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Ab stract

Math e mat i cal model of so ci etal pro duc tive forces struc tural evo lu tion is
dis cussed, par tic u larly with re gard to evo lu tion of so cial pro duc tion of
life. There are an a lyzed some meth od olog i cal grounds and is sues of
math e mat i cal mod el ing, like cor re la tion be tween ac cu racy and com -
plex ity/sim plic ity of mod els. There are pre sented both con cep tual mo -
del of so cial pro duc tion of  life (by V.Khmelko) and math e mat i cal model
de vel oped ac cord ing to the con cep tual one.

“There are more than a dozen of global mod els cre ated un der the in -
flu ence of Ro man Club ini tia tives to fa cil i tate re search and eval u a tion of
ways the world and par tic u lar re gions would de velop. But there’s a so cial 
unit miss ing in most of them”, — says a mod ern cul ture so ci ol ogy re -
searcher [1]. She ex plains this omis sion by the fact of ul ti mate com plex -
ity of so cial pro cesses. Nev er the less, For rester’s [2] “world dy nam ics”
meth od ol ogy, that was in fact used by Ro man Club, al lows to make a
sim pli fied model of even a very com pli cated sys tem. Though this sim pli -
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fi ca tion caused some fierce pur ist crit i cisms of world dy nam ics the ory,
we are in clined to join D.Gwishiani’s view of that this sim pli fi ca tion al -
lowed to “suc cess fully con struct math e mat i cal mod els … and to use
them in or der to im prove the un der stand ing of com plex sys tems’ qual i ta -
tive be hav ior” [2, p. 8].

This ar ti cle is not aimed at elim i nat ing of the above-men tioned omis -
sion, but at giv ing a gen eral reader at least one ex am ple of math e mat i cal
mod el ing meth od ol ogy ap pli ca tion to dy nam ics of so cial evo lu tion pro -
cess.

1. Con cep tual model of so cial pro duc tion of life
(ac cord ing to V.Khmelko) and some meth od ol ogy

fun da men tals of math e mat i cal mod el ing

Ukrai nian so ci ol o gist V.Khmelko de vel oped his con cept of so cial pro -
duc tion of life as a pro cess of so ci ety re pro duc tion in early 70ies of the last 
cen tury and pre sented it in a num ber of works [see 3–8 and oth ers]. The
au thor views so cial pro duc tion of life as a com plex phe nom e non that is
an in te gral pro cess only by a fi nal re sult which is the hu man so ci ety. At
the same time this in teg rity, con nected with het er o ge ne ity of the socium
it self as a sys tem, is a sys tem of in ter re lated and in ter de pen dent pro -
cesses of pro duc tion of: 1) so cial life bear ers —  the peo ple, 2) ma te rial
pre req ui sites to their ex is tence — the means to life and 3) so cial means of 
their ex is tence — the so cial re la tions [6, p. 125].

Due to lack of space in this ar ti cle we can not con sider all the el e -
ments of this con cept and the au thor’s ar gu men ta tion in it’s fa vor. We
pur sue a more mod est aim: to build a math e mat i cal model of just the
“pro duc tive” sub sys tem of those com plex pro cesses in ves ti gated by
V.Khmelko, namely the pro cesses of pro duc tion of so ci ety el e ments —
peo ple them selves and their means of life.

Such a choice re sults from two thoughts: first, in our opin ion, the
sub sys tem is a core el e ment of the over all au thor’s con cep tion and de ter -
mines the na ture of other sub sys tems con sid ered; sec ond, it has an ev i -
dent struc ture, brightly ex pressed dy namic char ac ter and due to this it
is the best sub ject for math e mat i cal mod el ing.

V.Khmelko views so cial pro duc tion of so ci ety el e ments as a sys tem of
pro cesses that emerged from the di vi sion of la bor. The au thor struc tures
this sys tem by the de com po si tion of en tire pro cess of peo ple pro duc tion
by two (and the means to life — by three) spheres ac cord ing to spe cific
qual i ta tive fea tures of their end prod ucts. Ac cord ing to this meth od ol o -
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gy, so cial re pro duc tion de com poses into the next five spheres: 1) the re -
pro duc tion of peo ple as liv ing be ings, which ini tially was the con sump -
tion of nat u ral prod ucts ac tiv ity (by hunt ing-and-gath er ing), that en -
ables just the bi o log i cal re pro duc tion; 2) the pro duc tion of food — farm -
ing, when a hu man not only does sim ple ap pro pri a tion of na ture-cre ated 
con sump tion prod ucts but as sists in the pro cess of cre ation; 3) the pro -
duc tion of ma te rial means of life (an in dus trial so ci ety); 4) the pro duc -
tion of sym bolic (in for ma tional) means of life and 5) the pro duc tion and
re pro duc tion of peo ple as so cial be ings, as per son al i ties [6, p. 136–148]. 

Then the au thor uses his tor i cal and ar chi val sources, pop u la tion
cen sus data and such to eval u ate the share (per cent age) of ev ery  pro -
ductive sphere in to tal so cial la bor costs and the change of this ra tio
through out his tory. The re sults of this eval u a tion give us a very in ter est -
ing pic ture of struc tural evo lu tion of so ci etal pro duc tive forces that
takes a pro nounced wave shape (see Fig ure 1) [4; 5; 9]. This pic ture was
pub lished two years be fore E.Toffler’s work “The Third Wave”. Though, it
ob vi ously cor re sponds with this Amer i can re searcher’s the ory of three
waves of hu man civ i li za tion — the ag ri cul tural, in dus trial and the po st -
industrial one. 

 At the same time we think the Fig ure 1 pro vides a more in te grate pic -
ture, with graph ics 1 and 5 on the fig ure hav ing the same wave like  shape 
as oth ers (num bers 2, 3 and 4). Some dif fer ences that strike one’s eye are 
that the first wave is fall ing now and the fifth is ris ing.

Fig ure 1. The em pir i cal pic ture of struc tural evo lu tion of pro duc tive forces (non lin ear
time scale): 1 — prim i tive ap pro pri a tion ac tiv ity; 2 — ag ri cul tural pro duc tion; 3 — in dus -

trial pro duc tion; 4 — in for ma tion pro duc tion; 5 — pro duc tion of the en tire hu man as a
cre ative per son; t1 2 , t2 3 , t3 4 , t4 5  — change of dom i nance mo ments (par ity points).

