxi-

mization purposes we used the line-search algorithm of Matlab. We calculated parameter

3

estimates and their standard errors® as well as the different goodness-of-fit measures for the

31t should be pointed out that the standard errors in the subsequent tables (which we extracted from the
estimated Fisher information) should be interpreted as "rough-and-ready” estimators for the true (unknown)
ones. As we make use of the semi-parametric estimation procedure (where the unknown marginals are
replaced by the empirical distribution function), the correct choice would be to adopt the proposal of
Genest, Ghoudi & Rivest (1995). Because we are primarily interested in comparing different goodness-of-fit
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GARCH-residuals and all copula models mentioned above. As stated above, goodness-of-fit
is measured by the Log-likelihood value and the BIC criterion. Above that, three distance
measures,

Jj=1,

KS = VN max_|Fe)(x;) — Fya(u)|,

1
AKS = ﬁj};w [Fyz(a)(xj) = Fnx ()| and Lo = ||Fyaa) — Fnll,

are calculated to quantify the distance after application of the Rosenblatt transformation
(based on the different parametric copula models).

The subsequent tables summarize the estimation results for the different copula models
under consideration. In contrast to table 5,6 and 7 which are dedicated to the parameter es-
timates and their approximate standard error, table 4 displays five goodness-of-fit measures
for every copula and every data set. As already mentioned above, we only presented the
results for the GARCH residuals, emphasizing that using the original data instead doesn’t
change the estimation results substantially. In particular, the ordering of the goodness-of-
fit measures is essentially preserved. Above that, parameter estimates of the dependence
parameters are roughly stable for most of the copulas under consideration. In general, the
results in 4 seem to be rather stable across all data sets and distance measures. The most
important conclusions are the following;:

First of all, both Student-t copula (T) and the pair copula built from bivariate Student-
t copulas (PC-T) provide the best fit over all measures. Taking the comparatively large
number of parameters of the PC-T into account, the Student-t copula should be preferred
from a practical point of view.

Secondly, within the class of pair-copulas itself, the pair-copula approach based on different
bivariate rotated Gumbel copulas dominates the approaches based on bivariate Clayton
and bivariate Gumbel copulas, though being outperformed by the above-mentioned PC-t
approach. Among the different construction schemes of multivariate copulas, the pair-copula
approach has to be pointed out.

Thirdly, the Gaussian copula seems to attain more attraction if the number of dimensions
increases. Whereas Archimedean copulas frequently outperform this dependence model in
the bivariate case, the situation seems to reverse for the higher-dimensional case. There is
empirical evidence that the overall goodness-of-fit of the Gaussian copula (measured by the
log-likelihood) seems to be very good, whereas distance measures (with more emphasis on
the tail area) noticeably worsen compared to other copulas.

Fourthly, the KS(2)-copula which was advocated by Palmitesta and Provasi (2005) provides
only a poor fit to the return series. In contrast to the original specification of Koehler and
Symanowski (1995), it neglects three and four-dimensional association parameters. Taking

measures and not in checking significances, this procedure (which requires derivatives of the log-density of
the underlying copula models) is omitted.
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a global (i.e. four-dimensional) association parameter into account, the corresponding aug-
mented KS copula (aKS(2)) clearly improves all goodness-of-fit measures (Note that most of
distance measures cut in half) which can be further improved if the fully specified KS copula
(KSC) is used. The latter proves to be a serious alternative to the elliptical competitors, at
least in the 4-dimensional case.

Fifth, the fit of ”plain” Archimedean copulas significantly improves if a generalized model
based on the proposals of Liebscher and Morillas is taken into consideration. Within both
classes, there seems to be further discussion as to how to choose the underlying generating
functions. Basically, the multiplicative Liebscher copulas L1 — L4 as well as GML2 and
GLMEF tend to outperform the representatives of Morillas’ class.

Sixth, focusing on hierarchical Archimedean copula families, we found only slight improve-
ment regarding the goodness-of-fit, at least for our data sets. However, we admit that one
might further improve the results with another hierarchy which might be found on the basis
of cluster algorithms.

To sum up, the 4-variate Student-¢ distribution still plays a predominant role. Some of
the recently proposed construction schemes are partially competitive while others are more
likely to be overestimated in the relevant literature. Finally, our findings are derived from
4-dimensional data sets. For the higher dimensional case, some results are expected to be-
come still more evident, while some of the models under consideration (e.g. KSC) will be
no longer estimable.

