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Abstract

In this paper we propose a very flexible estimator in the context of truncated
regression that does not require parametric assumptions. To do this, we adapt the
theory of local maximum likelihood estimation. We provide the asymptotic results
and illustrate the performance of our estimator on simulated and real data sets. Our
estimator performs as good as the fully parametric estimator when the assumptions
for the latter hold, but as expected, much better when they do not (provided that the
curse of dimensionality problem is not the issue). Overall, our estimator exhibits a fair
degree of robustness to various deviations from linearity in the regression equation and
also to deviations from the specification of the error term. So the approach shall prove
to be very useful in practical applications, where the parametric form of the regression
or of the distribution is rarely known.
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1 Introduction

In this paper we consider the problem of estimating a regression model where the support
of the continuous dependent variable is bounded at a known constant at one end and when
many of the observations are observed near this bound. This is a common case when the
dependent variable is an economic index measured within some range. One example in the
recent econometric literature of such context is the analysis of how some economic variables
determine the level of the Debreu (1951)-Farrell (1957) type efficiency score (bounded be-
tween 0 and 1 or, taking its inverse, between 1 and infinity, with many values concentrated
near unity). A similar example can be drawn for the applied consumer analysis, where the
so-called Luenberger (1994)-Chambers et al. (1996) shortage/benefit or directional distance
function (bounded between zero and infinity, with most values being close to zero) can be
used to analyze consumer benefits. An appropriate way of handling such problems is to use
the truncated regression approach (see Simar and Wilson, 2007, for a parametric case).

The traditional truncated regression approach is based on using fully specified parametric
model, where both the functional form of the relationship between the dependent and ex-
planatory variables and the functional form of the distribution of the error term is specified.
A natural estimator therefore is based on the maximum likelihood principle. An obvious
drawback of such approach is the questionable reliability of parametric assumptions and
vulnerability to deviations from them. Indeed, a mistake in specifying a parametric form of
the regression equation or of the distribution of the error may lead to inconsistent estimation.
The goal of our study is to propose a more flexible estimator for the context of truncated
regression that does not require such parametric assumptions.

In particular, we adapt the theory of local maximum likelihood estimation (e.g., see
Tibshirani and Hastie, 1987, Fan and Gijbels, 1996, Fan et al., 1996, and Kumbhakar et al.,
2007) to the truncated regression case. Non-parametric approach to truncated regression
was already investigated by Lewbel and Linton (2000), who used local least squares theory
to address the problem. As defined, e.g. in Maddala (2001, p336), in truncated regression
models, the dependent variable is either unobserved beyond some known threshold, or not
defined beyond that threshold. In some cases, most of the observations tend towards this
threshold, e.g., as firms tend to be perfect and achieve the 100% efficiency level, but cannot
be “over-perfect-efficient” by definition. In the regression context, ignoring the boundary or
treating it as censoring threshold may result in serious bias and inconsistency of the estimates
of the fitted values and of the marginal effects (see Simar and Wilson, 2007 for extensive
discussions on this in a parametric setup). On the other hand, mis-specifying the regression

equation or/and the error (e.g., wrong guess about heteroskedasticity) may also lead to



biased and inconsistent estimation. The flexibility offered by the local likelihood methods
help circumventing these problems substantially, as we demonstrate with some simulated
examples.

The theoretical foundation for our paper is based on a recent paper of Kumbhakar et
al. (2007) who extended and generalized the approach suggested by Fan et al. (1996). In
our work we make further extension. First, we adapt the theory to the truncated regression
case. Second, and most importantly, we provide asymptotic results for the derivatives of
regression function, which is the main focus of our paper, because many economic studies
are concerned with the marginal effects of some variables on others. Third, our treatment
includes both the cases where the shape parameter of the error distribution is an unknown
constant, and where it is an unknown smooth function. In the former case, our estimator
of the shape parameter achieves root-n consistency, and so does not suffer from the curse of
dimensionality. Fourth, we show that fitting a lower order polynomial for the shape param-
eter may jeopardize the estimator of the regression function. This justifies consideration of
higher-order local polynomial fit for the shape parameter even if one is mainly interested in
estimating the regression function and its derivatives.

Our paper is structured as follows. In Section 2, we describe the local likelihood trun-
cated regression methods. In Section 3, we present the asymptotic theory of local likelihood
adapted to the truncated regression case of our type. In Section 4, we illustrate the perfor-
mance of our estimator on several simulated data sets, considering different scenarios about
regression equation and the error. In Section 5, we illustrate our estimator for a real data set.
Section 6 concludes and Section 7 gives the regularity conditions for obtaining our results

and outlines the proof of the theorems.

2 Local Polynomial Estimation

2.1 Constant Shape Parameter Case

We observe a set of i.i.d. random variables (X;,Y;) for i = 1,...,n with X; € R? and
Y; € IR, where
Y= f(Xi)+e >c¢

for some unknown function f and a known positive constant c. In this model, £, conditionally
on X = x, has a continuous distribution G(-,7) truncated below ¢ — f(x), where 7 is an
unknown shape parameter that is assumed to be a constant. In other words, the conditional
density of Y given X = x equals

g: (y — f(x),7)

I(y > ),
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where g.(¢,7) = 0G(e,7)/0s. We assume that G is known. For instance, if G is the normal
distribution, and if we impose some parametric (e.g. linear) model for the regression function,
we have the classical truncated regression models as in Maddala (2001, p337). Our main
interest here is estimation of the function f and its derivatives. Below we describe local
polynomial estimation of f in a general setting of multivariate X.

Note that all the results obtained in this paper could be easily adapted to the case where
the dependent variable is truncated at both sides : ¢; < Y; < ¢5. This would only change
the definition of ¢(y, f(x), 7), the conditional density of Y given X = x.

Define ¢ = log . Then, the conditional log-likelihood equals Y., £(Y;, f(X;), 7). Let =
be a point at which one wants to estimate the values of the function f and its derivatives.
A local conditional log-likelihood is obtained by replacing f in the conditional log-likelihood
by its pth order polynomial approximation in a neighborhood of x and putting the weight
K, (X;—x) for each observation (X;,Y;), where Kj(u) = h=?K (h~'u), K is a d-variate kernel
function, typically a symmetric density function defined on IR?, and h is a positive scalar,

called the bandwidth. Precisely, it is given by
Ln(907 917 SRR 97’(p)—17 75 ZE')

= Zf (Vi, 00 + 601 (X — 1) + - + Opp)—1(Xia — 2a)?, 7) Kn(X; — 1),

i=1
. . . . . i+d—1
where r(p)—1 is the total number of partial derivatives up to order p, i.e., r(p) = ?:o (] o )
Here and below, X; = (Xi1,..., Xi)" and # = (21, ...,74)T. The pth order local polynomial
estimators of f and its derivatives at  are obtained by maximizing L, (6o, 61, ..., Orp)-1,T; ).

For example, f(z) = y(z) and the estimator of f'(x) = [0f(x)/x1, . ..,0f (x)/0x4]" is given
by ]E,(x> = [él(x)7 s 7éd(x)]T> where

(éo(x), 0,(2), ... ,ér(p)_l(x), %(x)) =arg  max L,(6o,01,...,0,p)-1,T; ). (2.1)

00,0 (p)—1,7

The estimator 7 is obtained locally in the above local polynomial estimation procedure,
and thus it depends on z. It can be improved by maximizing the full likelihood with f being

replaced by its estimator f , i.e, a better estimator is given by

7 =argmax » (Y, f(X;), 7). (2.2)
i=1
One may further update the estimators 9j (x) by maximizing Ly (6o, 01, . .., 0r@p)-1,7; ) where

7 on the right hand side of (2.1) is replaced by 7, now with respect to 6y, 61, ..., 6,@)—1 only.