92 Ukrai nian So cio log i cal Re view, 2000–2001

Hennadii Poveshchenko, Yurii Chekhovyi



Anal y sis of the his tor i cal pro cess of pro duc tive forces struc tural evo -
lu tion en abled the au thor to dis cover and for mu late quite im por tant pat -
terns that will be de scribed in this ar ti cle later. Ev ery stage of his tor i cal
de vel op ment of so cial pro duc tion has its dom i nat ing sphere — the cat e -
gory of prod ucts that con sumes most of so cial la bor and de ter mines the
place and value of other pro duc tion spheres. While di verse el e ments of
pro duc tive forces are de vel op ing, the rate of the over all so cial la bor al lo -
ca tion be tween dif fer ent spheres changes, that re quires the flow of la bor
force from one pro duc tive sphere to other.

It was like that when on the be gin ning of the “in dus trial rev o lu tion”
(see Fig ure 1) the num ber of peo ple em ployed in the 2nd (ag ri cul tural)
sphere de creased, while in the 3rd (in dus trial) the num ber was grow ing.
But re duc tion of so cial la bor in the 2nd sphere in any case does not mean
re duc tion of ag ri cul tural pro duc tion. Just the op po site, the need of ag ri -
cul tural prod ucts con tin ues to in crease (at least due to pop u la tion
growth) and ac tual amount of pro duc tion grows. It means that at the mo -
ment the graph 2 reaches its apo gee the pro cess of ex ten sive de vel op -
ment of ag ri cul tural pro duc tion ends and the pro cess of in ten si fi ca tion
be gins, that means growth of la bor pro duc tiv ity. It ob vi ously re sults from 
new im ple ments and tech nol o gies pro vided by the 3rd (in dus trial) and
the 4th (in for ma tional) pro duc tive spheres. In re turn, this pro cess would
be im pos si ble with out ex ten sive de vel op ment of the 3rd and the 4th

spheres that is ac tu ally tak ing place at the time (see Fig ure 1).

Thus, dur ing ev ery stage of his tor i cal de vel op ment the fast est ex ten -
sive growth is ob served in pro duc tive sphere which pro vides prod ucts
that have the great est sig nif i cance to in ten si fi ca tion of pro duc tion pro -
cesses of the dom i nat ing sphere. This causes flow of la bor force from the
dom i nat ing sphere to the sphere that is ex ten sively grow ing and, fi nally,
causes change of dom i na tion [6, p. 165–173].

This con clu sion not only ex plains the wave like char ac ter of pro duc -
tive forces struc tural evo lu tion, but un cov ers its deep ob jec tive causal
es sence. This makes for great prog nos tic scope of the Khmelko’s con cep -
tual model.

In this con nec tion we can not re frain from one im por tant meth od olog -
i cal ob ser va tion. The above-men tioned pur ists may re buke Khmelko for
the fact that his con cep tual model is too sim plis tic and does not cover all
forms and kinds of hu man ac tiv ity, es pe cially at pres ent time of highly
so phis ti cated di vi sion of la bor. We can not deny these ar gu ments be -
cause they are true to some ex tent. For in stance, while we can in clude to
the mo del nu mer ous pub lic ad min is tra tion el e ments, it is hard to find
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any pla ce for the ac tiv ity of army, po lice or crim i nals just as we can not do
so with most ac tiv i ties that aim at pro tec tion or de struc tion (as to par tic -
u lar so ci ety).

So, we agree that the model is in fact sim plis tic. But does it form a de -
fi ciency or, just the con trary, an ad van tage? That is the ques tion we are
go ing to an swer.

The most em i nent ex am ple in his tory is New ton’s laws of me chan ics.
Now a days af ter Ein stein’s achieve ments we know that New ton’s laws are 
not ex act laws but sim plis tic mod els. Nev er the less, these laws made
grounds for ce les tial me chan ics, al lowed high-pre ci sion eval u a tions of
plan e tary mo tion, pre dic tion of so lar and lu nar eclipses and so forth.
 Refinements in tro duced by Ein stein were ap plied to nu clear phys ics,
cosmogonical stud ies etc.

Hav ing this ex am ple, the an swer to the meth od olog i cal ques tion
seems to be clear. Sci ence in gen eral does not pro vide us with ab so lutely
pre cise mod els but with sim plis tic ones.

Nonsimplified, or “ab so lutely pre cise” model does not make sense at
all, be cause it should have been iden ti cal with the ob ject of re search it -
self. So, if we imag ine a re searcher who may have cre ated such a model,
he would have en coun tered a prob lem. Con fronted once again with the
ob ject of re search and its in fi nite com plex ity, he would have had to start
his re search from the very be gin ning. Cer tainly this is an ex treme sit u a -
tion for, if “ab so lutely pre cise” mod els ever ex ist, they are no more than
Plato’s philo soph i cal “eidoses” that have no prac ti cal im por tance.

In prac tice when any model (ei ther con cep tual or math e mat i cal) of a
real en vi ron men tal phe nom e non is be ing con structed, we al ways have to 
find a com pro mise be tween com plex ity (pre ci sion) and sim plic ity (ap -
prox i ma tion) of the model. It is ev i dent that ev ery spe cific an swer to the
prob lem de pends mostly on the aim of mod el ing, on what we are go ing to
in ves ti gate us ing this model, on the ques tions we want to an swer. Just as 
like as most other com pro mise ap pli ca tion tasks, this one has no ex act
an swer, though we can say that the gen eral rule is the fol low ing: “spec i fi -
ca tion of laws leads to de te ri o ra tion of their pre dic tive abil ity … Just the
con trary, de creas ing of com plete ness of de scrip tion brings an in crease
in pre dic tive abil ity, though … pre ci sion weak ens” [10]. Pro found
thoughts on this mat ter can be found in the works of prom i nent math e -
ma ti cian and mechanician H.Poincare [11]. 

How ever, let us get back to the main theme of the ar ti cle and once
more to Fig ure 1. The thing that strikes the eye is that the graph is drawn
us ing non lin ear time scale, and the closer we ap proach pres ent time
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along the time axis t, the more stretched be comes the scale. The au thor
uses such nonlinearity to make graphs 1–5 more dem on stra tive and
har monic. To make a com par i son, same graphs are drawn on the Fig ure
2 us ing lin ear time scale. It al lows to see ac cel er a tion of evo lu tion pro -
cesses as they ap proach the pres ent time. For in stance, dur ing the past
two cen tu ries the struc ture of so ci etal pro duc tive forces suf fered far
more changes than dur ing pre vi ous thou sands of years of hu man his -
tory, when the changes are hardly ev i dent.