Acknowledgement
The authors thank two anonymous referees for their helpful comments and suggestions which
significantly improved the presentation of the paper.

17

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf



Page 19 of 24

Quantitative Finance

(1g811) sumjel [eI9]\ pue (S[ppIur) sejel aSurloxy ‘(7J0]) SUINILAI ¥D0IS URULIAY) :SOINSRIU J1J-JO-SSOUPOOL) :F 9[qR],

Le0 | 610 | 22T | 168L- | 0cLe | 6c0 | w80 | sew | coose- | 9et6r | v¥0 | evo | 2oz | Tgoze- | 87191 | WnoOH-vH
050 | €20 | 99T | 018~ | 6817 | 89°0 | 88°0 | 9€°¢ | ¢'€86e- | €G08T | #9°0 | ¥G°0 | 6S°€ | L'T90E- | T'EPST VIO-VH
ze0 | €10 | €11 | 9818~ | Leev | 6€0 | 190 | 66'C | G€6VF- | ©'8LTT | 6€0 | 1€0 | 0£°T | v'T6EE- | LVTLI |
6£0 | ST0 | geT | 6'¢e8- | 8287 | #9°0 | €20 | FT'C | OFPLF- | 0668 | €70 | T€0 | 99°C | L6616~ | €2T9T o1
g0 | 610 | goT | €ess- | oL | ov0 | Lv0 | ave | 8°¢e19- | 670TE | LE0 | 620 | L2T | T'LVEE- | 0°8¥9T €T
070 | 9T0 | 06T | 688~ | T¢hp | 0270 | 95°0 | 8¢F | 87709~ | 6'FF0€ | LF0 | €670 | L8C | G'G6TE~ | T'STIT 1
620 | P10 | 90T | 2’698~ | 9ev | 8¢°0 | 840 | L&¥ | ©'¢96€- | 9°T66T | OF'0 | 9870 | 8€'C | LPLEE- | ©°G69T | €NND-ON
V0 | ST0 | 65T | 0298 | 08ev | €9°0 | 6L°0 | L6'F | 99168~ | €L96T | 65°0 | FF'0 | 9°€ | TLITE- | L'9T9T | E€VID-ON
070 | 120 | 72T | T2t~ | 0€9e | #9°0 | €60 | 79°F | T'PGGe- | 0°98LT | 290 | TS0 | 19C | $LS65- | 6'98FT | 2NND-ON
190 | €20 | 08T | 7908~ | z01¥ | 890 | 680 | 6V°G | cTvGe- | L'6LLT | 290 | 950 | 86'¢ | €296z~ | €68VT | TVIO-ON
620 | P10 | 90T | 2698~ | ¢9¢¥ | 8¢°0 | 820 | L&F | 6968~ | 9T66T | 0F'0 | 9870 | 8€'C | LFLEE- | ©°G69T | TINNAD-OWN
PO | ST0 | 66T | 0298 | 08ev | €9°0 | 6L°0 | 6% | 9°9T6€- | €961 | 650 | ¥F'0 | 99°€ | TLITE- | L'9T9T | TIVID-ON
660 | ST0 | 22T | €998 | €¢8% | 6570 | ¥£°0 | STz | T'SP69- | 0°0FGE | S€°0 | 86°0 | 09°'T | T'609€- | L'G98T DS
W0 | ST0 | ST | ¢zgs- | ¢v9r | g0 | 170 | 9L | 0€8L9- | 6°07FE | G¥0 | €0 | 02T | L'89VE- | T'6LLT (¢)S>I®
6,0 | 9¢0 | 66T | 810 | Lger | 280 | €T | ¥8°9 | ¥6€T- | LFIT | €8°0 | €90 | V'V | TOVET- | 6°€TL (2)s3
070 | ST0 | 67T | 0788 | 7657 | 69°0 | €3°0 | 29'C | 96265~ | 2TTLe | 970 | OF'0 | 99°C | L'90VE- | L'€TLT ITIND
0v'0 | LT0 | 2vT | €228 | g6ev | 120 | ¥8°0 | $9°C | 969€S- | 81122 | 970 | OF'0 | 29C | G'86€€- | L'€TLT CTIND
9z'0 | 710 | 08°0 | 8'886- | €'¢1¢ | 190 | 060 | FT'€ | 6'890L~ | ¢'T9¢E | 2F0 | 670 | 9L'T | 0°9LL&- | 72161 | WADOT-DJ
70 | 820 | STT | 678 | 81eF | 460 | €0T | 99°€ | ©°0929- | T20v€ | 8V°0 | €50 | 66'T | STFVE- | €GTLI INND-Dd
99°0 | 6€°0 | SP'T | G148 | 9997 | 68°0 | ¥ST | 023G | 6'L¥8S- | 6°0962 | T6'0 | TOT | 09°€ | €618~ | 12291 VI0-0d
91°0 | 600 | T9°0 | 6'T00T- | Lg¥e | 6T°0 | 6270 | FL'T | 9°808L- | €'856€ | GT0 | 9T'0 | LL'0 | 9°630F- | L'€90G I-0d
190 | 060 | OF'T | €7001- | 0'gge | 220 | 9¢T | ev¥ | 8FL0L- | PHOSE | €L0 | 180 | TT'E | LFISE- | 8°TE6T | IWHON-DJ
ST°0 | 00 | 69°0 | 8°€20T- | €9¢5 | €10 | 9T0 | 69T | ©'@89L- | 9°2L8¢ | OT'0 | 800 | 89°0 | 8920F- | 6’170 L
9¢°0 | LT'0 | 9€°T | ¢'g00T- | 9°€c | 920 | €20 | ¥V | T°GL0L- | ¢F9ce | TS0 | #F°0 | OT'€ | 0°GI8E- | 6'T€6T INHON
280 | 020 | 90T | @118~ | T'60F | #9°0 | €60 | €4'% | T'Se9e- | 9'STST | LF0 | SF'0 | €F'C | ¢11ee- | L'609T QDo
070 | 120 | 72T | 0614~ | 0€9g | 79°0 | €60 | 797 | T°€9%E- | 0°98LT | 250 | TG0 | 1S | L'G96T- | 6'98FT OO
190 | €20 | 08T | 7'€18- | ¢01v | 890 | 680 | 67°G | c0gge- | L'6LLT | L9°0 | 90 | 86'€ | G°0L6C- | £68¥T VIO
7 7 SV 7 S 7 oI1d 7 ] 7 7 SV 7 S 7 oId 7 ! 7 7 SV 7 S 7 oId 7 ! emdop
(S[enpIsoy-HOU VD) e¥ep (819N (S[eNpIsy-HOU VD) seyed oSueypdXy | (S[enpsoy-HOYVD) s}20)s uewtay