2.2 Functional Shape Parameter Case

In this subsection we discuss the local likelihood truncated regression when the shape pa-
rameter 7 is also a smooth function. A preliminary experiment showed that when the shape
parameter is not a constant, fitting a local constant for 7 as in the previous subsection pro-
duced poor estimates of f and its derivatives. This motivated us to consider fitting a higher
order local polynomial for the function 7. As illustrated in the simulation study reported in
Section 4 below, fitting a local linear for 7 worked particularly well.

When the shape parameter is a function, the conditional log-likelihood is given by
> iy LY, f(X0), 7(X0)), where ((y, v,w) = log [ge(y — v,w)I(y = c)/ {1 = G (c — v,w)}]. We
fit a qth order local polynomial for the function 7, i.e., we take the following local conditional
log-likelihood:

Ln(807 ) 97‘(;0)—17 T0y -+ -5 Tr(g)—15 x)

= Zﬁ (Yz‘, Op + 61 (X — x1) + -+ + Or(py—1(Xia — 24)?,
i=1

To + 7’1(X,-1 — 931) =i Tr(q)—l(Xid — xd)q) Kh(X,- — :E)

The local polynomial estimators of f, 7 and their derivatives at x are obtained by maximizing

Ln(907 917 R 97‘(;0)—17 T0s - -5 Tr(q)—15 .13), i'e'7

(éo(x), Oy (2), Rol@), ,%T(q)_l(:):)> (2.3)

= arg max Ly(00,01, ..., 0rp)—1,T05 - - - s Tr(q)=15 T)-
00,0 (p)— 15705+ Tr(q) — 1

3 Theoretical Properties

Here, we provide the asymptotic distributions of the estimators defined at (2.1)-(2.3). The
theory we present here does not rely on the assumption that the log-likelihood function
l(y,v,w) as a function of (v,w) is globally concave for each y. The latter assumption is
usually imposed for methods based on the local likelihood approach, see Fan et al. (1995)
or Carroll et al. (1997), for example.

3.1 Constant Shape Parameter Case

The results we present below is closely related to those of Kumbhakar et al. (2007). However,
the latter treated only the local linear estimator for multivariate X in some different setting.
We give more general results for the local polynomial estimators defined at (2.1). Also, we
show that the estimator of 7 defined at (2.2) is y/n-consistent.



For 0 <4, <2withi+j=1,2, let

lij(y, v,w) = 0" (y, v,w) /(O O7).
For a d-vector u, let z,(u) = (1,uq, ..., u5)T, an r(p)-vector. For a vector a = (ao, . ar(p)_l)T
and a scalar b, define Q(a,b) = [Q1(a,b)T, Q2(a,b)]” where

Q1(a,b) = /E [610 (Y, f(z) + ao + arus + - - - + appy—1ul), 7 + b) )X = :c] zp(u) K (u) du,
Q2(a,b) = /E [ﬁm (Y, f(x) +ao+ arur + - - + appy—1uly, 7 + b) ’X = x] K (u) du.

Our results require that the system of equations Q(a, b) = 0 has the unique solution a = 0 €
R'® and b = 0 € R. As in Kumbhakar et al. (2007), the uniqueness of the solution plays
an important role for a stochastic expansion of the estimators.
To give a sufficient condition for the uniqueness of the solution, define for o = (ay, an) €
R2
pij(z,a) = —E[l;(Y, f(x) + o1, 7+ ) | X = a].

It can be shown that if

_ . _ . pi1(r, @)?
Ci(x) = inf po(x,a) >0, Co(x)= inf < pea(z,a) — —— 5 >0, (3.1)
acR? acR? p20(z, )

and K > 0 is supported on a set which contains a d-dimensional open rectangle, then

Q(a,b) = 0 has the unique solution. To see this, observe that a Taylor expansion gives
pa0(, aw))zp(u) 2p(u) pra (@, a(u))zp(u) } ( a )
h) = — K(u)d
Q) = = [P ey ('

w(z)

where a(u) lies on a line segment joining (0, 0) and (ag + a1us + - - - + ay -1, b). Now, for

any vector ¢; € R™® and any scalar ¢; € R, it follows that

ﬁwﬁw(z)z:/M@@@Wﬁ4m+@%££%%Fwau

_ +;/>c§0{p02(93, a(u)) — %} K(u) du

since K > 0. Thus, M is nonnegative definite. Suppose that

aﬂ@M(q)zo

C2

5



Then, Z; =7, = 0. Since
0=17y > Cy(x) c%/K(u) du

we obtain ¢ = 0 from (3.1). Furthermore, the first integral with ¢; = 0 reduces to

/,020(95, a(u)) {c{zp(u)}2 K(u)du > Cy(x) / {cclpzp(u)}2 K(u) du.

Thus, Z; = 0 implies that
/ {cszp(u)}2 K(u)du = 0.

This means that ¢! z,(u) = 0 for all u in the support of K. Since a polynomial of order
J has at most j roots, it implies that ¢; = 0. This shows that the matrix M is positive
definite, from which we conclude that Q(a,b) = 0 has the unique solution a = 0 € R"® and
b=0¢€R.

Now, we present the asymptotic distributions of the estimators defined at (2.1) and (2.2).
The presentation needs some careful notations to treat the multivariate X and the higher

order approximating polynomial. First, for a d-tuple k = (kq, ..., kq) and a d-vector x, write
d
Kl=lyl xooxkgl, K= ki, a¥=aft < x ol
i=1

For a function 7 defined on IR?, write

Mn(x)
vk = v
(V) (2) = 5o o

Let m; = (jjl'le) for j > 0. Arrange m; number of d-tuples k with |k| = j in a counter-
lexicographical order: put (4,0,...,0) first and (0,0, ..., ) last. Let & denote the function
which maps an integer s for 1 < s < m; to the one located at the sth position in the ar-
rangement of the d-tuples of size j. For example, &;(1) = (4,0,...,0). Let u, = [u*K(u) du
for a d-tuple k. For j, [ > 0 denote by N;; the m; x m; matrix whose (s, ?)th entry equals
lie,(s)+& (). Define r(p) x m; matrices N;p) = (N&,...,N;)T for j =0,....,p+ 1, and a
r(p) x r(p) matrix N®P) = (Nép), e Nép)). Likewise, define Mj,, M;p) and a r(p) x r(p)
matrix M PP by replacing y, in the definitions of Ny, N;p) and N®P) by k;, = [uFK?(u) du.
Now we let p;;(z) = pij(z,0), and define [r(p) + 1] x [r(p) + 1] matrices

M PPy () Mép)vll(x)
Mép)TUH(JI) MO0U02 (I‘) ’

N®P poo(z) N pui ()

D(z) =
NPT pii(z)  Noopoo(z)

o |

where vy (1) = E [(3,(Y, f(2),7) | X = 2], voa(x) = E[(3,(Y, f(z),7) | X = 2], and vy;(x) =
E (Y, f(x), 7)1 (Y, f(z),7)| X = x]. Note that if pyy(x) > 0, pao(2)po2(x) — p11(z)? > 0