We think that this ac cel er a tion is co her ent with the ex po nen tial pop -
u la tion growth no ticed by Thomas Mal thus and gen er ally ap proved by
mod ern de mog ra phers. Causal re la tion ship be tween the pop u la tion
growth and the ac cel er a tion of evo lu tion pro cesses is quite clear: the
den sity of pop u la tion grows, trade and in tel lec tual com mu ni ca tion in -
ten si fies, new ideas, in ven tions and goods spread faster. All this raises
the ef fi ciency of hu man kind “col lec tive in tel lect” and fa cil i tates ac cel er -
a tion of the evo lu tion.

Ex is tence of this ac cel er a tion was noted by so cial pro cesses re -
search ers (econ o mists, so ci ol o gists, phi los o phers etc.) a long time ago
and in tro duced into sci ence with se ries of “rev o lu tion ary” terms: neo -
lithic (ag ri cul tural) rev o lu tion, in dus trial rev o lu tion, postindustrial (in -
for ma tional) rev o lu tion. What next? Such ter mi nol ogy can be based to
some ex tent on not just sig nif i cant ac cel er a tion of so cial pro cesses, but
on that their speed some times ex ceeds adap tive abil i ties of ei ther par tic -
u lar per son or en tire (not high-dy namic) mod ern so ci et ies.

Fig ure 2. Em piric pic ture of the pro duc tive forces struc tural evo lu tion

(lin ear time scale).

This cir cum stance brought about both a num ber of so cial cri ses and
huge amount of pub li ca tions of apoc a lyp tic pre dic tions and thoughts on 
cri sis of mod ern civ i li za tion. The mean ing of this sit u a tion is that over all
ac cel er a tion of so cial pro cesses and par tic u larly — of the struc tural evo -
lu tion pro cesses in our pres ence sub dues some bor ders and be comes a
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global prob lem that re quires ev ery pos si ble at ten tion of sci en tific com -

mu nity. Ex actly in this con text we are go ing to make a mod est in ves ti ga -

tion.

As men tioned ear lier, the “rev o lu tion ary” ter mi nol ogy can be groun -

ded only “to some ex tent”. In fact, we are gen er ally against such ter mi -

nol ogy. Ac cord ing to one of the dic tio nar ies, a rev o lu tion is “a rad i cal

qual i ta tive change, dras tic leap-like tran si tion from one qual i ta tive state 

to an other…” [12].

But the em pir i cal graphs on Fig ures 1 or 2 shows only change of

speed of evo lu tion pro cesses but no sign of leap, or ac cord ing to math e -

mat i cal ter mi nol ogy, no dis con tin u ous change. Aside from the em pir i cal

knowl edge it self we can ex plain log i cally. Tech no log i cal ideas that are

one of the main mo tive pow ers of pro duc tive forces evo lu tion can in fact

oc cur in one’s mind in a mo ment (“by leap”), but their prac ti cal re al iza -

tion and spread ing (only this can fi nally cause struc tural changes of pro -

duc tive forces) is a pro cess that de vel ops dur ing the time and is not by

any mean a “leap”. For in stance, it took nine teen cen tu ries to put in prac -

tice the prin ci ple of steam en gine in vented by Heron from Al ex an dria.

We re al ize that any ter mi no log i cal dis pute is in most cases los ing un -

der tak ing. It is why we stress in this prob lem not the ter mi nol ogy but the

meth od ol ogy. We have set the task to cre ate a math e mat i cal model of

quite com plex pro cess that re quires to main tain some cor re spon dence

be tween the ter mi nol ogy of so cial sci ences and math e mat ics.

In math e mat ics there is a no tion of smooth ness of func tion, the

smooth ness even can be eval u ated ac cord ing to a spe cial scale. Say,

there are so-called dis con tin u ous func tions with lim ited dis con ti nu ity

sit u ated on the lower pole of this scale. Such func tion has not a de riv a -

tive in the break ing point (the speed of the func tion growth in this point is 

«in fi nite») and passes by the leap from one value to an other. This func -

tions are to be used to model “leap-like tran si tions” or rev o lu tions. The

op po site pole is oc cu pied by the most smooth func tions — so-called an a -

lytic func tions that not only have no breaches or rup tures, but have an

in fi nite quan tity of con tin ued de riv a tives. Graphs of such func tions are

smooth, just like that shown on Fig ures 1 and 2.

The afore said ex plains why the ques tion of “leaps” and “rev o lu tions”

has not just ter mi no log i cal, but ei ther prin ci pal im por tance. Guided by

Fig ure 1 we should look for the math e mat i cal model of that kind which

gen er ates an a lytic func tions. Be sides, the first at tempt of math e mat i cal
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mod el ing of the pro cess in ques tion im i tated the “rev o lu tion ary” scheme

of de vel op ment that we con sider as in ap pro pri ate and that is why we

would not dis cuss it in de tails [9, p. 173–180]1. 

2. The math e mat i cal model

Fig ures 1 and 2 dem on strate that while his tor i cal time passes, man -

power re sources flow from any pro duc tive sphere i to the (i+1), (i+2), that

is to wards the in crease of i in dex, and there is no back ward flow. Nat u -

rally, in fact the la bor force mi gra tion is to some ex tent cha otic and ran -

dom but the afore said is ev i dent when we look at the re sul tant of the pro -

cess. But hav ing such an ob vi ous unidirectionality of the struc tural evo -

lu tion of so ci etal pro duc tive forces, there has to be some fun da men tal

cause of this ef fect. There has to be some per ma nent fac tor that causes

such an unidirectionality. Fur ther we are go ing to in ves ti gate the na ture

of this fac tor and to give it a quan ti ta tive as sess ment, even if it would be

sim pli fied and gen er al ized.

Be fore we start to make the eval u a tion, let us an swer one gen eral vi -

sion ary ques tion. How it come to hap pen that dur ing thou sands of years

of hu man his tory such a har mo ni ous suc ces sion of changes of pro duc -

tive spheres’ dom i nance brought about, as the em pir i cal data shows?