o

—
A NMITOON0O -

N ™M <
—

Te]
-

O ™~
-

[ce}
—

[N ]
— N

— N
AN N

™
N

< 0
NN

O N~ 0
AN N N

9]
[§\

o N
cnmoMmm

M <
oM

Lo
o™

© N~
M m

(e}
o™

o O
o <

- N M
< T <

<
<

0 ©
< <

N~
<

0 OO N
< S W0Www

o™
Lo

18

<
Te]

Lo
Lo

©
Lo

~
o

[o9]
Lo

(©2}
Te]

o
©

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf



Quantitative Finance

Page 20 of 24

(stserjyuared ur) s10110 pIrepue)s SUIPUOdSOlIod PUR S9JRMWIS Iojotueled :(S[enplsel HOY VL)) SWINGOI D0)S URULIDY) :G S[qR],

(gezte) | (9e110) | (eLLe%6) | (g196°¢) | (8zog10€) | (1€1T°9L)
0000°0 6€0T°'T G90L'T 0000°¢ 147N 9L€9°'1 CTIND
(98%2°0) (e¥s1°0) (9691°1) (1£61°0) (6£20°0)
L0S€°C 60L°T 0000°¢ 28TV’ 1 80791 ATIND
7 ) 7 g 7 ) 7 ) 7 2o 7 To 7 endo) 7
(6910°0) (z110°0)
SG¥8L°0 ¥eoT'1 EINND-ON
(,810°0) (95€0°0)
LYI80 T661°0 EVTIO-OIN
(¢698°0) | (¥80L°1) | (¥8¢8'0) | (¥eve'1) | (go11°0) | (F18%°2) | (1690°0) (£000°1) (6600°0)
L009°0 0000°T 99990 26760 8%8°0 G809°8 26270 71 6¢00°C 0C8¢'1 SINND-OIN
(£%9°0) (2566°0) | (8¢29°0) | (9899'0) | (¥L01°0) | (¥18%°0) (¢e2¥°0) (8%02°0)
26Y°0 0000°'T 86720 €9€8°0 86.€°0 88.6°T €1 TILYV'8 960¢'S ZVID-OIN
(e1v0°0) | (¥ev0°0) | (1¥£0°0) (6£0°0) (vgz0'0) | (92€1°1) (6L61°0) (2600°0)
8G6¢°0 976¢°0 €0¢e0 LG6€°0 19.%°0 €992°9 ¢T | 66€9°¢— | ¥20T'T TINND-ON
(29z0°0) | (6%20°0) | (g€20°0) (g20°0) (9911°0) (9e¥5°0) (9€0°0)
EVIL0 90880 €L€9°0 6¢L0 8GTS'T TT | 896S7— T661°0 TIVTIO-OIN
7 9% 7 S 7 i 7 €p 7 [ 7 T 7 L 7 emndo) _ 4 7 7] 7 endo)
(¥210°0) | (8110°0) | (¥210°0) (L00°0) (110°0) (8¢10°0) | (v010°0) | (1%00°0) | (1600°0) | (¥900°0) | (2910°0) (600°0) (8800°0) | (¢110°0) | (2¥10°0)
9L 0 8780°0 L880°0 | SSTO0 | ¥L80°0 | ¢680°0 92500 TS00°0 6500°0 ¥.00°0 T20T1°0 97000 £620°0 LT€0°0 98600 oS
(6610°0) (¥910°0) (9010°0) (200°0) (2010°0) (600°0) (1810°0) (6800°0) (g600°0) (£010°0) (9210°0)