6



and K > 0 is supported on a set which contains a d-dimensional open rectangle, then D(z) is
positive definite. Under the latter condition on K, the matrix V (z) is also positive definite
unless there exists a nonzero constant ¢ such that ¢1o(Y, f(z),7) = clu (Y, f(x),7) with
probability one, conditionally on X = . Let D®?)(z) be the 7(p) x r(p) upper-left block of
D(z) = D(z)™ "

To translate each of 0;(z) defined at (2.1) to an estimator of f(z) or its derivatives, we
consider blocks of size m;, 7 =0, ..., p, in the vector of §;(x). Write 8©) () = f(z), and let
09 (z) for j > 1 be the jth block of size m; defined by

~ A

09 () = [Brj-1)(2), -, Oriy-1 ()]

R R . T
Thus, 0 (z) = [91 (2),..., Gd(x)] , and so on. Furthermore,

~

0(z) = [Bo(x), ..., Bripy_1(2)]T = 0O (), 0D (z),...,007 (z)]7.

Define Sj(p) by Sj(p)T = [Omjxr(j_l),fmj,Omjx(r(p)_r(j))}, where O, denote the r x s zero
matrix, and [, is the r-dimensional identity matrix. For j = 0,...,p, Sj@ is a r(p) x m;
matrix which maps the whole 6(z) to 9 (z) by

A

09 (z) = EPT §(x).

Let 09 (z) be the mj-vector of all the jth partial derivatives of f(z) divided by the corre-

sponding factorials, arranged in the counter-lexicographical order, i.e.,

09 (z) = [VOW f(2)/&;(1)),..., VO™ f(z) /& (my)]". (3.2)

Then, 09 (z) is the local polynomial estimator of 09 (z).
Let g(z) denote the marginal density function of X. Let Z/{;”}:O) be the [r(p)+1] xm; matrix

obtained by adding the row vector Oy, at the bottom of 8]@), ie., L{;?O)T = (8;p)T, Om;x1)-

Also, we define

(p)
£0:0) = for (0, 7) + pu0)E D) | N o )7

We obtain the following theorem.

Theorem 3.1. Under the assumptions (A1)-(A9) given in Section 7, it follows that for each
J=0,....p

Vnh2it+d [é(j)(x) _ Q(j)(x) _ hp—j+1p20(x)g](P)TD(p,p) (x)nglflg(p+1)(x) + o(hp_jH)

5 N, [0UTD@)V (D@ 9(x) |

s

7



where N, denotes an r-variate normal distribution. For the estimator 7, we have under the
assumptions (B1)-(B9)

Vi (7 = 1) =5 NG [0, {Epe(X)} 2EC(Y, X)?] .

The theorem tells that the pth order local polynomial estimators of the jth partial deriva-
tives converge to the true values at the rate h?~7*1 4+ n~1/2p=4/2=3_ 1In fact, if all the odd
order moments of K vanish, i.e., [u*K(u)du = 0 for all d-tuples k with |k| =1,3,..., and
p — j is even, then it can be shown that the leading bias term of order =7 *! is zero. In this
case, if 0?2 (z) as defined at (3.2) exists and is continuous, then the bias is of order h?=7+2,

We note that 7 is a two-stage estimator with f at the first stage. To make negligible
the bias due to the first stage estimation, one needs undersmoothing for estimation of f
such that nh?®+Y) — 0, see the condition (B9) in Section 7.1. Recall that the optimal order
of the bandwidth h for estimating f equals n~'/@+D+d}  This kind of undersmoothing
is typically required for two stage estimation to achieve y/n-consistency, see Carroll et al.
(1997), for example. It can be shown that the rate of convergence for 7(z) as an estimator

d/2

of the constant 7 equals n~'/2h~%2_ which is inferior to n~'/2 that is achieved by 7. This is

because 7(x) takes only a fraction of data of size nh? as is seen in the local fitting procedure
at (2.1). To the contrary, 7 uses the full likelihood with f being replaced by its estimator f.

Theorem 3.1 is valid even when the error distribution is misspecified, as long as the
equation Q(a,b) = 0 has the unique solution a = 0 € IR"® and b = 0 € IR. In fact, we
investigated the model misspecification issue in our simulation study presented in Section 4.
We will consider misspecification for the error distribution, considering fat tail symmetric
and skewed distributions for the process generating the data, whereas the likelihood will be

build under the normal assumption for G.

3.2 Functional Shape Parameter Case

In this subsection we present the asymptotic distributions of éj (x) for j =0,1,...,7, and
7;(z) for j = 0,1,...,s, defined at (2.3). We slightly modify the definitions of the terms
that are used in Subsection 3.1, whenever necessary, and introduce more to treat the case
where the shape parameter 7 is an unknown function.

With slight abuse of notation, we continue to use the same notation p;; and v;;, which



are now defined as

pij(z) = —El;(Y, f(z),7(z))| X =],
v(r) = E[G(Y. f(x),7(x))| X = 2],
UOQ(ZL’) = I [€(2)1(Y> f(ZL'), T(ZL’)) | X = ZL':| ’
(@) = Elo(Y, f(z), 7(2)lo (Y, f(2),7(2)) | X = a].
For r(p)-vectors a = (ag, ..., arp-1)" and b = (b, ..., byp-1)", we also modify the defini-

tions of Q;(a,b) as

Ql(a, b) = /E 610 (Y, f(.flf) +ap+auy + -+ ar(p)_lug,

T(x) + by + byug + -+ -+ bT(q)_lug)

X = x] 2p(u) K (u) du,

@ula.t) = [ E[fo (¥ (0) + a0+ avin + vk argy i
(@) + by + byug + - - - + byg)—1ul) ’X = x] 2, (u) K (u) du.

As in the case of constant shape parameter, it can be also shown that, if (3.1) holds with
pij(x,a) = —E[li;(Y, f(z) + on,7(x) + ag) | X = 2], and K > 0 is supported on a set which
contains a d-dimensional open rectangle, then the system of equations @;(a,b) = 0 and
(Q)2(a,b) = 0 has the unique solution.

To state an analogue of Theorem 3.1, we need further notation. Define an r(p) x r(q)
matrix N®9 = (Nép),...,Nép)). Also, define N@P) = (N(SQ),...,N,Eq)) and N@9 =
(Néq), . .,Nq(q)), which are 7(q) x r(p) and 7(q) x r(q), respectively, matrices. Likewise,
define M®9 M@P) and M@9 with gy, being replaced by ky = [u*K?(u)du. With these

matrices, definitions of D(x) and V(z) are modified as

M(p’p)’UQO(x) M(p7Q)U11(x>

N®P) py(z) N9 py, ()
D(Z’) — ) V(x) - M(%P)Ull(x) M(q’q)’Uog(I)

x
N@Ppyy(x) N@Dpgy(x)

These are [r(p) + r(q)] % [r(p) + r(¢)] matrices.

As in Subsection 3.1, let D®P)(x) be the r(p) x r(p) upper-left block of D(z) = D(z)~".
Let D®9(z) be the r(p) x r(¢) upper-right block, DP)(z) be the 7(¢) x r(p) lower-left block,
and D@9 () be the r(q) x 7(q) lower-right block of D(z). Define 70)(x) in the same way as
0V (z) with f replaced by 7 in (3.2). Also, define

70 (z) = £ 7 ().