V.Khmelko’s his tor i cal anal y sis, briefly de scribed in the pre vi ous chap -

ter, clearly ex plains im me di ate causes of its emer gence, but if viewed as a 
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The model pro posed by I.Chernenko is a dy namic sys tem with n sta tion ary states (n is the num -

ber of cho sen so cial pro duc tion spheres), among which dur ing the par tic u lar part of time one is sta ble 
and oth ers un sta ble. The model also in cludes one vari able C0 (ag gre gate amount of la bor), that
continuosly grows and in the pro cess of growth cre ates bifurcational («rev o lu tion ary») sit u a tions —
pri mar ily sta ble 1st sta tion ary state trans mits the sta bil ity prop erty to the 2nd, the 2nd to the 3rd and so
forth. Ev ery phase when the pro duc tive dom i nance ap proaches its apo gee the au thor views as the
whole sys tem ap proach ing to its sta ble sta tion ary state. The change of dominances is the sys tem’s
sta tion ary states ex change of the sta bil ity prop erty.
   We think that the main de fect of this model is the struc tural evo lu tion pro cess’ prin ci pal de pend -
ence on the con tin u ous growth of the C0 pa ram e ter that has no proper con cep tual grounds. We think
the pa ram e ter di rectly in flu ences the tempo of evolutional pro cesses, but not the es sence of these
pro cesses. Fur ther more, the growth of the C0 pa ram e ter ob vi ously will not be ev er last ing. The growth
will stop some time, just at the mo ment when pop u la tion growth will come to the end. Let us sup pose
that this end came when the ag ri cul tural pro duc tion dom i nated. In this case ac cord ing to I.Cher -
nenko’s model, the ag ri cul tural so ci ety would stay for ever and there would not be any in dus trial level
of cul ture. Be sides, the au thor have cho sen as a pro to type the P.Allen’s model of cit ies growth and
de cay dy nam ics that has very lit tle in com mon with the pro cess in ques tion.



whole the pic ture makes an im pres sion of so to say “ra tio nal pur pose ful -
ness” that might have some mys tery be yond it.

Still, it is ob vi ous that if we do not to take into ac count the dis pen sa -
tion, the ra tio nal is tic te le ol ogy of evo lu tion ap pears no more than a fig -
ment of our imag i na tion. In gen eral, it ap plies not only to the pro cess in
ques tion but to any evolutional pro cess. For in stance, when we look at
ra tio nally ex pe di ent and bal anced in ter ac tion of plant and an i mal pop u -
la tions within one eco sys tem or at in cred i ble ad ap ta tion abil ity of par tic -
u lar or gan ism, it is quite hard to re sist the feel ing of that this ra tio nal ex -
pe di ence “is pro grammed by some one”. This feel ing arises de spite the
Dar win’s ex pla na tion that this phe nom e non is just the re sult of nat u ral
se lec tion, the pro cess of sur vival of ev ery “ra tio nal” and “ex pe di ent”  being
while any “ir ra tio nal” and “in ex pe di ent” (or just not ex pe di ent enough)
dies out. Mod ern ter mi nol ogy calls such pro cesses the self-or ga ni za tion
pro cesses, or the pro cesses of “or der emerg ing from chaos” [14].

Just in the same way the pro cess of the so ci etal pro duc tive forces
struc tural evo lu tion oc curs. We re al ize that so cial pro cesses dif fer from
the bi o log i cal ones at least due to the fact that the sub jects of el e men tary
events that take place on the low est level of these pro cesses are the peo -
ple, the in tel lec tual be ings. The his tory pres ents plenty of at tempts to di -
rect so cial pro cesses of par tic u lar so ci ety ac cord ing to some pre de ter -
mined plan. The dis tress ing re sults of these at tempts are well-known,
but their main fea ture was the fact that they just brought about slight
fluc tu a tion to the his tor i cal evo lu tion pro cess. When we look at the evo -
lu tion in macro, they ap pear to be neg li gi ble. So it is ob vi ous that the bi o -
log i cal and so cial evo lu tion are more sim i lar than dif fer ent.

Hav ing the as sump tion of the self-or ga ni za tional na ture of so cial evo -
lu tion and of the men tioned sim i lar ity we con clude that the fun da men -
tal fac tor that in flu ences the kind of so ci etal pro duc tive forces struc ture
is the so ci ety’s, the hu man kind nat u ral as pi ra tion for the sur vival and
pros per ity, with the gen eral ef fi ciency serv ing as the cri te rion for “nat u -
ral” se lec tion of the changes in the so cial pro duc tion struc ture. This
means that those changes of the so ci etal pro duc tive forces al lo ca tion
struc ture that fa cil i tate the growth of ef fec tive ness of so cial pro duc tion
are sup ported by so ci ety while changes aim ing at the op po site di rec tion
are sup pressed and die out. With all this go ing on, the so ci ety’s (or its
par tic u lar mem bers’) aware ness of its as pi ra tion for in crease in pro duc -
tive ef fi ciency is of lit tle sig nif i cance, be cause the fi nal re sult lightly de -
pends on this fact.
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 Let us now try to eval u ate the so cial pro duc tiv ity of la bor of ev ery pro -
duc tive sphere sin gled ear lier in the text. We can log i cally sup pose that
such val u a tion be the ra tio of the amount of ob jects of con sump tion (i.e.
ma te rial and cul tural ben e fits) that a worker gets for his la bor time:
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t m t
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j j
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The M(t) is the av er age so cially ac cepted an nual rate of con sump tion
that al lows nor mal (as to par tic u lar so ci ety in the par tic u lar mo ment t)
life of both the worker and other fam ily mem bers sup ported by him;
mj(t) — the pro duc tion of sphere j that is pro duced by one av er age worker

per year; αj(t) — weight co ef fi cients that de ter mine the share of pro duc -

tion j in the av er age rate of con sump tion (0 < αj < 1); n  is the num ber of

pro duc tive spheres de fined (in our case n = 5); τi is the to tal la bor time
spent by the worker an nu ally in the pro duc tive sphere i; ei is the value of
the la bor pro duc tiv ity of the sphere i.