LY€T0 86010 €110 200°0 6GT0°0 G500 GOFT0 90200 91010 <9700 T1€L0°0 (g)s>1e
(91€0°0) | (2900°0) (860°0) (2800°0) | (1200°0) | (vezo'0) | (22100) | (9810°0) | (£120°0) | (9L00°0)
I819°0 00000 TLT0 00000 0000°0 21610 T1€90°0 €LIT0 LL0°0 1€20°0 (2)s>1
7 veTIp 7 veTp 7 VElD 7 ZaT) 7 (327 7 22 7 V€D 7 €€p 7 ven 7 €2p 7 zen 7 vip 7 €Ip 7 gIp 7 ) 7 endop 7
(1620°92) (889°21) (8121°1) | ($%9%°1) | (9%08°0) (ve0z°1) (8¢10°0) | (€910°0) | (2210°0) | (¥010°0) | (2010°0) | (£%00°0)
91LE'CY | 890CLC | S9TT'8 9168'S Y7169 907¢'8 S¥60°0 L0€T°0 G9ST'0 918S°0 L¥0S°0 0€ey 0 L-0d
(#210°0) (L10°0) (£10°0) (#010°0) | (2110°0) | (6210°0)
9060°0 9.21°0 0cvy'0 89.S°0 L8870 61¢7'0 | NHON-Od
(ce8°0) (toto'0) | (8€10°0) | (g110°0) | (1€10°0) | (20T0°0) | (6210°0)
1.20°0T G8LS0 1€8€°0 9%70S°0 L607°0 GTLS0 LTEV0 L
(8600°0) | (ee10°0) | (9110°0) | (6210°0) | (2010°0) | (6210°0)
0LLG°0 62LE°0 8887°0 G86¢°0 8GGS°0 0¢cy 0 INHON
7 o 7 [ 7 iz 7 €1 7 [ 7 n 7 ved 7 ved 7 ged 7 vid 7 €1d 7 ¢id 7 endop
(£010°0) | (s110°0) | (¥610°0) (120°0) (z610°0) | (¥210°0) (6600°0)
7E€E0'1 (47X} wle'T 868491 444! LEVE'T NNOoI-Dd 998¢°T NNDOo
(8110°0) | (£610°0) | (SL10°0) (6600°0) | (vot0°0) | (g810°0) | (1020°0) | (9810°0) | (2910°0) (6600°0)
gLGE'T ¥6LS'T S18¢'T NNOD-VH 8910° T 8G90°'T LEG6ET 8L9S'T IWIV'1 8CTIC'T INNO-0d 028¢'T NN
(9510°0) | (¥120°0) | (1920°0) (1810°0) | (1020°0) | (21€0°0) | (¥P2E0'0) | (¥820°0) | (5280°0) (#10°0)
08LS°0 96880 78650 VID-VH 2,00 €S¥T0 2SS0 9806°0 66890 60SS°0 VID0-O0d SY19°0 V1D
7 ) 7 2T 7 Tig 7 emndop _ % 7 S 7 v 7 €9 7 29 7 Tg 7 emndo) _ 0 7 endo)
O NN OMNMNOODOANNITIODONMNOODOTANNITIOLONOIOANMTODONONO O N
ANNTODOMNMNOD A AAAAAAAAANNNNNANNNNNNTNNNNNNNHNONTSTITITITITIITITITSITIITIOWOWO

o™
Lo

19

<
Te]

