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ABSTRACT

The research of Kim and Schmidt (1993) is extended to examine the properties of modified Dickey-
Fuller unit root tests in the presence of generalised autoregressive conditional heteroskedasticity
(GARCH). Using Monte Carlo simulation, the properties of the tests are examined for a range of
GARCH processes over alternative sample sizes. Oversizing is observed for all tests, with the extent
of size distortion driven by the volatility, rather than the persistence, of the underlying GARCH
process. While the original Dickey-Fuller test is found to exhibit greater size distortion than the
modified tests, the modified tests are found to be substantially oversized when the GARCH process
exhibits a high degree of volatility, even for large samples.
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1 Introduction

The notion that many financial time series are characterised by volatility clustering has a long his-

tory in finance theory. To allow formal examination of this phenomenon, Engle (1982) introduced

the notion of autoregressive conditional heteroskedasticity (ARCH) which permits modelling of the

temporal dependency of conditional variances. This approach was subsequently extended by the

independent research of Bollerslev (1986) and Taylor (1986) which proposed the generalised autore-

gressive conditional heteroskedasticity (GARCH) model. This model and its various modifications

are now a central component of empirical finance, receiving widespread application and proving to

provide accurate forecasts (see Anderson and Bollerslev 1998). Given the prominence of GARCH

in the economics and finance literatures it is unsurprising that Kim and Schmidt (1993) have ex-

amined its impact upon unit root testing, a topic which itself constitutes a central component of

empirical research. However, while the research of Kim and Schmidt (1993) is to be welcomed

due to its obvious significance for the practitioner, their analysis considered the seminal unit root

test of Dickey and Fuller (1979) alone. In this paper, the research of Kim and Schmidt (1993) is

extended to consider the impact of GARCH upon more recently proposed modified Dickey-Fuller

tests. The modified tests considered are those of Park and Fuller (1995), Shin and So (2001),

Elliott et al. (1996), Leybourne (1995) and Granger and Hallman (1991) which employ weighted

symmetric estimation, recursive mean adjustment, local-to-unity detrending, forward and reverse

regressions and rank-based estimation respectively. These tests, and their underlying properties,

are of obvious importance to the applied researcher as they have been shown to possess either

greater power or exhibit greater robustness than the seminal Dickey-Fuller test. These particular

modified Dickey-Fuller tests have been selected for analysis as they have recently received much

attention in the literature, being the subject of both increased application in empirical research

and theoretical analysis (see Leybourne et al. 2005).1 The results of the present paper will allow

it to be seen whether the improved properties of the modified tests relative to the original Dickey-

Fuller test in the presence of white noise errors are offset when the analysis is extended to consider

empirically relevant GARCH error processes. It should be noted that the current study comple-

ments a number of areas of recent research. In particular, two alternative themes have emerged in

the analysis of unit root testing in the presence of changing variances. First, a body of research

has evolved examining the behaviour of unit root tests in the presence of single, abrupt breaks in

variance (see, inter alia, Hamori and Tokihisa 1999; Cook 2002; Kim et al. 2003). Second, a num-
1As noted by a referee, the present analysis could be extended further to consider alternative unit root tests and

tests of stationarity.
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ber authors have advocated an alternative approach to the testing the unit root hypothesis in the

presence of GARCH, involving the joint estimation of a unit root testing equation and a GARCH

specification. Examples of this latter research are provided by Seo (1999), Boswijk (2001) and Li

et al. (2002). The current analysis is therefore related to both of the above strands of research.

However, despite the similarities, there are also clear differences between the present study and

previous research. While the current analysis does consider changing variances, the changes here

are driven by GARCH rather than one-off changes as in the first body of research. With regard

to the second body of research, the analysis here does not consider the joint estimation of a unit

root testing equation along with a GARCH specification, but instead considers the impact of em-

ploying modified unit root tests when the possible GARCH behaviour is neglected. This possibility

is considered as it reflects standard practice in empirical finance where GARCH is ignored when

conducting unit root tests.

This paper proceeds as follows. In section [2] the alternative unit root tests to be examined

are presented. Section [3] contains the Monte Carlo experimental design employed and simulation

results obtained. Section [4] provides some concluding remarks.