It is ob vi ous that the quan ti ties mi and αi are time func tions and
change greatly dur ing the time flow. Say, in the time just be fore the

sociogenesis when so cial di vi sion of la bor is al most ab sent,α1 ≈ 1, m1≈ M, 

and with any i  > 1 the quan ti ties αi and mi are not much more than zero.
But in the course of time they grow that is ev i dently proved by the pat tern 
of con sump tion of mod ern de vel oped so ci et ies.

Since αi the  co ef fi cient is nondimensional by na ture, the for mula (1)
im plies the ex is tence of some uni ver sal unit for the pro duc tion mi of all
pro duc tive spheres. Now a days such a unit is money be ing the uni ver sal
equiv a lent of any prod uct. But the money as well as the com mod ity pro -
duc tion in the mod ern sense emerged rel a tively not long ago and had not
ex isted be fore that time. How ever, it does not change the struc ture of the
for mula (1) be cause it has sense only at the time when at least pri mary
di vi sion of la bor emerges that is nec es sary ac com pa nied by ex change of
its prod ucts. The ex change in its turn re quires an in tro duc tion of some
equiv a lent that may change in time (furs, cat tle, some mea sure of ca pac -
ity etc.) but should ex ist in any case. Since the na ture of this equiv a lent
does not in flu ence the struc ture of for mula (1), we are no more in ter ested 
in it.

The for mula (1) may take an other ap pear ance if the nu mer a tor and
the de nom i na tor are mul ti plied by the av er age du ra tion of hu man abil ity 
to la bor L:
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ML is the to tal amount of con sumer ob jects earned by the worker
through his life, and Ti = ti L is life long spend ing of la bor time.

The weak point of for mu las (1) and (2) is that their nu mer a tors have
the func tion M(t) that grows greatly due to im pet u ous growth of hu man
needs. Thus it is better to con nect the val u a tion of so cial la bor ef fi ciency
of the pro duc tive sphere i with the quo tient of the rate of con sump tion
M(t) to so cially ac cepted av er age an nual needs P(t). Then we di vide both
left and right parts of for mula (2) by P(t)L (with PL be ing the life long needs
of worker) and in stead of la bor pro duc tiv ity ei we re ceive a more con ve -
nient ef fi ciency val u a tion:
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where the ef fi cient M/P can be viewed as the rate of sat is fac tion of the
 actual needs of worker. Ap par ently, that M/P = 1 if these needs are fully
sat is fied; M/P >1 if they are sat is fied ex ces sively and M/P <1 if the needs
are partly sat is fied.

It is also ev i dent that the most prob a ble value of the M/P quo tient
can not be far from one. Any de vi a tion of this func tion from ei ther way in -
ev i ta bly causes the emer gence of pos i tive or neg a tive stim u lus to change
the vol ume of pro duc tion and thus the sys tem au to mat i cally sta bi lizes
in the equi lib rium po si tion around M/P =1. This means that the first ef fi -
cient of the right part of the for mula (3) can be dis carded as neg li gi ble.
Then

c
T

i

i

= 1
, (4)

that means we can con sider that the la bor ef fi ciency val u a tion of the
sphere i is the value that is in verse to life long time spend ing Ti of an
 average worker needed to earn the av er age so cially ac cepted level of con -
sump tion M(t)L.

The value Ti = τi L  surely changes in time too. At that, τi at the course of
time de creases, while L in creases. Thus at first crude ap prox i ma tion we
will con sider their prod uct con stant (Òi » const), that can be seen as
 average (as to the whole time) value of the Ti(t) func tion. Ow ing to this
 assumption the eval u a tion of the la bor ef fi ciency ñ³, that we call the de -
vel op ment po ten tial of the pro duc tive sphere i is sim pli fied as much as
pos si ble and be comes con stant, thus giv ing an op por tu nity to make
quite sim ple math e mat i cal model.
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To build such a model, on the as sump tion of above-men tioned anal -
ogy of bi o log i cal and so cial evolutional pro cesses we use the well-known
meth od ol ogy of math e mat i cal mod el ing of so-called “liv ing” sys tems.
These sys tems have some spe cific fea tures. First, it is the striv ing of the
“liv ing” sub ject for sur vival and self-de vel op ment, that math e mat i cally
is formulized as pos i tive (bi o log i cal) feed back to the sub ject it self; sec -
ond, ex ten sive in ter ac tion with the en vi ron ment that quite of ten coun -
ter acts and lim its one’s self-de vel op ment. Due to this, the known math e -
mat i cal model of “liv ing” sys tems has the fol low ing gen eral ap pear ance: 

x = x xϕ( ). (5)

The x = x(t) is the level of the pro cess in ves ti gated, say, pop u la tion:

x = dx dt/  — the speed of pro cess (first de riv a tive); ϕ(õ) — the lim it ing

func tion that is the model of en vi ron ment in flu ence [14–16].

The same struc ture have the well-known mod els of “liv ing” sys tems:
1) the model of self-res to ra tion of pop u la tion with lim ited liv ing re sour -
ces, or the so-called lo gis tic equa tion [14, p. 253–257, see also 15, p. 465;
17, p. 184–187]; 2) the model of in ter ac tion of “pred a tor-prey” pop u la -
tions, or Lotka-Volterra equa tion [15, p. 172; 16, p. 67; 17, p. 135–139];
3) Fisher-Aigen sys tem [18]; 4) May’s eco log i cal mod els [19] etc.

Two efficients in the right part of dif fer en tial equa tion (5) rep re sent
two spe cific fea tures of “liv ing” sys tems: the first rep re sents pos i tive
feed back, rec og nized by mod ern sci ence (e.g. mo lec u lar bi ol ogy) as a
ground of the life it self [14, p. 20], and the sec ond — in flu ence of the
 environment, or the com pe ti tion for ac cess to lim ited means of sub sis -
tence (re sources).

In gen eral, when sys tem of n com pet ing sub jects is in ques tion, the
equa tion (5) trans forms into n-di men sional sys tem of dif fer en tial equa -
tions:

 xi i i nx x x/ ( ,..., ),= ϕ  i n= 1,..., . (6)

This means that the evo lu tion speed of the pro cess i (the speed of the
pro cess di vided on its level) is de ter mined by the in flu ence of its  en -
vironment. Pos i tive en vi ron ment fa cil i tates growth of the pro cess speed

(xi  > 0), the neg a tive causes a de cline (xi  < 0).