Lo
Lo

©
Lo

~
o

[o9]
Lo

(©2}
Te]

o
©

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf



Page 21 of 24

Quantitative Finance

(stsorjjuored ur) s10110 prepue)s SUTPuOdsolIod PUER SOJRUITISO IjotIRIR :(S[RNPISOI VYY) STINGOI 9yel aSueTdX 9 o[qR],

(100°0) (5000°0) (1€€°0) (6811°0) | (2L¥0°1) | (2900°1)
00000 | TLVE'T CIGL'T 9966'T 0000°¢ 0000°'T CTIND
(Lz18°0) | (g¢12°0) | (19€0°0) (z12°1) (9£16°0)
GG6E'T 9ETL'T 9966'T 0000°¢ 0000°'T ATIND
7 g 7 g 7 7o 7 €9 7 [ 7 To 7 endo) 7
(0810°0) (02,00°0)
€66S°0 €890°T EINND-ON
(2610°0) (zs10°0)
8GLSG0 00LT°0 EVTIO-OIN
(996°0) (20L0°T) (zvotr'1) (9810°1) (1092°0) (gg91°0) (8LLY°€T) (0000°1) (9¢00°0)
00000 | 00000 0000°0 0000°T L€¢€°0 19120 <S09¢°8 i ! L700°C L6€T'T SINND-OIN
(8g10°0) | (8020°0) | (2120°0) | (6500°0) | (9220°0) (z1€%°0) (¢108°%) (2916°0)
G06%°0 €62S6°0 6660 ce0'0 ¢81E0 QGLT'S €1 evee’e 9716°0 ZVID-OIN
(g89¢'1) | (eL12°1) | (291€°1) | (e986°0) | (160€°0) | (8I6T'TI) (F111°0) (2L00°0)
0000°T 0000°T 0000°T 0000°0 {CEY'0 981¢'8 ¢l GG67 11— £€890°'T TINND-ON
(¢¥10°0) | (8¥10°0) | (¥$10°0) | (€600°0) (20€1°0) (2960°0) (P¥10°0)
LTSG°0 9TLLO 9728’0 L6600 901¥V'¢C TT | €L8¢°T— 00LT°0 TIVTIO-OIN
7 % 7 9 7 Yo 7 €9 7 29 7 Ty 7 L 7 endon _ M 7 ) 7 endop
(9900°0) | (2010°0) | (6£00°0) | (S¥00°0) (900°0) (6200°0) | (8%00°0) | (¥900°0) | (2500°0) | (¥200°0) | (L¥00°0) | (¥S00°0) | (¥S00°0) | (6£00°0) | (6220°0)
19€0°0 L8YT°0 9200°0 L9T0°0 | 99€0°0 | 6LL0°0 8100 6.70°0 SPr0°0 76600 180070 S0T0°0 L610°0 TOTO0 €eve 0 oS
(1260°0) (9€10°0) | (¥200°0) | (0S10°0) | (60TO'0) | (82%0°0) | (g00T°0) | (92¥1°0) | (2910°0) | (6960°0) | (1¥6€°0)
G8LT0 18L0°0 81¢0°0 G00°0 01900 9G€T0 0000°0 €IT0°0 07900 T020°0 1866°T (g)s>1e
(08s1°1) | (9660°0) | (8811°0) | (9660°0) | (8660°0) | (6051°0) | (8181°0) | (99€0°0) | (6S7¥0°0) | (8€TI'0)
TLEV'T 00000 86€2°0 00000 0000°0 T01€0 00000 28€0°0 2990°0 62120 (2)s>1
veTIn 7 veTD 7 ) 7 Zar) 7 (327 7 G2 7 V€D 7 €€p 7 ven 7 €2p 7 gen 7 vip 7 €Ip 7 gIp 7 ) 7 endop 7
(1608°9) (6226°0) (£680°2) (66L7°0) | (8992°0) | (8zv0°'1) | (1110°0) | (£600°0) | (1600°0) | (2800°0) | (6500°0) | (9010°0)
€GCC¥T | 98%0°6 | 9I¥I'68 | 0C9S'9 c91I8'V 991¢°6 9610°0 96L€°0 8890°0 ceev 0 8679°0 69.1°0 L-0d
(r110°0) | (2600°0) | (€110°0) | (¥800°0) | (9500°0) | (L0T0°0)
28100 908¢°0 1.90°0 080%°0 L€€9°0 66910 | NHON-Od
(#96€°0) | (8800°0) | (8L00°0) | (25000) | (0z10°0) | (9010°0) | (6010°0)
STIL'S 6£27°0 €6€G°0 00S9°0 ZSTIT0 8991°0 ¥PLT0 L
(0800°0) | (0.00°0) | (9%00°0) | (0110°0) | (8010°0) | (¥010°0)
2800 ¥.28°0 6££9°0 6L0T°0 0SST0 0%91°0 INHON
7 91 7 1 7 Z 7 €1 7 2 7 in 7 ved 7 ved 7 €2d 7 vid 7 €1d 7 gid 7 endoH
(1g00'0) | (erro'o) | (2£9000) | (6010°0) | (9510°0) | (6800°0) (9500°0)
IC10°T ¢99¢'1 G0€0'1T Yave'l LOVL'T ¢80T'T NNOoI-Dd 88¢C'T NNDOo
(veve0) | (g9¢1°0) | (P8LLT) (6%00°0) | (g110°0) | (0900°0) | (s010°0) | (6%10°0) | (1800°0) (9500°0)
geee't 916¢'T 962¢C'T NND-VH 2S00°T 08LC'1 6020°T ¥vee'1 EVILT SIIT'T NNO-Od L6ET'T nno
(8221°0) | (1880°0) | (L6¥9°0) (ot10°0) | (1210°0) | (8110°0) | (8410°0) | (4820°0) | (6%10°0) (2800°0)
TLLE0 L¥0S°0 cLLEQ VID-VH 0€20°0 906€°0 L0900 GTES0 Z8IT'T 06910 VID0-O0d GE6E°0 V1D
7 ) 7 2T 7 Tig 7 emndop _ % 7 S 7 v 7 €9 7 29 7 Tg 7 emndo) _ 7 endo)
O NN OMNMNOODOANNITIODONMNOODOTANNITIOLONOIOANMTODONONO O N
ANNTODOMNMNOD A AAAAAAAAANNNNNANNNNNNTNNNNNNNHNONTSTITITITITIITITITSITIITIOWOWO