To express the biases of the estimators, define

1P o () NB, 00 () |
Fule) = D) hp“m(x) e(pﬂ (z) |

hq+1 1z ) (g
By(z) = D(=) hq+1p Ex;N(q (q+1) Efi ,
Big@) = pao(@)DPPNDO0D (@) + pry (2) D () ND, 00D 1),
B2,f($) = Pn(x)DMN(p (a+1) ($)+002(I)D )<55) +17'q+1 (x),
Bi.(x) = pylz)DP p+1 0wt (2) + p1 () D2 )(93) 0P (z),
Byo(x) = pu(2)DIPINDL T (@) + poo(2)D9) () Ny, 70 ().

Extending the definition of Z/{;f}:o) in Subsection 3.1, let U;Zﬁq) be the [r(p) + r(q)] x m;
matrix obtained by adding the zero matrix O,(g)xm, at the bottom of 8;1’ ), ie., Z/{;Zﬁq)T =

(Ej(p)T, Om,xr(q)- Also, let L{}f:q) be the [r(p) + r(q)] X m; matrix obtained by adding the

zero matrix Op(p)xm, at the top of S;q), ie., Z/{](f’:q)T = (O, xr(p); E;q)T). Define
(@) = 1 {09 (@) = 00 (@) b, i) = b {70 (@) = 7 ()},

(x) = (@) ... a,(2)")", and bla) = (by(x)"..... zsq(x)T)T.

We obtain the following theorem.

Theorem 3.2. Under the assumptions (B1)-(B9) given in Section 7, it follows that
nhd {( g((ff) ) _ Bl(x)th _ Bg(l’)hp+2 —i—o(th +hq+1)}

z)
—5 Noytrto) [0, D(@)V (@)D () /g(x)]

where N, denotes an r-variate normal distribution. Thus, for each j =0,...,p
Vinh2itd [é@(x) — 09 (x) — EPT(By phP I 4 By phTIHY) 4 oM 4 hq—ﬂ‘“)}
5 N, [0,UTT D)V (@) DU [g(w)]
and, for each j =0,...,q,
VR [#0(@) = 70 (z) = £ (By b 4 By W) oI it
s N, [o,u;f:”TD(x)V(x)D(x)u;f:q’ /g(x)} .
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The theorem tells that both %) and #U) have the same order of bias even if one fits
locally polynomials of different degrees for f and 7. The leading biases for 64 and 7@ are
of the same order AP D=7*+! where pAq = p if p < q and p A ¢ = ¢ otherwise. Thus,
the smaller of p and ¢ determines the order of the bias for both 0U) and 7). This means
that fitting a lower order polynomial for 7 may jeopardize the estimator of f. This is a new
theoretical finding. It explains the failure of the local constant fit for 7 in our preliminary
experiment, and justifies consideration of higher-order local polynomial fit for 7 even if one
is interested in estimating the function f and its derivatives.

Here again, as discussed in Subsection 3.1, if all the odd moments of K vanish and
(pAq)—j is even, then the leading bias terms of 89 and 7() are of order h*"9=3+2 provided
that 0(PA)+2)(z) and 7(P"0+2)(7) exist and are continuous. Also, Theorem 3.2 is valid even
when the error distribution is misspecified, as long as the equation Q(a,b) = 0 has the unique
solution @ = 0 € R™™ and b = 0 € R"?. We investigated the model misspecification issue
for the functional shape parameter case in our simulation study, by considering, here too,
fat tail symmetric and skewed error distributions, when using the normal for building our

estimator.

4 Simulation Results

While constructing scenarios we had in mind a dependent variable bounded between 1 and
infinity, with distribution skewed towards the unity bound, with most observations falling
in between 1 and 2. Intuitively, this would be an index (e.g., the Debreu-Farrell efficiency
index), whose reciprocal is then bounded between 0 and 100%, and most of which are between
50% and 100%. This is adequate to, for example, what many empirical studies report about
production efficiencies of firms or countries (e.g., see Kumar and Russell, 2002, Zelenyuk
and Zheka, 2006, etc...). Such scenarios, with relatively small variation in the dependent
variable and most of which being near the bound, are especially difficult to handle and so
would be a good assessment experiment for our estimator.

Beyond the theoretical results of Section 3, the robustness of our estimator to misspeci-
fication errors is an empirical issue. So we will investigate how our estimator behaves under
various misspecification of the error distribution. Our likelihood is computed under the local
normal assumption and we will then also consider samples generated under a fat tails but
symmetric distribution and under a skewed distribution. All other elements of the simulation
scenario being kept the same. We will also consider a case where the true regression function
is highly non-linear. We will mostly consider univariate cases which is useful for visually ob-

serving the scenario and performance of our estimator relative to the plot of the true model
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and its traditional, fully parametric estimator. But we also show one case in a multivariate
nonlinear heteroskedastic setup, showing how partial derivatives can be recovered.

In the Example 1 below (constant shape parameter) we use local constant model for 7
and local linear fit for the regression f. In all the other cases, local linear approximation
was used for the shape parameter 7 and we will compare in each case the local linear and
local quadratic fit for the regression function f. The latter is particularly useful when one
is interested in estimating the derivatives of the regression function. In all the examples,
we will be using the normal distribution for G to compute the likelihood function and the
Gaussian kernel. The bandwidth was determined by cross validation in the lines of e.g.

Kumbhakar et al. (2007). The true model in all the cases can be written as
}/;:f(X2>+5za 1= 1,...,n, (41)

with ¢; > 1 — f(X;). The true distribution G of the error term before truncation will be
either a Normal, a Student with 5 d.f. or a Gamma with shape parameter a = 3!, and
its conditional variance given X; = x is denoted by ¢2(x). In the examples that follow we
chose specific values for the parameters and some particular heteroskedastic scenario, but
we have also tried many different values for the parameters and for the heteroskedasticity
and the results were qualitatively similar to those presented below and are not presented to

save space.

4.1 Example 1. Linear Model with Homoskedasticity

In this scenario we assume homoskedastic variance before truncation, i.e., 0.(X;) = 0. So
we mean here that the shape parameter of the error term is homoskedastic whereas, after
truncation the model obviously is heteroskedastic, because the variance would depend on
the truncation point (1 — f(X;)). In addition, we assume also that the regression equation

is linear:

f(Xs) = Bo+ B X, (4.2)

In this case, the traditional truncated regression model with linear regression function, and
with homoskedastic shape parameter (before truncation) would be based on fully parametric
maximum likelihood methods and would provide efficient estimators of the parameters. This
is the approach studied in Simar and Wilson (2007). The goal of doing this experiment is
to investigate how much do we lose (in a univariate case) by using our semiparametric

estimator described in Section 2.1 when the true error distribution is indeed Normal with

1To fix the notation here, o = 1 would be the exponential case.
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constant variance (so that the full parametric approach is correct) and how well our estimator
resists to misspecification of the error distribution. Figure 1 visualizes this scenario and the
estimation results for ¢ = 0.3, 5y = 1.5,3; = 0.5. The X; were generated according to a

uniform U(—2,2) and the sample size n = 200.
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Figure 1: Example 1: Linear model with homoskedasticity. From top to bottom panels,
Normal /Student/Gamma error terms.