Thus, build ing of math e mat i cal model of evo lu tion of any “liv ing” sys -
tem co mes to con struc tion of lim it ing func tion(s), in other words, the
mod el ing of the com pet i tive en vi ron ment. In our case, when evo lu tion of
pro duc tive sphere i is in ves ti gated, com pet i tors (for man power re sour -
ces) are all other n – 1 spheres. To con sider their com pet i tive in flu ence,
we use a no tion of av er age evolutional de vel op ment po ten tial c(t), that is
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the re sult of av er ag ing of po ten tials (4) of all so cial pro duc tion spheres,
tak ing into ac count their re spec tive shares:

c t c x ti

i

n

i( ) ( ).=
=
∑

1

(7)

The xi(t) is a rel a tive (in shares of one) share of to tal so ci ety man power
of the pro duc tive sphere i. (Actually, to tal man power is the or di nate of
graphs on Fig ures 1, 2).

Now we can sup pose that the dif fer ence of po ten tials

ϕ i it c c t( ) ( ),= −  i n= 1,..., , (8)

re flects the in flu ence of en vi ron ment on the evo lu tion of sphere i. Then
from (6)–(8) we get a sys tem of non lin ear dif fer en tial equa tions [20; 21] 

xi i i i j j
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 i n= 1,..., , (9)

that is sup posed to model the struc tural evo lu tion of pro duc tive forces.

The sys tem (9) has the first in te gral like
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This to tal can be in ter preted as “law of con ser va tion” in “liv ing” sys -
tems, and ac cord ing to evolutional point of view, it is the com pet i tive con -
di tion, or (ac cord ing to M.Aigen) “gen eral or ga ni za tion con stant” [22].

It is not of ten pos si ble to find a gen eral an a lytic so lu tion for a non lin -
ear dif fer en tial equa tion, but in case of sys tem (9) it is pos si ble, and fur -
ther we will show the way it can be ac com plished.

It fol lows from (9) that the dif fer ence be tween the evo lu tion speed of
the spheres i and k is equal to the dif fer ence be tween their de vel op ment
po ten tials

x xi i k k i kx x c c/ / .− = − (11)

If we use a sym bolic no ta tion

y x xik i k= / , (12)

then from (11), (12) we get the lin ear dif fer en tial equa tion

yik ik i ky c c= −( ), (13)

which gen eral so lu tion we can find eas ily [23]. This so lu tion and the con -
di tion (10) al lows to ar rive to a gen eral so lu tion of the sys tem (9) in the fol -
low ing an a lytic form:
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 i n= 1,..., .(14)
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The t0 is any fixed point of time on the axis t, and xi(t0) — so-called
 initial con di tions, that is the value of or di nate of pro cess i in the mo ment
t = t0.

The so lu tion (14) not just only com pletes the model mak ing of the pro -
cess in ques tion, but also pro vides an es sen tial sim pli fi ca tion of its use
in prac tice by ex clud ing the ne ces sity of nu meric in te gra tion of the non -
lin ear dif fer en tial equa tions’ sys tem (9).

3. Some re sults of pri mary in ves ti ga tion
of math e mat i cal model (9)

3.1. Math e mat i cal model pa ram e ter iden ti fi ca tion. The math e -
mat i cal model (9) and for mula (14) con tain n a pri ori un known pa ram e -
ters of  ñ³. Thus, in or der to per form nu mer i cal cal cu la tions (model ex per -
i ments) these pa ram e ters have to be given par tic u lar nu mer i cal val ues.
This may be ac com plished at least in two ways: 1) us ing the mean ing of   ñ³

pa ram e ters that can be cal cu lated on a ba sis of sta tis ti cal data; 2) try to
find un known pa ram e ters by iden ti fy ing em pir i cally known his tory of
evo lu tion pro cess with the res o lu tion (14) of the dif fer en tial equa tion
sys tem (9).

The sec ond way be longs to a group of so-called in verse prob lems of
the dif fer en tial equa tion the ory. In math e mat i cal mod el ing it is called
model pa ram e ter iden ti fi ca tion [24]. It is used when un known pa ram e -
ters do not have pre cise mean ing in ter pre ta tion and are of pheno meno -
logical na ture. We will make use of this sec ond way be cause we re al ize
that the mean ing in ter pre ta tion that we gave to ñ³ pa ram e ters in the pre -
vi ous chap ter of this ar ti cle is just hy po thet i cal.

Let us look at the in ter sec tion points of the graphs of the i and k pro -
cesses (Fig ure 1) which we call par ity points. At this points,

x t x ti ik k ik( ) ( ),= (15)

the tik is the point of time when graphs of the i and k pro cesses in ter sect
(Fig ure 1), or the ab scissa of par ity points.

From (14), (15) we get the for mula
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By the way, other means can be used to eval u ate ñ³ pa ram e ters and it
is not nec es sar ily to use the data of par ity points. Say, if we knew the
value of any two pro cesses xi and  xk at two (ar bi trary) points of time t0 and 
t1, we could use the for mula
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As it is seen from equa tions (9) and its res o lu tion (14), lev els of pro -
cesses xi(t) are de fined by the dif fer ence of de vel op ment po ten tials ñ³, not
by their ab so lute val ues. This is why the iden ti fi ca tion for mu las (16) and
(17) have sim i lar spe cific look. From the point of “pure” math e mat i cal
view this means we can ar bi trary as sign the value of one of n un known ci

pa ram e ter. Hence, the in ves ti ga tor has some free dom in in ter pre ta tion of 
the mean ing of model pa ram e ters; here we pro pose one of pos si ble in ter -
pre ta tions. But as soon as one chooses any par tic u lar in ter pre ta tion
and on this ba sis sug gests a nu mer i cal value of one of the model’s pa -
ram e ters, he looses the free dom since nu mer i cal val ues of other un -
known pa ram e ters un am big u ously are cal cu lated ac cord ing to for mu -
las (16) and (17). The re sult of com par ing of this cal cu la tions to num bers 
that cor re spond to the mean ing in ter pre ta tion we can use to ver ify the
cho sen in ter pre ta tion hy poth e sis.

3.2. Model ex per i ment. To per form evo lu tion pro cesses x³(t) cal cu la -
tions ac cord ing to for mula (14), we have to set “ini tial con di tions” for an
ar bi trary mo ment t0 of time and to de ter mine the dif fer ence of de vel op -
ment po ten tials ñ³ – ñj ac cord ing to for mu las (16) and (17). Afore said putt -
ing for ward a hy poth e sis and as a ba sis for def i ni tion of one ñ³ pa ram e ter
is, prop erly speak ing, un nec es sary.