53
54
55
56

20

57
58
59
60

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf



Quantitative Finance

Page 22 of 24

(stsorjjuored ur) s10110 pIepur)s SUIPuodsolIod PUR SOIRUISO Iojourered :(S[NPISol YY) SUINII RIS L 9[RBT

(geeL'0) | (zre170) | (z18v0) | (19¢82°2) | (896€°0) | (6928°0)
8L60°0 999T°'T 66791 0000°¢ LS06°T 0Lve'1 CTIND
(¥v1e0) | (o108°0) | (¥vego'1) | (e¥9z°0) | (cg1€70)
L8€0°C TLSI'T 0000°¢ 9906'T €€9C'1T ATIND
7 () 7 g 7 7o 7 €9 7 [ 7 To 7 endo) 7
(2820°0) (£210°0)
¥708°0 76601 EINND-ON
(7L¥0°0) (0650°0)
L9€L°0 67920 EVTIO-OIN
(199¢°1) | (09¢1°1) | (voz1'1) | (LT8e'1) | (g052°0) | (2g91°0) | (2¥E9'8) (0000°1) (6910°0)
0000°0 0000°0 0000°0 0000°'T 12870 09670 LETIT'E 71 8¢00°¢C 98¢C¢'T SINND-OIN
(z9€9'0) | (zg66°0) | (10€0°1) | (2eg8g0) | (6v0T°0) | (L91¥°0) (96£€°1) (6915°0)
98LL°0 0000°T 0000°T 00000 869¢°0 96€9°1T €1 0ve?'ST | STP9 0T ZVID-OIN
(osez'0) | (1992°0) | (r10€£0) | (PI81°0) | (2¥8TI'0) | (¥ESS'E) (ovot°2) (¢g€0°0)
cr9¢°0 vy o 864°0 TOST'0 6L0L°0 086¢°¢ ¢l CCITV— 7464e0°1T TINND-OIN
(8L¥0°0) | (¥v8€0°0) | (28%0°0) | (9e%0°0) | (ggg1°0) (6289°0) (£090°0)
2G89°0 GT116°0 GGES0 £€965°0 L88C'T TT | ¥86LC— 67920 TVTIO-OIN
7 % 7 9 7 g 7 ) 7 7 7 Ty 7 L 7 endop _ M 7 0 7 endop
(6290°0) (9652°0) (¥880°0) (9990°0) (2620°0) (09%0°0) (2691°0) (gL60°0) (6992°0) (0g%v0°0) (21€0°0) (8912°0) (2922°0) (8e€z°0) (¥9¢0°0)
69020 96€1°0 ¥¥760°0 01100 €0TT0 680T°0 €L20°0 00000 92200 9¢¢0°0 97.0°0 L¥00°0 68200 £€000°0 68LT°0 oS
(L1%€°0) (2990°0) | (vso0g0) | (2€60°0) | (0682°0) | (98¢0°0) | (£260°0) | (¥¥e¥'0) | (¢19¢°0) | (9121°0) | (9.40°0)
¥€€2°0 9TET 0 LT80°0 00000 0LS0°0 TSCT0 1.60°0 T100°0 09900 £€600°0 06120 (g)s>1e
(geer0) | (wovo0) | (ze1e0) | (2201°0) | (1661°0) | (ggg00) | (6e¥0°0) | (1¥v91°0) | (¥e6€0) | (8850°0) | (¥¥60°0)