2 Alternative unit root tests

In this section the original Dickey-Fuller test and the five modified tests to be considered are

presented.2

2.1 The Dickey-Fuller test

Given a series {yt}Tt=0, the familiar Dickey-Fuller (DF) τµ test examines the unit root hypothesis
(H0 : φ < 0) via the t-ratio of bφ in the following regression:

∆yt = µ+ φyt−1 + εt (1)

2.2 The weighted symmetric Dickey-Fuller test

The weighted symmetric DF test of Park and Fuller (1995) results from the application of a double

length regression, with the weighted symmetric estimator of the autoregressive parameter, denoted

as bρws, given as the value minimising:
Qws (ρ) =

X
wt (yt − ρyt−1)2 +

X
(1− wt) (yt − ρyt+1)

2 (2)
2 In this paper unit root tests are considered in their ‘with intercept’ forms, as the recursively mean-adjusted

Dickey-Fuller test of Shin and So (2001) and the rank-based Dickey-Fuller test of Granger and Hallman (1991) are
available in this form alone.
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where wt = (t− 1) /T. The unit root hypothesis is then tested using the statistic τws:

τws = σ−1ws (bρws − 1)µXT−1
t=2

y2t + T
−1XT

t=1
y2t

¶1
2

(3)

where σ2ws = (T − 2)−1Qws (bρws).
2.3 The recursive mean adjusted Dickey-Fuller test

In recent research, Shin and So (2001) have proposed a recursively mean-adjusted DF test. Shin

and So (2001) note that the use of mean-adjusted observations (yt − y) in the following regression
results in correlation between the regressor (yt−1 − y) and the error (²t):

yt − y = γ (yt−1 − y) + ²t (4)

The resulting bias of the ordinary least squares estimator bγ has been calculated by Tanaka (1984)
and Shaman and Stine (1988) as:

E (bγ − γ) = −T−1 (1 + 3ρ) + o
³
T−1

´
(5)

Consequently, Shin and So (2001) propose the use of recursively mean-adjusted observations to

overcome this correlation, with the recursive mean (yt) calculated as:

yt = t
−1

tX
i=1

yi (6)

The recursively mean-adjusted DF test, denoted as τ rec, is then given as the t-test of γ0 = 1 in the

following regression:

yt − yt−1 = γ0
¡
yt−1 − yt−1

¢
+ ²t (7)

2.4 The GLS detrended Dickey-Fuller test

To increase the power of the τµ test, Elliott et al. (1996) propose local-to-unity detrending via

generalised least squares (GLS) or quasi-differencing. To implement this test, GLS-transformed

data are derived as:

yα = [y1, y2 − αy1, ..., yT − αyT−1]
0

zα = [z1, z2 − αz1, ..., zT − αzT−1]
0

where zt denotes the deterministic terms considered, α = 1+c T −1 and c is a constant determining

the extent of local-to-unity detrending. When an intercept term is employed, as in the present

analysis, zt = 1 and c = −7. The GLS demeaned series yαt is then derived as yαt = yt − bβ0 where
4
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bβ0 denotes the coefficient obtained from the regression of yα upon zα. The resulting unit root test,

denoted as τgls, is then given as the t-ratio of bδ in the following regression:
∆eyt = δeyt−1 + εt (8)

2.5 The maximum Dickey-Fuller test

A further modification proposed to increase the power of the DF test is provided by the maximum

DF test of Leybourne (1995) which requires the joint application of forward and reverse regressions.

Given a series of interest {yt}Tt=0, the DF test of (1) is applied to both {yt} and {zt}, where zt = yT−t
for t = 0, ..., T . The maximum DF test, denoted here as τmax, is then simply the maximum (less

negative) of the two test statistics obtained.

2.6 The rank-based Dickey-Fuller test

The rank-based DF test proposed by Granger and Hallman (1991) simply involves replacing yt with

rt, where rt is the rank of yt in y0, ..., yT . Testing of the unit root hypothesis is then achieved via

examination of the null hypothesis H0 : β∗ = 0 in the model below:

∆rt = α∗ + β∗rt−1 + ξ∗t t = 1, ..., T (9)

The above rank-based test is of interest as in addition to possessing greater power than the τµ

test (see Granger and Hallman 1991, p.219), the use of ranked data might be expected to result in

robust inference.