The dif fer ences be tween the re sult of this eval u a tions (Fig ure 3) and
known em pir i cal data (Fig ure 2) oc curred to be in sig nif i cant, tak ing into
con sid er ation great sim pli fi ca tion and in com plete ness of the iden ti fi ca -
tion pro ce dure used and more over, the sim plic ity of the math e mat i cal
model it self.

3.3. Ver i fi ca tion of the in ter pre ta tion hy poth e sis, that is not nec -
es sary for the per for mance of model ex per i ment, al lows to make some
ad di tional in ter est ing con clu sions. With the use of par tic u lar val ues of
dif fer ences in de vel op ment po ten tials we find fol low ing si mul ta neous in -
equal i ties [21, p. 66]:

c c c c c T T T T T1 2 3 4 5 1 2 3 4 5< < < < > > > >; . (18)

This shows some time directivity of the pro duc tive forces struc tural
evo lu tion pro cess to wards in creas ing of the de vel op ment po ten tial, or
de crease of av er age life long spend ing of work ing time Òi, that are re qui -
red for life re pro duc tion. In the ex treme case when Ò1 = Ò2 = Ò3 = Ò4 = Ò5,
time changes within the sys tem stop and stag na tion be gins: õ³ = ñîïst.
Let us make use of our right to as sign one pa ram e ter of the model and
value Ò3 the  (in dus trial sphere) at 20 years. Hence we get a suc ces sion
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Ò1 = 32, Ò2 = 31, Ò3 = 20, Ò4 = 15 è Ò5 = 12 years, that cor re sponds to par ity
points co or di nates.

The nu mer i cal val ues (what ever ap prox i mated) found we con sider to
be very re li able. They show that the Òi value does not ex ceeds a hu man
life du ra tion, al though at “the be gin ning of evo lu tion” with a quite short
life-span at the time these val ues were al most equal. The in sig nif i cance
of the dif fer ence be tween Ò1 and  Ò2  (or ñ1 and ñ2) prob a bly in di cates very
low ag ri cul ture level in the be gin ning of the ag ri cul tural era and ex plains 
very long pe riod of ac tive com pe ti tion be tween spheres 1 and 2 (Fig u res 1,
2). With the be gin ning of in dus trial era the sit u a tion swiftly im proves,
and the  value falls far be hind the av er age life-span, that can be viewed as 
the most im por tant in di ca tor of the man kind prog ress. But it worth
men tion ing that dur ing sev eral thou sand years the Òi value only halved.

To the point, the no tion of the prog ress it self is cur rently ris ing a lot of
scepsis due to its un avoid able con com i tant losses. Thus we are pleased
to re ha bil i tate, at least in part this no tion on the ba sis of the sug gested
model and its ex am i na tion. And more to the point, a fa mous bi ol o gist
M.Tymofeiev-Resovskyi has pro posed to sci en tific com mu nity to dis -
cuss the in tro duc tion of the third gen eral bi o log i cal his tor i cal prin ci ple
of pro gres sive evo lu tion into the dis course of bi ol ogy the ory (along with
such fun da men tals of bi ol ogy as the prin ci ples of nat u ral se lec tion and
of convariant re du pli ca tion) [25].

3.4. The anal y sis of the model’s steady states sta bil ity. The math -
e mat i cal model (9) be longs to a group of au ton o mous dy namic sys tems
[26]. Far ther we will try to eval u ate gen eral trends of its evo lu tion on the
qual i ta tive level by ex am in ing of steady states and their sta bil ity.

Steady state of a dy namic sys tem is the state in which the sys tem can
per sist for in def i nite time, given that no ex ter nal fac tor will in ter fere. The
steady state is called sta ble if slight de vi a tions caused by sin gle ex ter nal
ex ci ta tion do not grow in time or stay lim ited. In other case the state
is called un sta ble. Finally, if the ini tial de vi a tions de crease in time, and if 
t → ∞, then dis ap pear com pletely, the state is called as ymp tot i cally
 stable.

To find all pos si ble steady states of the sys tem (9), we have to equate
its right parts with zero and to find the res o lu tion of the non lin ear equa -
tions sys tem. Omitting this sim ple but toil some pro ce dure, we would
like to men tion that the sys tem (9) has n steady states of “mo nop o lis tic”
type, when the share of one pro duc tive sphere x³ =1, and other’s shares
are equal to zero. With the use of Liapunov’s first sta bil ity the o rem [27]
we con clude  that pro cesses in the sys tem (9) have aperiodic

Math e mat i cal Model of So ci etal Pro duc tive Forces Struc tural Evo lu tion

Ukrai nian So cio log i cal Re view, 2000–2001 105



nonoscillatory na ture, that fully cor re sponds with their real his tory that
is em pir i cally known, and all its steady states ex clud ing the “fi nal” (xn =
1, x1 …= xn-1 = 0) are un sta ble. The “fi nal” state is, on the con trary, as ymp -
tot i cally sta ble, that means the sys tem is tend ing to it with any ini tial
con di tions.

The “any” con di tions men tioned re quire some com ments. At first it
seems that there can not be any un cer tainty as to ini tial con di tions of the 
evolutional pro cesses in ques tion since they are pre set his tor i cally: the
struc tural evo lu tion of the pro duc tive forces started some where about
1st (“start ing”) un sta ble sta tion ary point (õ1 = 1 while  t → −∞) and since
that an cient time has been go ing for many cen tu ries (Fig ure 1, 2). This is
a his tor i cal fact that is not sub jected to any change. But in gen eral,
speak ing of “ini tial con di tions” we as so ci ate them not with the “be gin -
ning” of evo lu tion, but with the state of sys tem in any mo ment of time t0.
Change of ini tial con di tions, or change of the state of sys tem in the mo -
ment t0 may oc cur un der the in flu ence of any ex ter nal ex ci ta tion that
abruptly dis turb the nat u ral course of evolutional pro cesses. These may
be world wars, global eco log i cal or nat u ral ca tas tro phes etc. That is why
sta bil ity test ing of the model (9) is so in ter est ing — it al lows to make the
fol low ing con clu sion: any ex ter nal ex ci ta tions, ex cept for if they de stroy
all the sys tem (in other words, if the man kind man ages to avoid  self-
 destruction from the atomic war or sim i lar trou ble), can not rad i cally
change the main trend of the pro duc tive forces struc tural evo lu tion. It
will any way move to wards its “fi nal” steady state (õn = 1) since there’s no
other sta ble steady points in the sys tem in ques tion.