89070 006T°0 L680°0 00000 $090°0 8T0T0 0760°0 01000 ¥1L0°0 00000 661€°0 (2)s>1
veTIp 7 veTp 7 VElD 7 veip 7 €2Tp 7 G2 7 V€D 7 €€p 7 ven 7 323 7 zen 7 vip 7 €Ip 7 gIp 7 ) 7 e[ndop 7
(1zz9e1) | (188972e) (9009°%) (£925°F%) (z9g€°1) (6¥8¢'61) | (11£0°0) | (9620°0) | (0L20°0) | (2510°0) | (S020°0) | (L¥20°0)
GGS]'1C 9€CS'SY | LTSTTT | SLV6'ST | 9LIOTIT | LV¥¥ LT ¥7L0°0 0T120 618€°0 602S°0 ¥€9S°0 10€¢°0 L-0d
(z1e0°0) | (10€0°0) | (9920°0) | (6020°0) | (6810°0) | (2920°0)
2TL00 90120 ¥I8€0 860S°0 8CGS0 g12¢’0 | INYON-Od
(e0L7'%) (1610°0) | (2820°0) | (€210°0) | (2920°0) | (8610°0) | (¥S20°0)
78¢8'81 YLIG0 L9¢7°0 €19S°0 6ST1€°0 SIST'0 1.2¢°0 L
(#020°0) | (2220°0) | (0020°0) | (SL20°0) | (¥12o'0) | (2420°0)
0160 €eeT'0 9€G6S°0 ¥60¢°0 €8L%°0 ¢eee0 INHON
7 9 7 S 7 Va 7 €1 7 n 7 i 7 ved 7 ved 7 ged 7 vid 7 €1d 7 ¢id 7 endop
(os810°0) | (gg20°0) | (21€0°0) | (€9€0°0) | (99£0°0) | (0.20°0) (0410°0)
01701 6CTT'T ¢S6C°1 66.L7'1 86€49°1 €CEC'1 NNOoI-Dd 69¢¢°T NNDOo
(99¢1°0) | (£290°0) | (€20L°0) (9210°0) | (2820°0) | (92€0°0) | (1¥€0°0) | (65€0°0) | (1.20°0) (8910°0)
SR S6EV'T 9C1¢'T NND-VH 9220’1 0SCT'1T 6€9C°'1 44! 6T67'T ¢c0T’1 NNO-Od 98C¢’T nno
(8ez1°0) | (9%50°0) | (2L99°0) (¢v€0°0) | (09€0°0) | (1190°0) | (0%g0°0) | (19¢0°0) | (99%0°0) (6%20°0)
LTSS0 L29L°0 8CGS0 VID-VH 2€L0°0 8020 cSLY 0 €98L°0 0r¥8°0 L96€°0 VI0-Od €LLG0 VIO
7 ) 7 2T 7 Tig 7 emndop _ % 7 S 7 v 7 €9 7 29 7 Tg 7 emndo) _ 0 7 endo)
O NN OMNMNOODOANNITIODONMNOODOTANNITIOLONOIOANMTODONONO O N
ANNTODOMNMNOD A AAAAAAAAANNNNNANNNNNNTNNNNNNNHNONTSTITITITITIITITITSITIITIOWOWO

53
54
55
56

21

57

58
59
60

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf



©CoO~NOUTA,WNPE

Quantitative Finance

References

[1]

2]

Aas, K.; Czado, C.; Frigessi, A.; Bakken, H. (2007). Pair Copula Constructions of
Multiple Dependence, Insurance: Mathematics and Economics (forthcoming).