3 Monte Carlo experimentation

3.1 Monte Carlo design

To examine the properties of the above unit root tests in the presence of GARCH(1,1) errors, the

following data generation process (DGP) is employed:

yt = yt−1 + wt t = 1, ..., T (10)

h2t = φ0 + φ1w
2
t−1 + φ2h

2
t−1 (11)

wt = htvt (12)

vt ∼ N (0, 1) (13)

The above DGP therefore closely follows that of Kim and Schmidt (1993). In this paper, neither

of the extreme cases of degenerate GARCH (φ0 = 0) nor integrated GARCH (φ1 + φ2 = 1)

are considered. Instead, more realistic GARCH processes are generated for a range of values of

5
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{φ1,φ2} corresponding to near integration, with φ0 = 1− φ1 − φ2 in all cases. The precise values

of the volatility parameter (φ1) and the degree of persistence (φ1 + φ2) employed are based upon

values observed in empirical research. In particular, a range of values are chosen to reflect the

typically differing values of {φ1,φ2} noted at alternative data frequencies (see Drost and Nijman
1993; Engle and Patton 2001). In addition to considering GARCH parameter values reported in

previous empirical research, the selected values of φ1 and φ2 are informed by analysis of current

data. For example, while examination of quarterly data on UK macroeconomic variables (GDP,

imports, exports and consumers’ expenditure) produced smaller values for φ1 in the range 0.07 to

0.15, analysis of long term and short interest rates for the US produced intermediate to higher

values for φ1 in the range 0.18 to 0.37. For both the macroeconomic and interest rate series, near

integration (φ1 + φ2 ' 1) is noted.3 The initial value of the conditional variance is set equal to

one (h0 = 1) without loss of generality, while the initial value of yt is set to zero (y0 = 0). The

innovation series {vt} is generated using pseudo i.i.d. N(0, 1) random numbers from the RNDNS

procedure in the GAUSS, with the same random numbers used for the different experimental designs

to allow comparison. All experiments are performed over 25,000 simulations with four sample sizes

considered: T = {100, 250, 500, 1000}. To observe the empirical sizes, rejection frequencies for the
alternative tests are calculated at the 5% level of significance.4

3.2 Monte Carlo experimentation

The results of the Monte Carlo simulation are reported in Table One. From inspection of the

results, a number of features are apparent. It is clear that for all tests it is the degree of volatility

of the GARCH process, as measured by φ1, rather than the degree of persistence, as measured by

φ1 + φ2, which has the greater impact upon the sizes of the tests. For example, for {φ1,φ2, T} =
{0.32, 0.66, 100}, the τµ test has an empirical size of 12.97% at the 5% nominal level of significance.
This represents size distortion in excess of 250%. In contrast, consider the alternative design

{φ1,φ2, T} = {0.04, 0.95, 100}. While this design employs the same sample size it represents a
substantially reduced degree of volatility but slightly increased persistence. The resulting size of

the τµ test for this design is a near nominal 5.63%. It can also be seen that for the τµ test,

size distortion decreases slightly as the sample size is increased. However, this is not true for the

modified tests as they all exhibit some evidence of a greater degree of size distortion for larger

samples, although this pattern is not consistent across all increases in sample size. The presence
3Further information on these empirical results is available upon request.
4Critical values for the alternative tests are drawn from the seminal studies wherever possible. For instances

where critical values are not available for a given test at a specific sample size, these are derived using Monte Carlo
experimentation using a standard data generation process with normally distributed i.i.d. errors. Details are available
upon request.
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of size distortion in larger samples, as noted by Kim and Schmidt (1993), may result from the

accumulation of the GARCH variance under the unit root hypothesis and is an issue which itself

warrants further research. However, the most apparent feature of the simulation results overall is

the robustness of the modified tests relative to the seminal τµ test for the smaller sample sizes

considered. However, it is also apparent that as the sample size is increased the difference in

oversizing between the original and modified tests is reduced. To illustrate this, consider the

results for higher degrees of volatility where size distortion is most apparent. While the modified

tests are clearly more robust than the τµ for smaller samples of 100 and 250 observations, the

difference in empirical size is reduced when the larger samples are observed. For example, for the

design {φ1,φ2, T} = {0.32, 0.66, 1000} the tests can be ranked in descending order of oversizing as
follows: τµ, τ rec, τmax, τws, τ rank, τgls, with empirical sizes 10.11%, 9.30%, 9.12%, 9.11%, 8.92%

and 7.54% respectively. The difference between the original DF test and the τ rec, τmax, τws tests

in particular is small, with the observed rejection frequencies representing substantial oversizing for

a relatively large sample size.