Left panels of Figure 1 shows the plot of the true function (solid line) we want to esti-
mate and the fit of two estimators: parametric ML estimator (dotted line) and local linear
likelihood estimator (dash-dotted line). The right panels of the figure shows the plot of the
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corresponding true and the three estimates of the constant shape parameter 7 = o. (the
parametric MLE, the local constant 7(z) and the root-n semiparametric estimator 7 defined
in Section 2.1). The error terms were simulated according (from top to bottom panels)
truncated normal, student and gamma adjusted to provide the same true standard deviation
o=0.3.

In the pictures we see that all the fits are very good (this was confirmed by other simulated
samples with this scenario) and our semiparametric estimator coincides in all the cases to
the parametric MLE, which is not a surprise since our anchorage model is the (true) linear
model and so, the selected bandwidth is very large, pushing our local linear estimator to the
simple parametric linear model. As a consequence, the estimation of 7 are almost identical
in all the cases and for all the approaches. It appears also that the approach is robust
to the departures from normality of the error term analyzed here, but we observe slight
overestimation of the variance in the Student and Gamma cases, especially in the Student

case.

4.2 Example 2. Linear Model with Heteroskedasticity

In this scenario we assume heteroskedasticity for the shape parameter before truncation,
i.e., 0-(X;) now depends on z. We present here only one illustrative case with n = 400
observations where o.(x) = 0.15y/3 — z. Otherwise, the model is the same as in Example 1.

Here we compare also local linear (with a correct anchorage model) and local quadratic
approximations for the regression. We use local linear approximation for the variance func-
tion. The results are provided in Figure 2. We also tried with a local constant approximation
for the variance function and a local linear for the regression. The results are not repro-
duced for saving space. As expected they are very similar to those of the parametric MLE fit
shown in Figure 2, since as in Example 1, the selected value of the bandwidth is very large
and the semiparametric fit is almost identical to its anchorage linear model. This estimator
persistently overestimated the regression function at the left end and, most importantly,
estimated 7 as a constant rather than a function of x, as also the fully parametric estimator
did. This illustrates, from an empirical perspective, the usefulness of using at least linear
approximation for the variance function, as suggested by the theory.

As Figure 2 shows, for the Normal case, the semiparametric estimators perform very well
(both local linear and local quadratic), for both the estimation of the regression and of the
variance function. In all the cases, the semiparametric estimator outperforms the standard
parametric fit. For the Student and the Gamma cases, our semiparametric estimators resist
well to departure from the normal even if the fit of the variance function is less accurate.

In particular for the Gamma case, the local quadratic is less accurate than the local (true)
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linear fit for the regression function. This might be due to the fact that the second order

term essentially picks the heteroskedastic-skewness of the Gamma error term.
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Figure 2: Example 2: Linear model with heteroskedasticity. From top to bottom panels,

Normal /Student/Gamma error terms.

4.3 Example 3. Periodic Model with Heteroskedasticity

In this scenario we assume the regression function has some periodicity. In particular, we

assume that
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Figure 3 shows a typical estimation result for n = 400. The specific values of the param-
eters in this example are fy = 1,51 = 0.5,02 = 0.7,y = m and X; ~ U(0,4). Moreover, to
complicate the estimation problem, we also assume heteroskedasticity of o.. In the illustra-
tion we chose o.(r) = 0.15y/6 — x, so that the closer to the truncation bound, the higher is

the variance.
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Figure 3: Example 3: Periodic model with heteroskedasticity. From top to bottom panels,
Normal /Student/Gamma error terms.

The goal of the exercise is to see if our estimators perform well for relationships that seri-

ously depart from linear or quadratic shape and, in fact, which might be fairly hard to guess
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about in practice. The problem is also complicated with the presence of heteroskedasticity.
Nevertheless, Figure 3 suggests that the performance is again quite good for both the linear
and the quadratic estimators, with some robustness to the departure from normality of the
error term, with again some overestimation of the variance function when the error is not

normal.

4.4 Example 4. Multivariate Model with Heteroskedasticity

Here we consider two regressors that influence the dependent variable through a quadratic
form. We want to see how our estimators perform for this type of scenario because the U-
shape relationships are fairly common in economic phenomena. In addition, we want to see
the performance when the situation is complicated by dependence of the variance on some
of the regressors. For example, the employment level in a company may positively influence
not only the mean of inefficiency but also company’s risk (variance) of being inefficient,
e.g., because of increased risk of principal-agent problems, of pressure from trade unions, of

strikes, etc. .. Formally, our scenario is given by (4.1), where fori =1,...,n:
F(X0) = Bo + BuXu; + BraXys + B Xoi + Poa X5, + 7 X1: X, (4.4)

with o.(X;) = 0 — (X1 + 6)%

As before, we tried different values for the parameters and the results are quite robust.
Figure 4 presents a typical result, where in this particular simulation we had Gy = 1.2, 511 =
—0.1,812 = 0.2, 391 = —0.1, B30 = 0.2,y = —0.1, 0 = 0.3, = 0.05,0 = 1 and n = 200. Note
that for these particular values, heteroskedasticity is such that the variance increases near
the truncation level, which complicates the estimation problem (homoskedastic case was also
studied and good performance was also observed but to save space we do not present them).
We see that the performance of the local linear is fairly good, but the quadratic one is much
better.
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Figure 4: Example 5: Multivariate model with heteroskedastic shape parameter. Left panel
is the model and right panel is the obtained fit.

Figure 5 gives a sense of the fit of the estimates of the partial derivatives of f w.r.t. X,
and X5 , respectively. We see that the quadratic approximation substantially outperforms

the linear one.
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Figure 5: Example 5: Multivariate model with heteroskedastic shape parameter. Fit of the
partial derivatives of f w.r.t. X; (left panel) and X, (right panel).

The observed superiority of the quadratic approach is not surprising at least for two
reasons. First of all, the true model is quadratic and so it is natural that the local quadratic
fit is better than the local linear one. Second, and more generally, the (finite-sample) bias
of our estimator reduces with the order of local approximation of our estimator, as precisely
stated in our Theorem 2.1. It is known that the higher the order approximations the better
shall be the fit (e.g., see Fan and Gijbels, 1996). In practice, however, researchers often stay
satisfied with local linear estimators, motivating it with similar asymptotic properties but

relative computational simplicity.
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All our simulations suggest a different practical conclusion: One should definitely prefer
the local quadratic likelihood estimator of the regression function relative to the local linear
one, despite the increased computational complexity. This is especially true for the following
cases: (i) when heteroskedasticity is expected; (ii) when one has many regressors with pos-
sible interaction among them; (iii) when the goal is to estimate the first partial derivatives
of the regression function. And, these cases, are more the rules than exceptions in empirical
studies. Higher order approximations (especially odd-order) theoretically should give better
fit. However, even for third-order approximation, the programming cost and optimization

cost increase dramatically and might not worth further improvements in the fit.

5 An Empirical Illustration

The goal of this section is not to make a solid empirical investigation but to get a feeling
of the use and value of our estimator in studying economic phenomena. For this, we use
data from a study about economic growth in the world, by Kumar and Russell (2002) that
received considerable attention in the recent literature. Specifically, we take their estimated
Farrell /Debreu-type efficiency scores for 57 countries in the world and relate it to capital-
labor ratio (in the year 1990) in these countries?.