Berg, D.; Bakken, H. (2006). A Copula Goodness-of-fit Test Based on the Probability
Integral Transform, Working Paper of the Norwegian Computing Center.

Breymann, W.; Dias, A.; Embrechts, P. (2003). Dependence structures for multivariate
high-frequency data in finance, Quantitative Finance 1, 1-14.

Bedford, T.; Cooke, R.M. (2001). Probability density decomposition for conditionally
dependent random variables modeled by vines. Annals of Mathematics and Artificial
Intelligence 32, 245-268.

Bedford, T.; Cooke, R.M. (2002). Vines - a new graphical model for dependent random
variables. Annals of Statistics 30(4), 1031-1068.

Caputo, A. (1998). Some properties of the family of Koehler Symanowski distributions,
The Collaborative Research Center (SBF) 386, working paper No. 103, LMU, Miinchen.

Chen, X.; Fan, Y.; Patton, A. (2004). Simple tests for models of dependence between
multiple financial time series, with applications to U.S. equity returns and exchange
rates. Working Paper.

Crowson, P.; Sampson, R. (2001). Managing Metal Price Risk with the London Metal
Exchange. London Metal Exchange, London.

Embrechts, P.; McNeil, A.; Straumann, D. (1999). Correlation: Pitfalls and Alterna-
tives. Rusk, 5, 69-71.

Frees, E-W.; Valdez, E.A. (1998). Understanding relationship using copulas. North
American Actuarial Journal, 2(1), 1-25.

Genest, C.; Ghoudi, K.; Rivest, L.-P. (1995). A semiparametric estimation procedure
of dependence parameters in multivariate families of distributions. Biometrika, 82(3),
543-552.

Joe. H. (1996). Families of m—variate distributions with given margins and m(m—1)/2
bivariate dependence parameters. In L. Riischendorf and B.Schweizer and M.D.Taylor
(Ed.), Distributions with Fixed Marginals and Related Topics.

Joe. H. (1997). Multivariate Models and Dependence Concepts. Monographs on Statis-
tics and Applied Probability No. 37, London, Chapman & Hall.

Koehler, K. J.; Symanowski, J. T. (1995). Constructing Multivariate Distributions with
Specific Marginal Distributions, Journal of Multivariate Distributions 55, 261-282.

22

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf

Page 23 of 24



Page 24 of 24 Quantitative Finance

[15] Liebscher, E. (2006). Modelling and estimation of multivariate copulas, Working paper,
University of Applied Sciences Merseburg.

©CoO~NOUTA,WNPE

[16] Morillas, P.M. (2005). A method to obtain new copulas from a given one. Metrika, 61,
169-184.

12 [17] Nelsen, R.B. (2006). An introduction to copulas. Springer Series in Statistics, Springer.

14 [18] Palmitesta, P.; Provasi, C. (2005). Aggregation of Dependent Risks using the Koehler-
15 Symanowski Copula Function, Computational Economics 25, 189-205.

17 [19] Rosenblatt, M. (1952). Remarks on multivariate Transformation, The Annals of Sta-
18 tistics 23, 470-472.

20 [20] Savu, C.; Trede, M. (2006). Hierarchical Archimedean Copulas, Working Paper, Uni-
21 versity of Miinster.

23 [21] Sklar, A. (1959). Fonctions de Répartition 4 n Dimensions et Leurs Marges. Publications
24 of the Institute of Statistics, 8, 229-231.

26 [22] Wang, S. (1998). Aggregation of correlated risk portfolios: models and algorithms,
27 Working paper, www.casact.org.

29 [23] Whelan, N. (2004). Sampling from Archimedean copulas, Quantitative Finance 4, 339-
30 352.

23

E-mail: quant@tandf.co.uk URL://http.manuscriptcentral.com/tandf/rquf