TABLE ONE ABOUT HERE

4 Conclusion

In this paper the research of Kim and Schmidt (1993) has been extended to examine the properties

of modified Dickey-Fuller unit root tests in the presence of GARCH. Given the importance and

prevalence of GARCH and unit root testing in the economics and finance literatures, their inter-

action clearly warrants close attention. Using Monte Carlo simulation the properties of a number

of popular, modified Dickey-Fuller tests have been examined in the presence of a range of GARCH

processes over alternative sample sizes. In general it was found that the oversizing of all tests was

driven by the volatility rather than the persistence of the underlying GARCH process, with the

original Dickey-Fuller test exhibiting greater size distortion than the modified tests. Interestingly,

while a variation in the oversizing of the modified tests was noted, it was apparent that as the sam-

ple size was increased the difference between the oversizing of the seminal Dickey-Fuller test and

the modified tests was reduced. Indeed, for large values of the volatility parameter of the GARCH

model, modified unit root tests were found to exhibit substantial oversizing (the empirical size being

approximately double the nominal size) even for a large sample of observations (T = 1000). The

results therefore indicate that in the presence of GARCH, the original and modified Dickey-Fuller

tests may spuriously reject the unit null hypothesis.
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Table One: Empirical test sizes in the presence of GARCH(1, 1) errors

(φ1,φ2)

(0.32, 0.66) (0.26, 0.72) (0.20, 0.75) (0.16, 0.80) (0.12, 0.85) (0.08, 0.90) (0.04, 0.95)

T = 100

τµ 12.97 11.54 7.95 7.57 7.02 6.39 5.63
τws 8.04 7.47 6.47 6.14 5.82 5.46 5.16
τ rec 7.48 6.96 6.60 6.14 5.76 5.47 5.22
τgls 7.46 6.98 6.43 6.11 5.74 5.46 5.15
τmax 7.82 7.11 6.25 5.92 5.57 5.18 5.06
τ rank 8.93 8.13 6.67 6.44 6.03 5.77 5.30

T = 250

τµ 12.19 10.89 7.29 7.07 6.73 6.25 5.68
τws 8.65 8.15 6.64 6.36 6.02 5.64 5.28
τ rec 8.93 8.36 7.10 6.81 6.38 5.98 5.40
τgls 7.48 7.04 6.21 5.97 5.85 5.54 5.20
τmax 8.99 8.38 6.89 6.60 6.24 5.82 5.40
τ rank 8.95 8.46 6.48 6.31 6.08 5.76 5.20

T = 500

τµ 11.33 10.44 7.05 6.96 6.61 6.24 5.82
τws 8.65 8.07 6.40 6.22 6.07 5.77 5.45
τ rec 9.22 8.74 6.83 6.56 6.40 6.07 5.66
τgls 7.24 7.04 5.82 5.71 5.65 5.40 5.12
τmax 8.94 8.39 6.54 6.40 6.13 5.97 5.55
τ rank 9.15 8.81 6.65 6.52 6.28 5.99 5.57

T = 1000

τµ 10.11 9.38 6.42 6.33 6.15 5.94 5.52
τws 9.11 8.64 6.40 6.41 6.12 5.96 5.58
τ rec 9.30 8.75 6.52 6.37 6.20 6.01 5.62
τgls 7.54 7.20 5.90 5.86 5.77 5.63 5.31
τmax 9.12 8.67 6.45 6.37 6.06 5.80 5.55
τ rank 8.92 8.68 6.39 6.35 6.28 6.01 5.56

Notes: The reported results represent empirical rejection frequencies of the unit root hypothesis,
measured in percentage terms, for the alternative tests calculated using the DGP of (10)-(13)
calculated over 25,000 simulations at the 5% nominal level of significance.
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