We first use the same three estimators as in the simulations and obtain quite interesting
results, presenting them in Figure 6. First of all, recall that the main argument of Kumar
and Russell (2002) was that the change in capital per labor was the major source of eco-
nomic growth in 1965-1990 and especially of the change from uni-modality to bi-modality of
distribution of income per worker. The fully parametric linear model tells us that there is
also negative (positive) relationship between the inefficiency (efficiency) of a country and its
capital intensity. That is, the more capital per labor in a country the less inefficiency (the
more efficiency) score of this country relative to the other countries. The estimated® slope

parameter is 2.

2In the regression estimation we had to drop one observation (Switzerland) that appeared to be an outlier
in terms of capital per worker and so causing computational problem in optimization of the likelihood function
(even in fully parametric case).

3We used the Algorithm 1 of Simar and Wilson (2007) to obtain the estimates. Also note that part of the
parametrically estimated curve is not observed in the left panel of Figure 6 because we trimmed the vertical
axis.
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Figure 6: Empirical illustration. Left panel is the model and right panel is the derivative.

On the other hand, observing the left panel of Figure 6, one can see that heteroskedas-
ticity is likely to be present in data: the less capital-labor the larger is the variance of
inefficiency variable. So the apparent negative relationship can in fact be a result of severe
heteroskedasticity.

From the plot of the linear fit in Figure 6, we might guess that the linear parametric
model might be inappropriate here, and exponential might be a better choice. Of course,
in practice such visually based conclusions on the parametric form can hardly be done for
multivariate regressions, but this is useful for illustration and discussion here. We thus
estimated the exponential (homoskedastic) model, Y = 1 + exp(X3) + €, which corresponds
to the dotted curves in Figure 6. We see that the relationship between the capital depth
and the inefficiency is indeed suggested to be negative, with relatively high marginal effect
at the low capital per worker ratio and monotonically decreasing to almost no effect at the
higher levels. We could also try various forms of heteroskedasticity with this or another
functional form, but guessing about the two functional forms for the regression and for the
shape parameter at the same time might be too much for a scientific approach.

So, instead, we try our non-parametric procedure that is capable of handling heteroskedas-
ticity of unknown form and we get quite different conclusion than what the parametric models
told us. Both linear and quadratic local likelihood estimators suggest that there is virtually
no relationship between the Farrell/Debreu-type efficiency score of a country vs. capital-
labor of this country. Specifically, the fitted curve characterizing the relationship is almost
flat and the slope coefficient is fluctuating near zero. We see an exception at the very end
(top 10% percentile) of the empirical range of the explanatory variable, where the quadratic

approximation suggests that the relationship might indeed be negative, but this is only in a
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small interval where there is only a few observations.

The results from estimating the regression equation non-parametrically makes us conjec-
ture that the negative relationship between countries inefficiency score and its capital-labor
ratio is coming not through the level (mean) of inefficiency but through the dispersion of
inefficiency. Intuitively, we can say that the less capital-labor in a country the greater is the
risk of having high inefficiency score for that country. Figure 7 gives a plot of the estimated

variance of the error term vs. the explanatory variable, which supports our conjecture.
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Figure 7: Empirical illustration. Estimation of the heterskedastic shape function.

The result we obtained in our small application is consistent with capitalist philosophy:
if people possess a lot of capital within a country then they have a lot of incentives to create
a political system that would minimize the risk of underutilization (inefficiency) of their
capital. On the other hand, if people possess little of capital, “they have got little to lose”,
and so might be not as much interested or capable to build appropriate institutions that
would protect property rights, ensure positive incentives for efficient allocation of resources
and efforts and thus minimize the risk of underdevelopment. Looking at the data confirms
that it is mostly the underdeveloped countries that are in the range of high variance of
inefficiency scores and low capital per labor levels.

Finally, it might be worth reminding that in this section we had not intended to resolve the
puzzles of economic growth and differences in efficiency across countries. Such study would
require larger data set and more variables. Our goal was just to give a small illustration of
our estimator in practice and show how it could suggest radically different conclusions than

those obtained from commonly used, and sometimes abused, parametric methods.
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6 Concluding Remarks

In this work we proposed a fairly flexible estimator for the context of truncated regression
that does not require parametric assumptions. For this, we extended the theory of local
maximum likelihood estimation, in particular the recent work of Kumbhakar et al. (2007),
to the truncated case. We provided the asymptotic results of our estimator. Specifically, the
estimator is consistent and asymptotically normally distributed with variance that can be
estimated from data. Also, we derived a root-n consistent semiparametric estimator of the
shape parameter in the homoskedastic case.

We also illustrated the performances of two variants of our estimator (namely, linear and
quadratic approximations) on various simulated data sets, comparing it to the truth and to
the parametric estimator. Remarkably, for the univariate case, our estimator performs as
good as the traditional, fully parametric estimator when the assumptions for the latter hold,
i.e., we do not lose virtually anything by allowing the flexibility. However, our estimator
performs much better when the parametric assumptions on the regression equation does not
hold or even only when the assumption of homoskedastic shape parameter of the error term
does not hold. We investigated how our semiparametric estimator behaved under departure
from the normality assumption of the error term. For both “fat tails” departure (Student
with 5 d.f.) and skewness (Gamma with shape parameter equal to 3) we have seen that our
estimator is rather robust and still able to capture most of the structure of the underlying
data generating process.

The use of our estimator on a real data set was illustrated from the recent study of
Kumar and Russell (2002), analyzing relationship between the efficiency scores and the
capital deepness in countries in the world. In this application we noticed that quite different
and perhaps more plausible implications can be inferred using our estimator instead of the
commonly used parametric one.

It became common that empirical researchers are often satisfied with local linear estima-
tors, motivating it with similar asymptotic properties but relative computational simplicity.
However, all our simulations suggested that, despite some increase in the computational
complexity, the local quadratic likelihood estimator of the regression function should be
preferred relative to the local linear one, especially if heteroskedasticity is expected and cer-
tainly when the focus is on estimating first derivatives. We also found that fitting a lower
order polynomial for the shape parameter 7 may jeopardize the estimator of the regression
function f. This is a new theoretical finding, which was supported with preliminary simu-
lation results and justifies consideration of higher-order local polynomial for 7 even if one is

interested in estimating the function f and its derivatives.
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Noteworthy, our study can be extended in many ways. One natural extension would be
to investigate endogeneity problem. Another extension is to incorporate the use of discrete
explanatory variables. Yet another extension is to analyze the panel data framework. Our
study is just the start, telling that the non-parametric estimator in the truncated regression
context should exhibit a fair degree of robustness to various deviations from linearity in the
regression equation and in the function defining the heteroskedastic shape parameter and to
departure from the normality assumption. Thus our semiparametric estimator should prove

to be very useful in practical applications.

7 Regularity Conditions and Proof of Theorems

7.1 Regularity Conditions
First, we collect the assumptions for the first part of Theorem 3.1. For ¢ € R"™® and b € IR,
let QZJ(CL? b‘l’) = [¢1 (CL, b‘l’), ¢2(CL, b‘x)]T where

Uy (a,blx) = E[ZlO(Y, f(x) +ap+ arur + - - - + appy—rul, 7+ b ‘ = ]

Uala,blr) = E[f01<Y,f<x>+ao+a1u1+ o+ a7+ B)[ X = 2.