Finally we will try to ex plain the phe nom e non of un sta ble steady
states. Let’s imag ine that on the “be gin ning” of evo lu tion the sys tem is in
the sta tion ary point (õ1 = 1). It can stay there all the time un der the con di -
tion that there would be no ex ter nal dis tur bance, that is surely im pos si -
ble in na ture. Such a “first” dis tur bance could be a dis cov ery by the first
prim i tive that a grain once thrown into earth co mes up, or a do mes ti ca -
tion of an an i mal. Such a dis tur bance pushes the sys tem off the un sta -
ble sta tion ary point and the pro cess of evo lu tion be gins in com pli ance
with its (dy namical) laws. Ac cord ing to them, the sys tem with started
evolutional pro cess will never come to any other un sta ble sta tion ary
point omit ting them and move to an as ymp tot i cally sta ble one.

Thus, the in ves ti ga tion of steady states and the sta bil ity of the dy -
namic sys tem al lows to de fine main trends of the sys tem be hav ior on the
qual i ta tive level with out  any cal cu la tion of the res o lu tion of the dif fer en -
tial equa tions sys tem. This is why the study of sta bil ity is one of the fun -
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da men tal stages of math e mat i cal mod el ing of any dy namic (evo lu tion al -
ly change able) sys tem.

4. Some fi nal state ments

4.1. Is it pos si ble to com bine the sim plic ity of a model with its
pre ci sion? We have al ready men tioned in the be gin ning of this ar ti cle
that the sim plic ity and the prog nos tic abil ity of the model is con tra dic -
tory with its pre ci sion. But can we some how omit this con tra dic tion and
in crease the pre ci sion of the prog no sis with out loosing the sim plic ity of
model? It is pos si ble to some ex tent and we will de scribe it in short.

If we iden tify the pa ram e ters of model in a cho sen mo ment of time t0,
at least in this point the model com pletely cor re sponds to em pir i cal re al -
ity. If the model is made suc cess fully and de scribes at least main trends
of the real pro cess evo lu tion, the cor re spon dence al lows us to sup pose
that the mis takes of the model around this point are not sig nif i cant.
Hence, the gen eral rule is as fol lows: the more we move away from the
point of iden ti fi ca tion along the time axis, the more ev i dent be come
model’s mis takes. We can over come this quite eas ily by per form ing the
iden ti fi ca tion pro ce dure at dif fer ent points of time. This also helps to
com pen sate the neg a tive in flu ence on the model by our crude as sump -
tion that the de vel op ment po ten tials ci  are con stant. Just like that with
the use of the for mula (17) and the value of t0=19 (the be gin ning of 20th
cen tury) the Fig ure 3 is drawn. 

Fig ure 3. The re sult of model-based cal cu la tion of the pro duc tive forces
struc tural evo lu tion (cen tury scale).

4.2. Do the “laws of his tory” ex ist? K.Pop per, a fa mous 20th cen -
tury so cial phi los o pher, said that “the fu ture de pends on us while we do
not de pend on any his tor i cal ne ces sity” [28]. On this ba sis he hardly crit -
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i cized the so-called “historicism”, that tried to “un der stand the laws of
his tor i cal de vel op ment” [28, p. 21]. He op posed the “historicism” with
the “so cial en gi neer ing of peace-meal de ci sions” that he thought of as an
ac tual so cial de vel op ment strat egy. Properly speak ing, it means he was
an ad her ent of so cial self-or ga ni za tion, though the term was not used
widely in that time. By the way, Pop per’s fol lower F.Hayek had been us ing
the term with a ref er ence to I.Prigogin, one of the great est found ers of
self-or ga ni za tion the ory [29].

By crit i ciz ing “historicism” Pop per ac tu ally disaffirms any pos si bil ity
of ex is tence of a sci en tif i cally sub stan ti ated strict suc ces sion of his tor i -
cal events. But Khmelko’s prin ci pal model dem on strates such suc ces -
sion, with great part of this suc ces sion based on the his tor i cal ex pe ri -
ence, on the es tab lished facts. As long as Khmelko is a self-organi za -
tionist too, do we have an in sol u ble antinomy?

We do not think so. Pop per was writ ing his main work about the open
so ci ety dur ing the World War II when there was no self-or ga ni za tion the -
ory. And the fact ex plains his ri gid ity in this ques tion. Now thanks to
I.Prigogin and his school works, we know that self-or ga ni za tion pro cess,
if de vel oped with out any ob sta cles, al ways co mes to for ma tion of a time-
 space struc ture (ac cord ing to Prigogin, a “disipatic struc ture”). Just
such a time struc ture (space dis ap peared by in te gra tion on the whole
space) is shown on the Fig ures 1–3 (more about mod ern in ter pre ta tion of 
Pop per’s views see in the above-cited work [10]).

4.3. “The end of his tory?” This pro vok ing ques tion was asked by
F.Fukuyama and is very top i cal in the con text of this ar ti cle, though the
au thor has al most re nounced his hasty and in suf fi ciently grounded
con clu sions. Properly speak ing, the ar ti cle is mostly ded i cated not to
his tory as a whole, but to its “pro duc tive” part, that means the his tory
(evo lu tion) of the so ci etal pro duc tive forces struc ture. The model con -
structed seem ingly prog no ses the ”end” of the his tory, since it is mov ing
to wards the as ymp totic sta ble state with the dom i nance of 5th pro duc -
tive sphere.

And now the ques tion arises: what then? Is it true, that the evo lu tion
has an “end”, af ter which there will be no changes? The model pro posed
in this ar ti cle does not al low to give an an swer, since we can trust its
 prognosis only around the es tab lished his tor i cal facts. Ac cord ing to our
vi sion with a con sid er ation of the an cient wis dom of “all flows, all chan -
ges”, we would like to an swer the ques tion by the ques tion of Fukuyama:
“Maybe, the per spec tive of cen tu ries of bore dom will make the his tory to
take one more new start?” [30].
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