(A1) Q(a,b) = 0 has the unique solution a =0 € R"® and b = 0 € R;

(A2) sup (aT b)TEA‘ (a,blx + 2) —(a,b|x)| — 0 as z — 0 for some compact set A C
RT
(A3) for (i,7) = (1,0) and (0,1), the following condition holds: for any compact sets

A1, A; C IR, there exist functions Uj; such that sup,c 4, weu, i (Y, v, w)| < Us;(y) and
SUD|,_g<c B (Ui2j+5(Y)|X = z) < oo for some ¢, § > 0;

(A4) for (i,7) = (2,0), (0,2) and (1,1), the following condition holds: ¢;;(y,v,w) are

continuous in (v,w) for each y, and for any compact sets A, Ay C IR, there exist func-

A\

tions Uyj such that sup,¢ 4, wea, [0 (y, v, w)| < Uij(y) and sup,_, . E (UL(Y)|X = z)

oo for some € > 0;

(A5) g(x) > 0, pao(z) > 0, pao(2)po2a(z) — pu1(x)? > 0, vao(x) > 0, vao()vo2(x) —
vll(x)2 >0

(A6) g, all p;; and v;; for (4,7) = (2,0), (0,2), (1,1) are continuous at z;

(A7) K is nonnegative, bounded and supported on [—1, 1]%
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(A8) The function f has (p + 1)th continuous partial derivatives at x;

(A9) h — 0 and nh — oo as n — oo, and nh?**4*2 < (' for some positive constant C.

For the second part of Theorem 3.1, we need the conditions for the first part hold uni-
formly for x in its support S. We assume S is compact. For the statement of the conditions,

we write Q(a, b; z) for Q(a,b) defined in Section 3.1 to stress its dependence on z.

(B1) Q(a, b; z) = 0 has the unique solution a = 0 € R"® and b= 0 € R for all z € S;

(B2) sup(ur pyrea zes ‘1/1(@,6\:6 + 2) — Y(a,blzr)| — 0 as z — 0 for some compact set
Ac R+,

(B3) for (i,7) = (1,0) and (0,1), the following condition holds: for any compact sets
A1, Ay C R, there exist functions Us; such that sup,ec 4, wea, 14 (Y, v, w)| < Uy;(y) and
sup,cs B (U7 (Y)|X = ) < oo for some § > 0;

(B4) for (¢,7) = (2,0), (0,2) and (1, 1), the following condition holds: ¢;;(y,v,w) are
continuous in (v,w) for each y, and for any compact sets A, Ay C IR, there exist func-
tions Uy; such that sup,e 4, wea, 14y, v,w)| < Ui;(y) and sup,cs E (UZ(Y)|X =z) <

o0,

(B5) inf,es g(x) > 0, infyes poo(z) > 0, infres{p20(x)poa(z)—p11 ()} > 0, inf,es vao(z) >
0, infxeg{vgo(l’)vog(l') — U11($)2} >0

(B6) g, all p;; and v;; for (4,5) = (2,0), (0,2), (1,1) are continuous on S;
(B7) K is nonnegative, bounded and supported on [—1, 1]¢;
(B8) The function f has (p + 1)th continuous partial derivatives on S;

(B9) nh?®+1) — 0 and nh*?/(logn)? — oo as n — oo.

Now, to list the assumptions for Theorem 3.2, let ¢ (a, blx) = [¢1(a,b|z), ¥ (a, b|x)]T for
aeR"™ and b € R"?, where

¢1 (CL, b‘]}) = F |:£10 (K f(x) +ag +auy + -+ a,«(,,)_luﬁ,
T(x) + by + byug + -+ br(q)_lug) ‘X = JJ} ,
ay(a,blx) = E [501 (Y, f(x) +ao+ arur + - - + appy—1ul,

T(.CE) + bo + b1u1 + -+ br(q)_lufl) ‘X = .T:| .
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(C1) Q(a,b) = 0 has the unique solution a =0 € R"® and b =0 € R"?;

(C2) sup(,r pryrea ’lp(a, blz + z) — ¥(a,blx)] — 0 as z — 0 for some compact set

AC IRT(p)Jrr(q);
(C3)—(C7) same as (A3)—(AT);

(C8) The function f has (p + 1)th continuous partial derivatives, and the function 7

has (¢ + 1)th continuous partial derivatives, at ;

(C9) h — 0 and nh — oo as n — oo, and nh*P"D+4+2 < ' for some positive constant

C.

7.2 Proofs of Theorems 3.1 and 3.2

We outline a proof of Theorem 3.2 first, and then give a proof of Theorem 3.1.

7.2.1 Proof of Theorem 3.2

Define u) = (uﬁj(l), e ,ugﬂ'(mf’))T for a d-vector u, where ;(s) is defined in Section 3. Let
f be the pth order polynomial approximation of f around the point z, and 7 the ¢th order

polynomial approximation of 7, i.e.,

where 0U)(z) is defined at (3.2). Define

QD = a (@) = 17 (89(x) —69), j=0,....p,
b9 = b0 (z) = K (%m(m) _ T(ﬂ) . j=0,....q.
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Also, define

z1—£171 Xid — T4 Ny
Zp,i = ) T )

> . ~ XZ — X Xz — p
gjk(,lu(%b) = < f( )+a0+a1 <%)++Gr(p)1 <%) ,

~ Xigq—x Xig — g \"*
Tun+%+m<—%ri)+~4ﬁ@4(—771))

Qun(a,b) = n7' Z Zpilio(i, a, ) Ku(X; — ),

i=1

QQn(a'> b) _12 gOl Z a, b Kh( ; :L’)

Write & = (@07, ..., a®")T and b= (bOT, ..., b@T)T Then (a,b) is the solution of the

equation Q,(a,b) = 0, where Q,(a,b) = (Qn(a,b)”, Q2 (a, b)T)T is a [r(p) + r(q)]-vector.
One can prove in a similar way as in Kumbhakar et al. (2007) that for any compact set .4

sup ‘Qn a,b) — EQy,(a, b)‘ = 0, (n_l/Qh_d/Q(logn)l/Q) : (7.1)
(a,b)eA

sup ’EQn (a,b) — Q(a, b)’ = o(1). (7.2)
(a,b)eA

By (7.1), (7.2) and the assumption (C1) it follows that
a=0,(1), b=o0,(1). (7.3)
Next, let S, (a,b) be a [r(p) + r(q)] X [r(p) + r(¢)] matrix defined as

n Zpﬂ'Z;Z:Z'EQO(i) a, b), ZpJ‘Zg:ig]l(Z., a, b)

So(a,b) = n! Z ] i Kp(X; — x)
i=1 Zqﬂ-Zg’iﬁn(i, a, b), Zq,iZg:i£02 (Z7 a, b)

It can be proved that for any compact set A

sup AmM—E&Mﬁw:OAWM%%M&gmU% (7.4)

(a,b)eA

A Taylor expansion of @, (a,b) gives

S

0= Qu(a,b) = Qn(0,0) + S, (a*,b%) { } , (7.5)

where a* and b* are random vectors such that |(a*7,b*7)T| < |(a”,bT)T|. The consistency of
(a,b) as given at (7.3) and the result (7.4) imply

Su(a”,b") — ES,(0,0) = 0,(1). (7.6)
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Furthermore, one can show that
ES,(0,0) = —D(z)g(z) + o(1). (7.7)

By (7.5)-(7.7) and the fact that Q,,(0,0) = O,(n~Y2h~%2), we obtain the following expansion
for (aT,b7)7:

{ g } = g(z)7'D(2)7'Qn(0,0) 4 0,(n~/2n2), (7.8)
T (;T)T

The mean and variance of (a come from those of @,(0,0). One can show

P g () NP O@HD () + RO pyy () N, 704D ()

TP+ pyy () Ny2 0F D () 4+ ha oo () Ny 7@+ ()
Fo(hP 4 RO,

g [ MPPyy(z) MDDy () “1y-d

var[Q,(0,0)] = nh [M(q’p)vll(:ﬁ) M@0 () g(x) +o(n™"h™%). (7.10)

E[Qn(0,0)] = [ ]g(l“) (7.9)

The asymptotic normality of @,(0,0) follows from the assumption (C3) by a direct ap-
plication of the Lindeberg-Feller theorem. The theorem now follows from the asymptotic
normality of @,(0,0) and (7.8)—(7.10).

7.2.2 Proof of Theorem 3.1

With slight abuse of notation, we continue to use gjk(i, a, b) to denote

: X - Xu— a4\
g]k(% a, b) - gjk (Y;a f(XZ) + ap + aq (%) +-+ a'T(p)—l (ded) y T + b)a

where b is now a scalar. Also, we define Q;,(a,b) for j = 1,2 and S, (a,b) as in the proof of
Theorem 3.2, but with replacing Z,; by 1. Then, we get (7.8) where D(x) is now as defined
in Section 3.1. Since in this case 70) = 0 for all j > 1, we obtain instead of (7.9) and (7.10),

respectively,

B+ pao () N, 60 (a)
W pua (2) Nop 109 ()

n hT W (z)g(x) + o(nTthT?),

E[Q4(0,0)] = 9(x) + o(W*1), (7.11)

var[@Q,(0,0)]

where V(z) is as defined in Section 3.1. The first part of the theorem follows immediately
from these expansions.

For the proof of the second part, we need a stronger result than (7.8). To do this,
define (@(z)?,b(x))" = —{ES,(0,0;2)}7'Q,(0,0; 7). Note that here we make explicit the
dependence of @,,(0,0) and S,,(0,0) on z. Also, we write f(u; ) and Z, () instead of f(uw)
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and Z,; defined in the proof of Theorem 3.2. Let ¢, = n~/2h~%2(logn)¥/2. From (7.11)
and the fact that sup,.5|Qn(0,0;2) — EQ,(0,0;x)| = O,(c,), we see that

Q.(0,0;7) = O,(c, + hPHH) (7.12)
uniformly for z in S. Now, let Ay(z) = a(x) — a(z) and Ag(z) = b(z) — b(z). Write
A(z) = (Ay(2)T, Ag(x))T. Then, from the expansion

0 = Qu(a(z),b(z)) = Qu(alx), (2); 2)A(x){1 + 0p(1) }
= Qu(@(x),b(x); ) + 5,(0,0;2) A(x){1 + 0,(1)},

—
a¥
8
~—
_|_
&~
8l
—
3
uQ“I

we obtain
A(z) = —=58,(0,0;2) "' Qu(a(x), b(x); 2){1 + 0,(1)} (7.13)

uniformly for z in §. Furthermore, we have from (7.12) that, uniformly for x € S,
Qn(a(z),b(x);2) = Qn(0,0;2) + S,(0,0; ) [ %((i)) } + Op(ci + hz(p“))

= Qn(0,0;7) — S,(0,0; 2){ES,(0,0;2)} Q.(0,0; x) + Op(ci + hz(p“))

= —{5,(0,0;2) — ES,(0,0; 2)}{ES,,(0,0; 2)} 'Q,(0,0; z)

+0,(c2 + B¥PHD)
= Oplcy + RPEH),

This and (7.13) give sup,cs|A(z)] = O,(c2 + h*P*V). Thus, we obtain for the estimator
f(x) of f(x) =69(x)

sup
€S

() ! Z Wi(x )) = 0,(c + K2+, (7.14)

where W;(z) is the first element of the vector,

1 Zp7i(x)glo(2',0,0) B 1 Zp7i(x)€10(l/i,f(X,-;x),T)
Ha(z) { 1 (7,0,0) ]‘H”(” [ lon (Vi (Ko 2).7)

and H,,(z) = —{ES,(0,0;x)}.
Define d = # — 7. Then, d is the solution of the equation Q3n(d) = 0, where

Qan(d) =n"~ 2501 me i), T+ d).
Replacing f by f in Q3n(d), let

Qun(d) =n" 2501 Y, [(X5), 7+ d).
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It follows that

Q3n(d) = Qun(d)+n" qu (Y, F(X0), 7+ d){f(X3) — f(X0)} (7.15)
+0, (¢ + h2 ) |

uniformly for d in any compact subset of R. Let W(x) denote W;(z) where f(X;;z) is
replaced by f(X;), i.e., it is the first element of
1 | Zpi(@) o (Y3, f(X5),7)
Hn 1 ) )
(1’) [ 501( f(Xi>7 7')

We point out here that E[W;(x)|X; = 2] = 0. Since f(X;;2) — f(X;) = O{(X; — )1} by
the definition of f(u;x), (7.14) implies that the second term of (7.15) equals

”_222611 Y, F(X0), T+ AW XD EKn(X; — X)) + O, (2 +ha(pﬂ))

=1 j5=1

— 2 Z Zﬁn Y, f(Xi), T+ AW (Xi)Kh(Xj - Xi)+ 0, (Ci + hp+1)

=1 j=1

= T,(d) + O, (c; + h**)
uniformly for d in any compact subset of IR. Define T/V]Q to be the first element of the vector
x| At 10 7
Noolo1 (Y5, f(X;),7)

Note that we again have E(W?|X;) = 0. Write p1y(z;d) = E[(11(Y, f(X),7 + d)| X = z].
Recall that with this definition py1(x;0) = p11(x). Then, it can be shown that

)=n" Zpll (Xj:d)g )W0+0p( _1/2)

uniformly for d in any compact subset of IR. The above approximation can be obtained by
calculating the second moment of the difference. Note that pi1(X;; d)g(X;)W} is nothing else
than an approximation of the conditional mean of £11(Y;, f(X;), 7 + d)W7(X;) Ki(X; — X5)
given (X;,Y;) where j # i.

Since n'/2c2 — 0 and n/2hP*! — 0 by the condition (B9), we obtain from the above

approximations and (7.15) that

Qsn(d) = Qun(d) + 17" i (X3 d)g(X )W) + 0, (n~7?)

J=1
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uniformly for d in any compact subset of IR. This entails

n'2d = (—nl Z Co2 (Y5, f(XG), T)) {n1/2Q4n(0) +n /2 Z pn(Xi)g(Xi)Wio} + 0,(1)

= {Epo(X)} a1 Z {Co1(Ya, f(Xi),7) 4+ pua (Xa) g (X)W} + 0,(1)

= {Epoa(X)} 72y (Vi X) + 0p(1).

i=1

The last approximation follows from the fact that H,(x) = D(z)g(z) + o(1) uniformly for
x € 8. Thus, we conclude that n'/2d -5 N [0, {Epea(X)}2E0* (Y, X)?].
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